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PREFACE

The study of economic development or growthl has always been one
central areas of economic study. The main thrust of Adam Smith's
'ﬁ@f Nations was to develop a theory of economic growth. Economic
as also the primary concern of the great economists like Malthus,
Schumpeter, and Keynes. Modern growth theory is built upon the

s laid by these great masters.

" R. F. Harrod, a pioneer of modern growth theory, was apparently

d by John Maynard Keynes' insights into the problems of effective
d investment-saving equilibrium in the determination of national
. As Joan Robinson states, "although Keynes' General Theory is

7 static in form, it has opened the way for a great outburst of

1s of dynamic ptoblems."2 In his essay, "Economic Possibilities
.‘?ﬁandchildren,"3 Keynes expresses his concern with long-run

¢ growth, suggesting that the future rate of economic progress
depend primarily on four factors: (1) our power to control popu-

(2) our determination to avoid wars and civil dissensions;

Some economists distinguish between economic development and
8rowth, the latter including only economic variables and the
bracing socio-political, cultural, and institutional as well
tional economic variables. I feel, however, that the socio-
s Cultural, and institutional variables will ultimately have
OTporated into the theory of economic growth and hence do not
between these two terms.

“Joan Robinson, The Rate of Interest and Other Essays (London:
, 1952), Preface.

hn Maynard Keynes, Essays in Persuasion (London: Rupert
'1952), p. 373.
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ﬁiillingnesa to entrust to science the direction of those matters
properly the concern of science; and (4) the rate of accumulation
by the margin between our production and our consumption.

2 early pioneering works of Harrod (1939) and Domar (1946) are
ions of Keynesian economics. The Harrod-Domar model demon-
that the capitalistic economy is highly unstable not only in the

n but also over the long run. The implication is that long-run

te growth is po;;ible only under very unlikely circumstances,

nly when the warranted rate of growth is equal to the natural

rod's term. Therefore, public policies designed to achieve
owth are required.

2 Harrod-Domar model has been criticized on the grounds that

is unrealistically rigid and unstable. A number of economists

g Solow, Swan, and Kaldor attempted to reach more flexible

S by relaxing or changing some of the assumptions made by
nd Domar. Solow and Swan assume a continuous neoclassical
lfunction rather than assuming fixed factor-proportions in
+ Kaldor introduces a differential savings function rather
g a constant overall savings ratio for the entire economy.1
ether of the_ueoclassical or the Harrod-Domar type, these models
iplete because they do not incorporate monetary variables.

A was one of the first economists? who had realized the

y Qf monetary factors in growth theory. Tobin states:

o= Kaldor and J. A. Mirrlees, "A New Model of Economic Growth,"
nconomic Studies, XXIX (June, 1962).

Ners include John G. Gurley, Edward S. Shaw, and Alain C. Enthoven.



In non-monetary neo-classical growth models, the
equilibrium degree of capital intensity and corres-
pondingly the equilibrium marginal productivity of
capital and the rate of interest are determined by
"productivity and thrift," i.e., by technology and
saving behavior. Keynesian difficulties, associated
with divergence between warranted and natural rates
of growth, arise when capital intensity is limited
by the unwillingness of investors to acquire capital
at unattractively low rates of return. But why
should the community wish to save when rates of
return are too unattractive to invest? This can
be rationalized only 1if there are stores of value
other than capital, with whose rates of return
the marginal productivity of capital must compete.

s Tobin's question, "why should the community wish to save when

f return are too unattractive to invest?" enabled the economists
pe the unrealistic neoclassical world of ''real variables'" in
saving must inevitably equal real investment.

Since Tobin's first work appeared in 1955,2 there has been a

of research in the field of monetary growth theory. Chapter I
.% a review of the monetary growth models of various kinds. This

F is designed to facilitate understanding of subsequent chapters.
by Tobin, Levhari and Patinkin, Sidrauski, and Stein are used
Purpose.

;&hﬁ Present writer is c;nvinced that the fundamental questions to
ed concerning the monetary growth theory are: (1) Can the vari-
the rate of monetary expansion influence the time profiles of
a1 variables and therefore the equilibrium values of real vari-

' (2) 1§ there an optimal rate of growth of the supply of money?

~~ames Tobin, "Money and Economic Growth,' Econometrica, 33
£ 1965), p. 671.

 “3ames Tobin, "A Dynamic Aggregative Model," Journal of Political
» 63 (April, 1955).
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here an optimal degree of financial intermediation? The first
n concerns the problem of neutrality of money in the growth
sontext and hence the examination of the comparative-dynamic

tics of the model. There are currently three hypotheses

this question. The first and most widely accepted hypothesis
n suggested by Tobin: That an increase in the rate of monetary
on will ultimately result in an increase in the equilibrium

of capital intensity and a decrease in the equilibrium value of
real balances. The second hypothesis proposed by Sidrauski
hat the long-run equilibrium capital intensity is not affected
ons in the rate of monetary expansion although in the short
rate of capital accumulation may fall as a result of an increase
rate of monetary expansion. The third hypothesis (Stein) simply

it the equilibrium capital intensity may either increase, remain

t, or fall as a result of an increase in the rate of monetary

4le second question is concerned with the problem of optimality.

definite conclusion on this topic at the present time, but

es:

«..there is an optimal rate of growth of the supply
of outside money, equal to or smaller than the
nominal interest rate i, only to the extent that
diversion of saving into this vehicle is necessary
to keep the marginal productivity of capital from
falling below n (the natural rate). In the
absence of such a tendency for oversaving, it

~ 1s not optimal to absorb any saving in outside
‘money or deadweight debt.l

S Tobin, "Notes on Optimal Monetary Growth," JPE, 76
£, 1968), p. 841.
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hand, Levhari and Patinkin conclude that the Golden Rule is

1 in the monetary model and the optimal rate of growth of non-
bearing outside money is zero. However, they do not consider
which money is allowed to bear nominal interest.

far as the third question is concerned, no satisfactory inquiry
1iubeen made except Tobin's discussion on money as a means of

on the optimum stock of means of payment.l The present

made no attempt to discuss the third question in depth, not
considers it the least important but because answering this

the present stage of development of economic theory is con-
yond his intellectual ability.

tead, this dissertation is concentrated on the first two questions,
‘;?sonpatltive-dynamic and optimality aspects of growth equilibrium.
alysis 1s concerned with the state of growth equilibrium ---
alled steady state. Particularly, this dissertation concentrates
Steady-state paths associated with different rate of monetary
fio: different rates of price change and on the conditions ensuring
i steady-state paths.

erefore, the analysis i; based upon a differential equations
Presenting a dynamic system of the model economy. The model
an advanced market economy witi a sophisticated banking system
developed capital market. The price level and capital stock

4 to be given by the past.2 The community can choose the rate

id., pp. 843-59.

variables are expressed in per capita terms.
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ary expansion (and hence the rate of price change). The rate of

1 accumulation is determined once the rate of price change and the
ﬁ@pothesia (or the type of investment function) have been choosen.l
e choices determine the new values of the price level, the stock
s and the stock of monetary assets for the next time period via
erential equations system. The process is repeated.

Both equilibrium and disequilibrium methods are used. The equili-
4=e1 is discussed in Chapters III and V where it is assumed that

i ‘no independently determined investment function but rather that
plans are realized. In the equilibrium model all markets are

) be in equilibrium and hence all productive factors are assumed
Yy employed. A disequilibrium model is introduced in Chapter 1V,
t 1s assumed that both money and commodity markets are normally
8quilibrium and a disequilibrium in these markets activates price

' and therefore a divergence between actual and planned investments.
1librium and disequilibrium models represent dynamic systems of
economy introduced in Chapter 1I. These models contain a
modifications of conventional monetary growth models.

St, the models present;d, whether equilibrium or disequilibrium,
terized by: (1) The bond market is introduced in addition to
market;2 (2) Both money and bonds, inside and outside, are

& part of the community's wealth and also factors of production.
& new kind of production function and a new definition of real

income are used in the models presented in this thesis.

disequilibrium model, an investment function is introduced
Saving hypothesis.

® Stein model contains a bond market but only outside bonds

€d a part of community's wealth and neither real balances
"GS are considered factors of production.



'oud. the models appearing here modify the conclusions made by
:tetl significantly: In the equilibrium model it has been shown
ncrease in the rate of monetary expansion results in a rise in
[ibrium capital intensity and a fall in the equilibrium values
capita real balances and real bonds (bonds in real terms) so long
amount increase in one factor of production increases the

1 productivities of the remaining factors at the same rate.l 1In
i1ibrium model it has also been shown that the optimal rate of growth
y is zero regardless of whether money is at its satiety level or
money is not allowed to bear nominal interest, but that the

rate of growth of money is equal to the nominal rate of interest

y itself when nominal interest is paid on money, provided that

d needed for the payment of interest on money is created by the

I tem without cost. If such a fund comes from the increased

ty of capital made possible by the increase in the stock of
lances, the optimal rate of monetary expansion will be twice the

te of interest on money .

ly, in the disequilibrium model it has been shown that the

of variations in the rate'of monetary expansion on the equilibrium

Teal variables are ambiguous unless the exact nature of the

Astitutional market arrangements determining how output is

]
~This result supports Tobin's hypothesis that an accelerated
Prices will retard the flow of savings into capital formation.



In short, the present writer has made an attempt in this disser-
to throw some lights on the theory of monetary economic growth by
a model which cortains a four-factor production function and
both money and bonds, inside and outside, as a part of community's
A number of significant results listed above have been obtained

iing the comparative-dynamic and optimality aspects of growth

present writer gratefully acknowledges the assistance given
ng this study by the members of his graduate committee and by
Jl-gues and friends. Although many of his fellow graduate
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CHAPTER I

MONEY IN THE THEORY OF ECONOMIC GROWTH:

AN INTRODUCTION

The purpose of this introductory chapter is two-fold. Firstly,

to indicate what the central questions in the theory of monetary
growth are, and how we are going to deal with them. Secondly,

0 review the current literature with regard to these questions.

Methodology

- It is to be emphasized that the thesis is concerned with the
i'lnug-run growth equilibrium or steady state. Therefore, it

from the short-run adjustments process and concentrates on the

S aspects of steady state. Our approach i1s one of model building.
 8Implifying assumptions are made and the relationships among
variables are established under these assumptions in such a

3t makes the system capable of yielding a solution. All this is
f'because we want to ignore the details of economic phenomena and
e reality but because we want to abstract from unnecessary details,
elevant points and concentrate on the matters which are of our
'ff‘°°ncern. The thesis is aiming at clarifying some of the central
1ithe monetary growth theory and at shedding some lights on the

Uestions in the field.



this purpose we use both equilibrium and disequilibrium methods.
lbrium approach it is assumed that all markets are in equilibrium or

all markets the equilibrium is immediately restored by perfectly

5

g market mechanism which eliminates any kind of excess demand
ieously. In disequilibrium approach there always exists a possi-
f having a disequilibrium in any of these markets. However, it is
| that the equilibrium will eventually be restored in the long run
r a considerable length of adjustment period. Especially commodity
markets are assumed to be highly vulnerable to disequilibrium.
Whether we use the equilibrium or disequilibrium method, our

8 1s based on a differential equations structure since we are
interested in the dynamic system which describes the time paths
variables. We take a price level and capital stock to be given
Then the time paths of capital-labor ratio and per capita
€8 and real bonds are determined by the rate of price change
"‘108 hypothesis. Once the rate of price change (or equivalently

e of monetary expansion) is chosen along with the saving hypothesis,

» and hence the capital intensity and per capital real value of
Ssets, for next instant. This process is repeated. If we assume
8saving ratio, the rate of price change becomes the only policy
Then a question to be asked is whether variations in the rate
€xpansion and hence variations in the rate of price change will
‘i time Paths and equilibrium values of real variables and, if so,

*ction. This is a question of comparative dynamics in the sense

Variables may be expressed in per-capita terms,



n the growth context, cause the economy to settle down on a diff-

y-state path with a different set of efficiency wage rate and

ther important question in the growth economics is to find a
th associated with a maximum utility — a question of optimum
Since the government can choose only one variable, the rate of
y expansion, as a policy parameter under the assumption of constant
ratio, our question is to determine what the optimal rate of

Y expansion is.

The questions of comparative dynamics and optimum growth are

i undic the given institutional framework. But there is also a
A of changing the financial institutions themselves in order to

€ the efficiency of the system. This is a question of optimal
financial intermediation which is not discussed in depth in
48. In the thesis we concern ourselves primarily with the first
““three central questions in the monetary economic growth

*» the comparative-dynamic and optimality aspects of the

uilibrium,

Y attempts have been made by many economists to obtain satis-—




are all outside-money models1 and that they exclude the bonds

1 have tried in this thesis to build a model which includes bonds
addition to money market and which has a production function in
ital, labor, real balances and real bonds all appear as factors
duction. In this model both inside and outside assets are considered
community's wealth and, therefore, the old definition of real
income is modified accordingly. The wealth is defined as an
ating future income streams. The question of how inside assets
sidered as wealth is considered in detail in Chapter II. This
‘":is introduced in Chapter II and its dynamic system is developed
III where equilibrium method is used and also in Chapter IV
Isequilibrium method is used. Chapter V is concerned with the

n of optimum growth. The results obtained are significantly

it from those obtained in other monetary growth models. These
Ssummarized in Chapter VI.

what follows we take the models of Tobin, Levhari-Patinkin,

. and Stein as the representative among many monetary growth

nd review them with regard to the three central questions:

riations in the rate of monetary expansion influence the time

' and equilibrium values of real variables? (2) 1s there an optimum

OWth of money? (3) Is there an optimal degree of financial

tside money is defined as non-interest-bearing government debt

Y considered an addition to the community's wealth, since no

€es are required to create such a debt. Inside money is created

& System in the form of debts and claims such as demand

D the private sector. Inside money is not usually consid-

lon to the comunity's wealth on the grounds that it simply

ebts and claims which can be cancelled out within the private
€r, Pesek and Saving argue that inside money is also a form

long as it remains as debts and claims and the solvency of
8ystem is maintained. For detailed discussions, see Chapter II.



The Equilibrium Capital Intensity in Monetary
and Non-Monetary Growth Models

.l Tobin was the first one who realized the important fact
nesian concept of liquidity trap — indeed any idea of
between saving and investment — presupposes that there exist
aéores of value besides real capital, According to Tobin,
f:éifficulties associated with divergence between warranted and
"iiel of growth arise when investment is limited by unattractively
8 of return., The excess of saving over investment can be ration-
ly 1f there are stores of value other than capital, with whose
';;turn the marginal productiyity of capital must compete."l The
'5?6 stores of value can be money, bonds, or any kind of financial
When there exist various forms of monetary assets, there is no
~all the savings must be held exclusively in the form of real
.jﬁlrt of the saving is likely to be held in the form of monetary
- various reasons, The portfolio decision will be based upon

IS as the rates of return on various forms of assets, risk and
» Then the Solow-type growth models based upon the assumption
tal formation 1s determined solely by the propensity to save of
Ly 1s no longer valid, In the monetary economy the propensity
“ermines how much is saved rather than consumed but does not

B€ In what forms savers hold their savings, This point is made

®8 Tobin, "Money and Economic Growth,'" Econometrica, 33
5), p. 671,




Fisher and Keynes, among others, have drawn

the useful and fruitful analytical distinction

 between choices affecting the disposition of

- income and choices affecting the disposition

~ of wealth. The first set of choices determine

how much is saved rather than consumed and how

much wealth is accumulated. The second set

determines in what forms savers hold their

savings, old as well as new.

distinction between two sets of choices is a fundamental

1 the Solow-type conventional neoclassical growth model,

28 the time path of capital accumulation in the monetary

rent from that in the non-monetary model. In Tobin's monetary

which assumes that outside money which, is the only type of
N

asset, is injected into the economy by means of government

ment, the time path of capital accumulation is represented

erential equation!

:ié‘Pital-labor ratio (k = dk/dt), y = per capita output, m = per
‘.balances, s = savings ratio (constant), n = rate of growth of
i5¥'b°f (exogenously detérmined), yu = rate of growth of nominal
money, and T = rate of price change. Equation (1.l) compares

8 differential equation2

-

sy(k) - nk.

mathematical derivation, see Appendix II.

® Appendix I.




';'conpariaon of (1.1) and (1.2) reveals the fact that the equi-
apital intensity in Tobin model 1s lower than that in Solow model.

{brium capital intensities represented by k* are

,. = gy(k)/n - (1 - s)m

odel ! Many economists were puzzled with the idea that the equi-
capital intensity is lower and hence per capita output and consump-
er in the monetary model because the introduction of money into
1 seemed to cause the economy to settle down on a growth path which
ited with lower per capita output and consumption. Levhari and
ask, "... 1f the sole result of introducing money into an economy
€duce k and hence per capita output and consumption, why should
oduced? Where are the vaunted advantages of a monetary economy?"?
fact that the equilibrium capital intensity {s lower in the
‘_~d€1" does not necessarily mean that the equilibrium capital

Y in a monetary "econcm:y'vI is lower than what would have been in

" Cdnomy.“ The Solow-type non-monetary models are not "barter"

ey are "non-monetary" models in the sense that they are the

® equilibrium capital intensity can be found by setting k=0,
th equilibrium (steady state) all variables including K and L
 Same rate and hence k is constant.

d Levhari and Don Patinkin, "The Role of Money in a Simple
AEEEEEE& Economic Review, LVIII (September, 1968), p. 717.




onetary economy but fail to take the monetary factors into

s point has been made clear and emphasized by Frank Hahn

. Present growth models which make no allowance
for money are not barter models. No attention
paid to the economics of transactions and
must suppose that in this world the "medi-
ng" function of money is performed costlessly
by some outside agency.

te.

main goal of Tobin's monetary growth model is, of course, not
ate that the equilibrium capital intensity is lower in the
odel but to indicate the possibility that there might be a way

he so-called "Harrodian impasse" --- the divergence between the

ns in the rate of monetary expansion, i.e., money is not neutral

“th context. The Harrodian impasse is well described by Tobin

od, for example, argues that investors will
Ply not undertake new investment unless they
PECL to receive a certain minimum rate of return.
S» on the other hand, are not discouraged
trying to save when yields fall to or below
minimm. The result is an impasse which leads
Reynesian difficulties of deficit demand and
Ployment. In Harrod's model these difficulties
e‘when the warranted rate of growth at the

Hahn, "On Money and Growth," Journal of Monmey, Credit and
Yy, 1969), p. 172.

,Sn, Op. cit., p. 675




m required rate of profit exceeds the natural
. The rate of saving from full employment output
d cause capital to accumulate faster than the
force is growing. Consequently, the marginal
uct of capital would fall and push the rate
return on investment below the required minimum.

{; ver, the fact that there exists a required minimal rate of return
11 reflects "the competition of other channels for the placement of

or the existence of alternative stores of value, i.e., monetary
1gppose that the warranted rate at the current rate of profit

r than the natural rate due to excessive saving and the rate of

8 already so low that investors are not willing to undertake invest-
further. This will lead to the Harrodian impasse if all the saving
fiﬁe form of capital. But if there exist alternative stores of

can absorb part of community's excessive saving, all will be

'obin suggests that there are two ways in which govermment policy
1;18 impasse. One measure the govermment could take is to

e yield on financial assets so that investment in real capital
& more attractive. Alternatively, the government could channel

munity's excessive saving into increased holdings of financial

fapital intensity. This can be done, for example, by means of

the rate of deflation. "The accelerated decline in prices,
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g the real value of existing money balances, helps to restore

balance. Moreover, by increasing total real wealth it retards the
ing into capital formation.'l This is a significant conclusion
ording to this theory a decrease (increase) in the rate of

nsion will decrease (increase) the equilibrium capital

5,te and degree of capital intensity are in general affected by
 supplies and portfolio behavior, as well as by technology and

nd thus the Harrodian impasse can be removed by the appropriate
licies.

‘the other hand, Levhari and Patinkin devote much of their effort
stration of the fact that the equilibrium capital intensity in
model can be higher than that in the non-monetary model. Like
make the assumption that there is only one type of monetary

ide money, and that the government injects outside money into

y by means of transfer-payment and withdraws by means of taxes.3
Payment is financed by the same amount of tax receipts, the
tside money will not increase. Levhari and Patinkin maintain

onale for the positive demand for real money balances must

d., pp. 682-3.
*» P. 684,

1ari and Patinkin make a further assumption that money is non-
ing whereas Tobin allows outside money to bear a nominal rate
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ey balances either as a consumer's good or as a producer's good.

sumer's good approach the services rendered by money balances
individual's utility function and hence in his real disposable
> in the producer's good approach such services reflect them-

he production function,

A the consumer's good approach, the services of real balances are
alternative cost at the margin of holding money balances which
fisher's money rate of interest, r + T, where r is the real rate
;L.iqual to the marginal productivity of capital, and thus the

ces are included in real disposable income, Thus the releyant

n of disposable income is, according to Levhari and Patinkin,
XY+ (W-MMP+ (r+mMP =Y+ (u+ 1)M/P

posable income, Y = physical output, M = nominal stock of

z = general price levell This is rather a strange definition
le income because it is not, according to this definition,
Price changes. Levhari and Patinkin explain: '"The decrease
alue of real balances caused by a price increase, w(M/P),

ar as a deduction from disposable income; for it is offset by

At T(M/P) also represents part of the imputed income from the

real balances.'?

Vh physical output and disposable income are measured in the
4 0? units of a single commodity which can be either
.uner 8 good or producer's good.

ari and Patinkin, op. cit., p. 718.
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ming that a constant proportion, s, of disposable income 1s sayed

"the price level instantaneously adjusts itself so as to equate the
d supply for real balancea;d~ Levhari and Patinkin derive the

differential equation:z

- sy(k) - (1 - s)(u -~ Mm + 8(r + mMm - nk

es with Solow's equation (1,2) and Tobin's equation (1,1),
further that the demand for real balances is an increasing function
al output such that M/P = pY(K,L), 1,e., m = py(k), where p 1s a

proportionality,3 (1,6) 1is rewritten as
= [s(1 -s)(u - mp +s(r + mplyk) - nk,

11ibrium capital intensity which can be derived from (1,7) by
=0 1s

+p(n+7+ )] - pn 1s a "physical" savings ratio

atio of savings devoted to real capital formation to physical

fy be interpreted as an income velocity. It is assumed to be
- Money rate of interest, r + T, The function M/P = pY(K,L)
9.be homogeneous of degree one,
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we can compare the equilibrium capital intensity in the Solow-
monetary model represented by (1,4) and the equilibrium capital

 in Levhari~Patinkin monetary model represented by (1.8), The
‘erence between these two is that the 'physical' savings ratio, o,

In the latter instead of the "overall' savings ratio, s. Therefore,
concluded that the equilibrium capital intensity in the monetary

e higher (lower) than that in the non-monetary model if the

vings ratio is greater (smaller) than the overall savings ratio,

l-nction function has the form Y = Y(K,L,M/P) or y = y(k,m)

lta terms, if Y is linear homogeneous, In this approach the

ces of money balances are not included in disposable income,
Services are reflected in the increased output of commodities
:;'ioney balances make possible. Hence the definition of

Income in this approach 1s the same as Tobin's definition

‘1the physical output in Tobin model is a function only of real
:$3° in this approach we have a different demand function for

5, Since the treatment of real balances as a factor of produc-
that the demand for them is determined by the marginal
Principle,

% @ssuming a constant savings ratio, the following differential

SCribing the time path of k is derived:l

Mathematical derivation, see Appendix ITI(b).
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sy(k,m) - (1 - 8)(¥ = Mm - nk

| the equilibrium capital intensity k* is derived so that

“5- [s - (1 - s)mn/y(k,m)] y(k,m)/n = oy(k,m)/n

';'- (1 - s)mn/y(k,m) is a "physical" savings ratio. From the

ket equilibrium condition, yk(k,m) = ym(k,m) - 7m, which is implied
irginal productivity principle, it follows that m is a function of
i.e., m = m(k,m). Therefore, the physical savings ratio will also
m of k and m. In other words, the physical savings ratio can
fvted through monetary policies varying the rate of monetary
d hence the rate of price change. The variations in the rate
expansion will influence the equilibrium capital intensity and
ium per capita real balances via its effect on the rate of
I Therefore, the equilibrium capital intensity can be higher
X 3» Ty model if the physical savings ratio becomes greater than
savings ratio as a result of introducing money into the model.
F?the equilibrium capital intensity is a function of the rate of
& or the rate of monetary expansion. Thus one of the fundamental
in the monetary growth theory is to determine what effects the
‘“Jthe rate of monetary expansion will have on the equilibrium
éensity and equilibrium per capita real balances, which is a

Comparative dynamics. In other words, one of our primary tasks

ne the signs of dk/du and dm/dy, or equivalently dk/dm and dm/dn.1

follows from m = M/(PL) that m/m = p - ™ - n. In the steady
S de., p-7m-pn=o. Taking differentials yields du - dm = 0.
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‘The Comparative-Dynamic Properties

of Growth Equilibrium

previous section it was shown that Tobin's primary concern
nstrate the fact that "the equilibrium interest rate and degree
intensity are in general affected by monetary supplies and

"l and hence the

lavior, as well as technology and thrifte,
se can be removed by appropriate monetary policies. The

ms of this statement can best be demonstrated by the use of

money
holdings

m
*
*

/

1_----

b -

=
*
%
»*

capital/output, wealth/income

1-1. Determination of Equilibrium Capital-Output
_ and Wealth-Income Ratios

Op, cit., p. 684.

8.1—1 is a reproduction of Figure 1 in Tobin, "Notes on

Growth," Journal of Political Economv, 74, No. 4, Part II
1968), p. 835.
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1 relates the capital-output ratio (or wealth-income ratio)1 to
productivity of capital for alternative steady-state growth

e T represents the technological relationship between these

represents "the amount of wealth savers desire, relative to national
‘a situation of balanced grovth."“ It demonstrates the fact that
desire a higher wealth-income ratio along a path with a higher
Df interest than along one where the reward for saving is low."S
rium capital-output ratio is therefore k* which is associated
Barginal productivity of capital r*. If investors consider r* as
n we have the Harrodian impasse.

will happen if an alternative store of value is introduced?

€8 an outside money in the form of government debt yielding

of return {. The real rate of interest on money r_ is equal

A the absence of monetary assets, the capital-output ratio is
th the wealth-income ratio.

1s well known that under the neoclassical assumptions there

of growth paths along which output, capital and effective

8Tow steadily at the natural rate and that each path is charac-
its constant capital-output ratio and thus constant capital-labor
’ significance of this proposition is, of course, that a path

* €@Pital-output and capital-labor ratios is associated with

age and low marginal productivity of capital and a path with
~Output and capital-labor ratios is associated with low real

8h marginal productivity of capital.

in, "Notes on Optimal Monetary Growth," p. 834.



17

r 1 = 4 + n in the steady state.! If an assumption is made that
pital are perfect substitutes in the portfolios of savers, it
d, for both capital and money to exist simultaneously, that
T
r--i-u+n-
sance of (1.11) is that the government can, by manipulating
nd hence r or L manipulate the equilibrium capital-output
or example, in Figure 1-1 the government can, by selecting rp**,
equilibrium capital-output ratio as kik,
ever, with an alternative store of value, the capital-output
no longer the same as the wealth-income ratio. Since the total
‘ K + M/P and the disposable income is Y + D(M/P), the wealth-

1s now related to the capital-output ratio in the following

4 ‘ w
‘1'.'5(1‘“91)

8 iﬁe wealth-income ratio and m is the ratio of real balances to
In (1.12), nw may be considered a ratio of total saving to

e income (i.e., overall saving ratio) in the same sense that nk

the steady state, n = y - 7.
5 ‘—iﬁa;%%é§sy_.by definition. In the steady state, D(M/P) =

k. “"/P.\“ that w = (K + M/P)/(Y + nM/P) = K(1 + @)/(Y + nak)
001 + niik). Therefore, k(1 + @) = w(1 + nak), which implies
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a constant saving ratio in an economy where there is no monetary
ce nw will be smaller than one, the capital-output ratio £ 1s
‘-; equal to, or larger than the wealth-income ratio w according
yositive, zero, or negative. Retaining the assumption that money
are perfect substitutes.z the Curve S in Figure 1-1 can still
relationship between desired wealth-income ratio and marginal
‘of capital. Therefore, when the real rate of interest is set
desired wealth-income ratio is given by Curve S as w**. 1In

ﬁ: wk* {s greater thanm k**. This means that @ is positive accord-
2). This represents an equilibrium situation since the point
1s on Curve T and the point (w**, tm**) is on Curve S respec-—
The distance FE** is the society's money holdings as a ratio of
income. The government can always, by selecting the values of
dﬁﬂPtiately, determine the equilibrium capital-output and

gone ratios. Thus the Harrodian difficulties can be removed.

the real rate of interest on money lowers the equilibrium

® Tratio while increasing the equilibrium capital-output ratio.

M the nominal rate of interest i, an increase in the rate of

an economy where there is no monetary asset but real capital

%) 4 of asset, a growth equilibrium is characterized by
nk.,

assumption appears to be the major weakness of Tobin model.
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or ratios. In other words, the sign of comparative-dynamic

y G. Johnson takes Tobin's conclusion as an indication of
ality of money in the growth context and contends that this

| due to the fact that Tobin model is outside-money model in
balances constitute an addition to material wealth in the
apital goods."2 Johnson argues that if it were assumed that
the inside variety, created against private debts, in which
A};balances would not constitute a net addition to material

it instead an indirect means of holding material wealth, ...
licy would not be able to influence growth through 1its

the magnitude of the supplement to earned income received

of additional real balances, and therefore on the material

bin realizes that there are two opposing forces involved here,
Pigou effect and the Wicksell effect. But he assumes that
fect working in favor of his proposition will eventually win
es: "Evidently there are two effects, at war with each
We might call the Pigou effect, the other the Wicksell effect.
fect is stabilizing. Consider the case of a deflationary
accelerated decline in prices, by augmenting the real value
money balances, helps to restore portfolio balance. More-
reasing total real wealth it retards the flow of saving into
tion. The Wicksell effect is destabilizing. An accelerated
Prices means a more attractive yield on money and encourages
hift in portfolio demand in the same direction as the original
re is no 2 priori reason why one effect should be stronger
BEENIG the nelghborhood of equilibrium. In the model under
the Pigou effect will eventually win out, but only after what
Prolonged period of deflation, zero or negative capital formation,
¢ growth." See Tobin, "Money and Economic Growth,'" pp. 682-3.

y G. Johnson, "Money in a Neo-Classical One-Sector Growth
8 Eﬂ,ﬂcnetarz Economics (Harvard University Press, 1967),
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,"1 but instead "the influence of monetary policy on growth
nfined to the influence of the target rate of inflation or

n the utility yield of real balances."2 However, if the
riction of non-payment of interest on demand deposits were
"eompetition in the commercial banking business would result

8 of demand deposits being offered a rate of interest equal to
v‘r.turn on real capital, less the cost of financial inter-

| that allows deposit-holders to hold their wealth in the more
form of deposits rather than real capital"3 and thus, the
ing money being equal to the social cost of creating it,

i€ neutral with respect to economic growth. Johnson

that "neutrality would be assured by assuming that monetary
t8 guarantee holders of money a rate of return on their real
to the rate of return available on real investment."b
Cr; in his later writings5 Johnson recognizes his error of
d the Gurley-Shaw distinction between inside and outside
espect to their wealth effects and correctly asserts that

of money are "exactly equivalent in their effects on

€xample, H. G. Johnson, "Inside Money, Outside Money, Income,
fare in Monetary Theory," Journal of Money, Credit and
PTuary, 1969), pp. 30-45.
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3 :h,"l as Pesek and Saving have demonst:ated.z Johnson revises
made earlier and says that "the implications of a more or
te of inflation implemented by the monetary authorities for
consumption of real goods and services per capita on the

e growth path ... are ambiguous,“3 because the influence of
lation is a compound of two influences on real income
&x}osite directions. The increase in the rate of inflation,
» lowers the utility yield on money balances and thereby
portion of national income available for capital accumu-
f} on the other hand, the lowering of the rate of return on

) caused by an increase in the rate of inflation lowers the
28ired real balances to income and hence lowers the proportion

n amount of savings that will go to the accumulation of real

p. 34.

Pesek and Thomas Saving, Money, Wealth, and Economic Theory.
nillan, 1967).
and Saving are right in contending that both inside and outside
e society's wealth and therefore have a wealth effect on

Nd saving. But they are wrong in saying that when the interest
‘market rate of interest is paid on inside money the inside

+LS moneyness, becoming a debt, and hence do not add to the

ilth, To say that the value of money becomes zero in this

4ll€é as to say that the value of water is zero because 1its

1s zero. The correct way to look at it is to understand

cOomes a free good when the net opportunity cost of holding

F0 which would be the case when the market rate of interest

: demand deposits.

detailed discussion on his point, see: Milton Friedman and

e Definition of Money: Net Wealth and Neutrality as

—tnal of Money, Credit and Banking, I (February 1969),

» Johnson, "Inside Money, Outside Money, Income, Wealth,
Monetar- Theory;" and Alvin L. Marty, "Inside Money, Out-

the Wealth Effect," Journal of Money, Credit and Banking,

Ds Pp. 101-111.

A ’M'n p. 40.
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8 contrasted with the accumulation of real capital, Thus an
e rate of monetary expansion can either raise or lower the

pital intensity depending upon which of these two forces

r, but not the same, kind of indeterminacy has been demon-
ri and Patinkin, In their consumer's good approach,

| Patinkin conclude that the effect of changes in the rate of
nsion on the equilibrium capital intensity is indeterminate,
nacy is due to the fact that "on the one hand the increased

1

of interest’ increases the imputed disposable income from

nces; but on the other hand, the increase in the rate of infla-

a decrease in the rate of return from money balances v

they argue that a sufficiently large price decline must
ause a decrease in the equilibrium capital intensity, This

i_fﬁt the following reasons: (1) if the production function

ved tﬂen for each value of T there exists a unique nonzero

* value of k (as is represented by Curve EE in the diagram

Pr 23); (2) under perfect competition the real rate of

als the marginal productivity of capital y'(k) which is a

ction of k (as représented by the Curve QQ in the footnote

(3) 1n any equilibrium situation *he yield on money, - 7, must

than the yield on physical capital, r, for otherwise liquidity

Ncreased money rate of interest 1is caused by the increase
inflation,

and Patinkin, op, cit., p., 725, For a mathematical proof,
a), i
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would cause everyone to shift out of the latter into the
hari and Patinkin conclude that "even though the effect of a

on the steady-state value of k is indeterminate in the small,
ntly large decrease in T must decrease k."l However, as

ect of a change in T on the steady-state value of m is

effect 1s indeterminate, In their producer's good approach,
omparative~dynamic derivatives, dk/dm and dm/dm, are also
‘}iydetetminate, i,e,, the effects of a change in the rate of
sion on the equilibrium values of k and m are 1ndeterminate.2
guel Sidrauski uses the individual's inter-temporal utility
0 approach (maximizing the total utility over the entire

on, discounted at the subjective rate of time preference)
the conclusion that the long-run equilibrium capital
independent of the rate of monetary expansion although in

an increase in the rate of monetary expansion reduces the

al accumulation.3 Sidrauski's conclusion that the

» P. 727, The diagram shows that a sufficiently large
must decrease k, {.e,, that k * 0 as T + - =,

0 m
athematical proofs, see Appendix III(b),
:}drauski, "Rational Choice and Patterns of Growth,"

tical Econemy, 77, No.4, Part II (July/August, 1969).
Proof, see Appendix IV.
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pital intensity is independent of the rate of monetary

ln the long run is due to the assumption that the subjective
ie preference is constant and independent of the stock of
composition. If the rate of discount depends in some
value of m, the equilibrium capital intensity will no longer
lent of the rate of monetary expansion.

:ki postulates a utility functional of the form

-6t

J [U(ct. mt)]e de

welfare, ¢ = per capita consumption, m = per capita real
nd § = constant subjective rate of time preference. An indi-
?1uned to maximize his total welfare W over an infinite time

t to the stock and flow constraints:

';*t + m,
'3”(kt) + =~ (Trt + n)mt - (u + n)kt - €

-]

capita nonhuman wealth, v = real value of net government
tside money) and u = rate of depreciation. From this utility-
avior of the consumer the demand functions for consumption,

» and capital stock are derived. By introducing Cagan's
Ctations" equation into the model Sidrauski derives a

t'?high_yields the steady-state conditions as follows:1

”5:?lthenat1ca1 derivations, see Appendix IV.
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*: y(k*) - (u + n) k*

H=-n

and m* represent the equilibrium values of ¢, k and ™
From (1.16) we find the equilibrium capital intensity

1
u+n

(y(k*) - c*)

épendent of the rate of monetary expansion p or the rate of

ge .

e Stein in his "Keynes-Wicksell" modell postulates an indepen-
itment function and assumes that prices change only when there {is
nd, positive or negative, in the commodity market, i.e.,
lanned investment differs from planned saving.2 Therefore,

el 1s a kind of disequilibrium model. This creates a sharp

e L. Stein, "'Neoclassical' and 'Keynes-Wicksell' Monetary
" Journal of Money, Credit and Banking, I (May, 1969),

are assumed to desire a capital-labor ratio such that the
t of capital (r) is equal to the real rate of interest
ference between the nominal rate of interest and the

of price change, i-m*. It is assumed that the desired

th of the capital-labor ratio is postively related to the
etween the marginal product of capital and the real rate
T+ 7T*% - §. Of course, the desired rate of investment

uch that the marginal product of capital is immediately

1€ real rate of interest. Various lags exist in the invest-
S. When these two rates become equal, that is, when r = i - 7%,
ital-labor ratio remains constant, i.e., the desired rate of
€L unit of capital is equal to n. Thus the desired rate of
_“nit of capital can be expressed as

O+ 4k - 4

=Sents the expected rate of price change.
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Stein model and the models mentioned so far which are all

m models. Another distinguishing feature of Stein model is that
3 outside money. However, inside money is not considered a form

kind of disequilibrium model, the capital formation is no
ned solely by the saving hypothesis. Stein assumes that when
price inflation the actual growth of capital stock is a linear
LA;f planned saving and planned investment. The dynamic system

is represented by a pair of differential equations:l

x = n - K/K.

U =7m- K/K

{ and o = M/(PK). From (1.19) and (1.20) the steady-state
X and A can be obtained. However, Stein fails to obtain an
Vlgbnclusion regarding the comparative-dynamic question and
th;t the steady-state values of capital intensity and per
salances "can efther fall, rise or remain constant as a

:};i§§ in the rate of monetary expansion."2

' Appendix V.

M1' 9p. cit., p. 167. For mathematical proof, see Appendix V.
':8 earlier model Stein maintains that an increase in the
kQ:z efPansion raises the equilibrium capital intensity.
. 'Money and Capacity Growth," Journal of Political

tober, 1966), pp. 451-65.
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m,b) - (1L = s)(m + b)n
. 0
= 0.

y-state conditions imply tﬁat (a) both capital and effec-
it the same rate, i.e., the warranted rate is equal to the
7:‘ﬂartodian terminology; (b) the natural rate of growth

2 of growth of the nominal stock of money minus the

and (c) the natural rate of growth is also equal

th of the nominal stock of bonds minus the rate of

e, in the steady state the rate of growth of the

money is equal to the rate of growth of the nominal

twﬁa =y,

dy-state conditions (3.8) - (3.10) we can also derive
tady-state) values of k, m and b. To find these values,
er informations concerning the demands for real

onds. The demands for real balances and real bonds as

» and similarly for bonds denominated in monetary units,

1 conditions will be

 YUem,b) - 7

) = vy (k,m,b) - 7
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t the marginal product of real balances must equal the
st of real bonds, i.e., that Al Therefore, the
1 balances can be expressed as a function of k, b and 7 and

real bonds can be expressed as a function of k, m and T,

‘ ) -

n the values of parameters, yu, y, n and s, the equilibrium
d b can be determined. For any given value of 7, the

of k, m and b are:

e non-monetary model, sy(k)/n, since the equilibrium

'y 1n‘ our model is affected not only by the propensity to

' the rate of monetary expansion. From (3.15) it is obvious
1 of two effects, k and k, is positive, the equilibrium

in the monetary model will be highel:'.1 This means that

:(3-15) may be rewritten as k* = k(m*,b*).
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; tal intensaity in the monetary model will be higher if
ect of the introduction of monetary assets into the
stronger than its negative effect on capital intensity.
ifect may be referred to as "output" effect, since it
intensity through its indirect effect on output. The

,% be referred to as "leakage'" effect, since it decreases
diverting some part of saving from real capital

tion of monetary assets. Therefore, if the "out-
nger than the "leakage" effect, the total effect will

@ it will be negative. It can be shown that the

are identical and, therefore, that the total effect
Tind only if km is positive.1 It can also be shown

e if > n(l - s)/s. Therefore, we conclude that the
i'%ntensity will be higher (lower) in the monetary

ater (smaller) than n(l - s)/s.2

‘such as this in which the saving ratio is assumed to
1y Policy parameter available is the rate of monetary
iently the rate of price change T. The variations

/ €xpansion affect not only the equilibrium capital
wf‘ €quilibrium values of other real variables, m* and
T€, one of the central questions in the monetary
jﬁ.tetﬂine the direction of influence of the variations
Y €xpansion on the equilibrium values of real vari-

e the signs of the comparative-dynamic derivatives,

See Appendix VI.

B later in this chapter that under normal conditions

i;d:;{s and hence the equilibrium capital intensity is
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db/dy, which are equivalent to dk/dm, dm/dm and db/dm
change in the rate of monetary expansion will alter the

real variables via (3.5) - (3.7) and hence their equili-

ie the comparative-dynamic aspects of the growth equili-
the steady-state conditions (3.8) - (3.10), we

8), (3.11) and (3.12) with respect to T to obtain a system
tions2 involving the variables, dk/dm, dm/dm and db/dm.
db/dm are comparative-dynamic derivatives in the sense
the rates of change of k, m and b with respect to the
nge in the rate of monetary expansion and hence in the

e. By solving these simultaneous equations for dk/dm,

we obtain

¢
e - sym] (2ymb T Vb T ymm)/A
=8y )y, - y,) (- s)n - sy 1y, -y )4

B ey )y -y, ) + [ - 90 - sy Ly, -y IM8

lant of the coefficient matrix.> Hence, the

Y State p - 7 = n and therefore dy - dy = 0, since
® in the steady state, dy = dg.

'€0US equations are:

a7 + [(1 - s)n - sym]dm/dn + [(1 - s)n - syb]db/dn =0
G+ (v, -y _dam/dm + (y,, - v, )db/dm = - 1

dm + (ykm - ybm)dm/drr + (¥ = ybb)db/dﬂ |

: Wd‘erivat1°n. see Appendix VI.
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afely assume that in a growth equilibrium the economy has
portfolio balance with respect to the long-run stocks
ances and real bonds, i.e., that none of these assets

ed or under-accumulated in relation to each other. This
u; small amount of any one factor is added to the

mount of other factors remaining constant, that extra

or will increase the marginal products of the remaining
;}ptoportion.l This is a reasonable assumption to make

ite. The fact that the marginal products of the remaining

e production function are all equal,2 leew, vy =y

» We note that (n - syk) is posltive.3 The common

umption is made by J. R. Hicks when he discusses
Hicks-neutral technological progress means that
"SELS of labor and capital increase by the same amount
nical pProgress. See J. R. Hicks, The Theory of Wages
11932), pp. 121-27.

A1 Product of the factor whose amount has been
“ourse, decrease.

1 Rule requires n = y , which implies (n - sy ) > 0

g since 0 < s < 1. “Even in the non-optimum state,
8rowth will normally exceed the product of saving

'toductivity of capital. The extreme case in which
be discussed later in this chapter.



pe positive (1 -8)n-8Y, 7 0, i.e., i€ ¥
, pumerator of dk/dm is positive, if yp < a(l - 8)-
s

tive.2 Therefore, if : Y

im/d and db/dm are all nega
i ;- s)/s, dk/dT will be positive and dm/d7 and db/dm
! Ihe significance of this conclusion i{s that, as long
n n(l - s)/s, a0 {ncrease in the rate of monetary
sult in a rise in the equilibrium capital intensity and
1ibrium ;ralues of per capita real balances and real
‘ conclusion heavily depends on the condition that y_
yan n(l - s)/s- Fortunately, {t can be shown that under
is in fact smaller than n(l - s)/s. To show that
sible combinations of different values of the parameters

) Yy ~ ybb)

enominator A is (n - syk)[(ykm— Vi
)

Q- = . -
a1 HLC s)n - sy 1 (¥, Yo Uik ~ bk
- ybk) - Wy ~ ymk)(ykb
seccmd-—order cross

) -

" ) = —
o Gm = Ve Tk
to the equality of all the

s equal to (n - sy,) Oy Yo kb ™ Ybb

+ Oy ~ Yo Yicb You' )

(Y, - Yol
it (1 - s)n - sy > 0.
. m
or of dk/dr is [(1 - 8)n - sy 1 (2¥gp ~ Yob~ Yom)
(1 - s)n - sym >0, since ymb >0, ybb < 0 and
or of dm/dm i - -

S (n syk) (Ybb ymb) +

= Yy which is negative if n = ¥ ? 0, since

Bk = Tuxe The numerator of db/dT 18 (o = Syk)-

2 37.](ybk = Ymk) which is negative for the
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TABLE 3-1

DIFFERENT VALUES OF n(l - s)/s

T L T g T T T T

5 | .03| .032| .035| .038 .OAJ .042| .o0ss| .ous| .05’
N C.01){(.012)| (.015)](.019)(.02)(.022)] (.025( (.028)| (.03)

ha

.57| .61 .67 o712 .76 | .80 .86 .91 .95

+35] .37 .40 A4 .46 .48 «52 «35 .58

«27] .29 .32 .34 .38 L4l .43 W45

8221 .23 .26 .28 «29 ] 31 +33 «33 +37

171 .18 .20 22 .23 .24 .26 .27 .29
141 .15 .16 .18 .18 .19 21 .22 «23
A21 .13 .14 .15 16 ] .17 .18 .19 .20

.09 | .10 .11 .11 12 | .13 .14 .14 «18

N the parentheses represent the rate of population
. technological progress is the difference between
the rate of population growth.
ing ratio will normally range from .08 to .12 and the
Wth (the sum of the rate of population growth and the
81 progress) from .03 to .05 in an advanced capital-
Ue of n(l - s)/s will normally range from .22 to
capitalistic economy, as shown in Table 3-1. If we
: : Productivity of real balances, Ypr 28 ranging from

anced capitalistic economy, the condition ¥ will be

Onable values of n, s and A For example, suppose

0 is .10

» that the rate of population growth is .015
technological progress (productivity growth) is .025.

"= 8)/s will be .36 which may be considered as a
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ican economy. (This figure is circled in Table 3-1).

[ght be possible for n(l - s)/s to be smaller than -

n this case. The fact is that, even if this extreme

the same, because the extremely large value of s

L value of n will make (n - syk) negative.l When

> n(l - s)/s, the common denominator becomes negative
‘become negative for dk/dm and positive for dm/d7 and
signs of these derivatives will remain the same.
"f’!s that for a steadily growing advanced capitalistic
the rate of monetary expansion will result in a rise
pital intensity and a fall in the equilibrium values
Ances and real bonds, and conversely for a decrease

expansion. We interpret this as an evidence that

effect eventually wins out the destabilizing Wicksell

fA rtionary spiral.2

high value of also implies a high value of Y for
Since yk - ym = T. This means that an extremely low n
85 for ¥ large enough to make itself greater than

ALy make (n - syk) negative.

d P:ice decline has two effects, at war with each
r;sty augmenting the real value of existing money

ore portfolio balance and, by increasing total
-/:aflow of saving into capital formation. [Pigou
fand, it means a more attractive yield on money
€S a further shift in portfolio demand in the
:ginal shock. [Wicksell effect]. Therefore,
§d MBEr than the Wicksell effect, the economy
’ibbg;ic? decline, settle down with a lower

» "™Money and Economic Growth," pp. 682-3.




56

;Jtetesting to note that, if n - 8y, > 0 and > <
{1ibrium capital {ntensity will be lower in the
hermore, even if n - 8y, < 0, the equilibrium

; the monetary model will be lower, because when
, follows that ¥ ¥ all = s)/s.1 It has been shown

pative) value of k. implies that the equilibrium

1 be higher (lower) in the monetary model. Since

2 the equilibrium capital {ntensity will

I(B 5 syk »
netary model, if n - Sy

Thus we also conclud

>0 and y_ < n(l - 8)/s, oF

e that the

netary model. This

{ntensity is lower in the mo
e, mean that the equilibrium capital intensity in
Jower than what would have been in a barter economy .

it has been shown, by using the equilibrium
uilibrium capital intensity will be lower in the
at an increase in the rate of monetary expansion
in the equilibrium capital intensity and a fall
pita

lues of per capita real balances and per ca

B2 p. 50.



CHAPTER 1V

COMPARATIVE-DYNAMIC ASPECTS OF GROWTH

BRIUM I1: A DISEQUILIBRIUM MODEL

¥ IIT an equilibrium approach was used to examine the

dc aspects of the model economy introduced in Chapter II.
;\ a steadily growing advanced capitalistic economy

e rate of monetary expansion results in an increase in
)ital intensity and a decrease in the equilibrium

real balances and real bonds. In this chapter a

Will be used to examine the question of comparative

assume that the capital formation is determined solely
8 and monetary expansion. Instead, we introduce an

At function which determines, together with the saving
8rowth of capital stock, given the state of institu-

ients which determines how realized saving (or invest-

+ We no longer assume that all markets are in equili-
ut, instead, assume that the excess demand, positive
y exists in the commodity and money markets, although

tﬁat the labor market is always in equilibrium.2

fiun approach has been used by a number of authors.

» Neoclassical' and 'Keynes-Wicksell' Monetary
> and H. Rose, "On the Non-Linear Theory of the
Of Economic Studies, XXXIV (April, 1967),

dch the Possibility of unemployment is existent is
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at the speculative activities are so strong and the speed of
:51d in the bonds market that the excess demand in this
pously eliminated and the equilibrium is immediately
Implies, according to the Walras' Law, that the excess
n commodity market must be equal to the excess supply
‘market for any given period of time. A disequilibrium
d money markets creates a movement of general price

8 the actual investment to deviate from the planned one.
disequilibrium model the path of capital accumulation is
d by the market phenomena.
methodology has changed, our model economy has not.
ume that there are four markets and that money and bonds
tion while they are additions to the community's
y are inside or outside type. Therefore, the model

n this chapter differs from Stein model in several

i

S the production function in Stein model is a conventional
function where capital and labor are the only factors
*;-nd, all the variables in our model are expressed in

(or in terms of per-unit-of-effective-labor) whereas the

model are expressed in terms of per-unit-of-capital.
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del we do not assume that saving is a constant proportion
e income. Instead, it is assumed that planned saving, S,
present value of human income, the stock of nonhuman
rates of return on capital, money balances and bonds.
m approach it seems to be more desirable to allow for
saving of variations in the income and wealth and
iturn on various forms of assets explicitly rather than
saving ratio. The effects of the rates of return

f assets on the level of planned saving are, however,

le, although they may play important roles in deter-

} current output as a proxy for the present value of

t planned saving becomes a function of current output
an wealth. Since the output is a function of

”;;G stock of nonhuman wealth is the sum of K, M/P and

can be expressed, in per capita terms, as

estment, on the other hand, depends on the expected
tal and the expected rates of return on other forms
cted Opportunity cost. More specifically, it is an

the difference between the expected rate of return

® €Xpected opportunity cost, Vs = m* or y, - n*, where
Of price change. Of course, in our disequilibrium
¥ follow that Y = ¥, - m*, although it is assumed
- the €quality between the rates of return on money

Thus we have
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By + n%); 1' > 0.

e that prices change only when there is an excess demand
rket. The actual rate of price change, m, is positively
sess demand in the commodity market or to the excess

market so that

s/L)

mstant representing the speed of market response. The
rice change, n*, is assumed to be positively related
of price change although in the steady state the

ed rates are equal.

‘i! a positive excess demand in the commodity market
sitive excess supply (negative excess demand) in the

e the labor and bonds markets are assumed to be always

OW excess supply of real balances is proportional to

Ply, m - md, we have

the Walras' Law, the sum of excess demands in all
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roportionality, Equation (4.5) implies that the flow

modity market, n/g, is equal to the flow excess supply

Therefore, the actual rate of price change, T,

(4.3) and (4.5). When the monetary authorities decide
the amount of excess demand, OT supply, of money is

g upon what the demand conditions are. 1f there exists

8 pply of money, there will also be a non-zero excess

dities. Then the prices will rise.

prices are rising, the investors' and savers' plans will
ized. In other words, in the periods of excess aggregate
sian sense, the actual {nvestment will not be equal

tment or planned saving. We assume that when prices

growth of capital stock is a linear combination of

planned saving, but, when prices are remaining

the actual investment is equal to planned saving.

'+(1‘U)(5/L);0<a<lwhenn>0
u-Owhenn<0

 current state of institutional market arrangements

output is distributed between savers and investors in

S aggregate demand. Equation (4.6) implies that in

or falling prices the saving function determines the

1 but in the periods of rising prices the actual

somewhere between planned saving and planned invest-=
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| for bonds in real terms (real bonds) as a factor of

assumed to be, like the demand for any other factor,

stion of the difference between its real rate of return

st sO that

=1t -y)

i that the bonds market equilibrium {s instantaneously

ls the time path of capital intensity? And what are the\\

capita real balances and per capita real bonds? To

we derive (4.8) from (4.3) and (4.6):1

) (/g + S/L)

(4.9) - (4.11) constitute a dynamic system of our

describes the time profiles of real variables, k, m,

proof, see Appendix VII.
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he dynamic system represented by (4.9) - (4.11) we obtain the

pnditions by setting k= 0, m=0andb = 0, that {is,

Therefore, the equilibrium capital intensity k* is
am)/(Bn) + (1/n)S(k,m,b).

examine the comparative-dynamic properties of the growth
cterized by (4.12) - (4.14). To do so we first note that
of price change m can be expressed as a function of k, m
that ™ = n(k,m,b) from (4.1) - (4.3). Since m is a
demand in the commodity market (or equivalently excess

y market) and since both planned saving and planned

L function of k, m, and b, the rate of price change 7 can

‘a function of k, m and b only. Thus (4.13) can be written

sm,b) - n =0,

Steady state, either (4.13) or (4.14) is redundant in our

» K, m and b. One more equation is needed to make the
€40 add the equation stating that the real rates of

d bonds are equal, i.e.

= ¥y (k,m,b) .
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of simultaneous equationsl can be obtained by differ-

, (4.16) and (4.17) with respect to y, which can be solved

ad db/dy. The solutions are:
a/B)m + S 10y, = ypp) - (@/B)m + S 0Cy - ybm)}/A
[n - (a/B)nk - Sk](ymb - ybb) + [(G/S)Wb + Sb](ymk = ka))/A

fa - /), - 5,10y, - v ) + (@B +S 1y, -y, )}8

minant of the coefficient matrix. The signs of these

abiguous. There is no way of telling whether an increase

letary expansion will increase or decrease the equilibrium
bles. However, one thing is clear, That is, in a

€l of this kind, unlike an equilibrium model the signs

ves depend heavily on the numerical values of a and B

In other words, the state of institutional market

| determines how output is distributed between savers and

€riods of rising prices, a, and the speed of market

ing excess demands, B, can have a decisive effect in

tion and the size of influence of the change in the

nsion on the equilibrium values of real variables, k, m

OUS equations are:

o - [(a/B)rrm + s lda/dy - [(a/B)m + S 1db/du = 0
T db/dy =)

= V) dm/dy + k. Ydb/du = 0.

~ Ibb
€€ Appendix vIT.
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gion in this chapter is that the comparative-dynamic
teady-state equilibrium in a disequilibrium model are

clear that the effects of a change in the rate of

on the equilibrium capital intensity and on the equili-
real variables are heavily dependent upon the current
ngements and the speed of market response to disequili-
ces, The ambiguity involved here is primarily due to the
te of disequilibrium model, particularly due to the fact
2conomic mechanism to determine a and 6.1 Indeed, we
Hahn who says; "One has, in the present state of

tude in the construction of disequilibrium models;

easons why they are so unattractive and so great a

be produced."2

2 ambiguity involved in this disequilibrium model
4 constant saving ratio is assumed as long as there
lanism to determine @ and §.

n, op. cit., p. 186.



CHAPTER V

[E OPTIMAL RATE OF MONETARY EXPANSION

e have been dealing with the comparative-dynamic aspects of
In this chapter we discuss some important aspects of

f growth in the equilibrium model developed in Chapter III.
that a growth path is optimal if it is associated

total utility either at every instant of time or over
horizon. Therefore, there are two concepts of optimality
One states that a growth path is optimal 1if it is

highest constant level of utility per unit of time.

hat the optimum growth path is the one that maximizes
discounted at an appropriately chosen subjective rate of
the entire economic horizon. In Chapter I we have

t definition of optimality is used by Levhari and Patinkin
€finition is used by Sidrauski. We have chosen the first
Chapter although it is possible to carry out the whole

1S of the second definition.t

's concept of optimum growth implies that the socially
towth is "a maximum rate of growth of output consistent
'ent of growing labor population and the rising trend
B See k. K. Kurihara, The Keynesian Theory of
t (London: Allen and Unwin, 1959), p. 44. The natural
onsidered as an optimal rate in this sense. Since
=€, 1t has been well-known that along the society's
(ﬂptimal) growth path the rate of profit is equal to
8rowth (plus the subjective rate of time preference,
Owed this idea from Keynes and developed it. See
tical Theory of Saving," The Economic Journal,
] “wodz’ PP. 433-4. Hence, on a Ramsey-Keynes optimal
Bac 8 natural rate of growth becomes the society's
S 1f the society has a zero rate of time preference.
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in the literature of monetary growth theory a slightly

of optimality has been used largely in the context of
This concept of optimality states that the optimum
2 eached when money is demanded at its satiety level where
uct of money is zero,1 provided that money is costless to
e optimal rate of growth of money is the rate which keeps
ey at this optimum level, i.e., at the satiety level.

pt of optimality is deficient because it is not based

€ of utility maximization. Therefore, it cannot be

d concept of optimality unless it can be shown that the
aximized at the satiety stock of money. It will be

of this chapter that the satiety stock is not necessarily

d, therefore, the rate of growth of money which keeps

What basis can the satiety stock of money be considered
‘wbney? A very illuminating discussion on this question
« Johnson, 2 Starting from the barter conditions repre-
:V“'nd side of Figure 5-1, the community gradually increases
real income by introducing commodity money and then
.n?ney with credit money. The optimum stock of credit
ty is said to be attained when the satiety level of the

'§°4 where the marginal utility of money is zero.S.

y level, money becomes a free good.

"
Inside Money, Outside Money, .., "JMCB, I

Sidered as 5 consumer's good in Johnson's discussion.
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not certain whether this optimum stock represents the true

of maximizing total utility per unit of time or over

lc horizon. The argument runs as follows.

conditions the given stock of material wealth (capital)

rely to the production of goods and services yielding

: owever, the community finds it extremely difficult to
nsactions. If some form of money (numéraire) could

0 the system, its marginal utility would be very high.

d by the demand curve for money DD' in Figure 5-1.

r Rate of return on material wealth

D

=
N

in the Money generating
Services a utility yield

,°f.1§troduction of Commodity and Credit Money

??d all the variables in per-capita terms so that
: atically incorporated into the analysis. Johnson
E input. (See Ibid., p. 32.)
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pity decides to introduce commodity money causing the reallo-

of wealth such that kokl - Om1 of it is transferred from

juctive wealth to the monetary stock. This can be done by
’¥ oductive capital equipment as a medium of exchange and
jtead of as an input into the production process. By
assumption that "the rate of return on capital is
tions in the ratio of capital to labor in the produc-
ices of the magnitude entailed by the invention of
that as a result of the introduction of commodity

+ Dr

8§ real income has increased from roko to roko OP'

: DroP, even though it may appear that the income of

2
en - - .
by to(ko k] ) ml. Johnson argues:

i would confine income to goods and services
irough the market, the income of the commu-
b, - =

y to(ko k;) = rgm . This result is

xical and unacceptable, since it shows

g in consequence of the introduction of
which people prefer over the previously
ducts, According to a more sophisticated
j€ome, a return should be imputed to the
ed in the commodity money stock, equal to
A wealth used in production. On this

is unch : =
anged: 1t is rokl +* o™y

> Concept fails to capture the increase

€ and welfare that results from the intro-

“&¥s ... this gain is the triangular
UTplus area DrP.

‘; tﬁtt:;natively, the triangular consumer's surplus
T ita;rease in real income resulting from the
P°intp made possible by the introduction of

POt will be discussed in greater detail later
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wnity realizes that, by replacing the commodity money
non-interest-bearing), that is, by freeing the material

n commodity money so that it can be used in the production

ely with the credit money,l the community's real
Increased from toko + DrOP to roko + DPmIO, another extra
nce the freed material wealth previously embodied in
,ixeallocated to the production of goods and services.

» "Income in the strictly conventional accounting sense
Tter economy level roko; income in the more sophisticated
1 puting an alternative opportunity cost return to

is higher than the barter and commodity money level

ome in the real income or welfare sense is higher
‘econonmy by DPMlO and than in the commodity money

is certainly not the best situation in which the
long as the marginal utility of money remains

L income of the community can be increased further by

to increase their holdings of money balances. This

L the holders of money are guaranteed the rate of return
least €qual to the rate of return on material wealth.

'banks are allowed to pay the interest on demand

:tit the state or the banking system is able to
Without holding any commodity money reserves.
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the competition makes them pay the interest on money such

f interest is equal to the rate of return on material

demand for money will increase up to the point where

lity becomes zero, i.e., equal to the cost of producing

he ?eal rate of return on money will be equal to the

)n material wealth Ty: The total interest payment to the

m, comes from the production of goods and

to the output produced by (k0 - kz) of material

Paradoxically, it appears that m, = ko - kz of

';ed and the community is no wealthier than it was

dons. "It also appears, by the strict income account-

the community's income is the same as under barter

more sophisticated income accounting convention
munity's income has been reduced to the barter

g8 with its wealth, because the marginal utility value

F‘Quality of 'moneyness' is now reduced to zero."2

the community's real income exceeds its barter level

DOD' which is the satiation level of consumers'

) ;“83 Of money balances. This satiety stock of money

Optimum Stock since there is no room for further

1ty in this situation as far as the utility of

‘€€rned. As will be seen later, this is not true

thhat it costs nothing to produce money and that
= Woney is not altered by the whole process.
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that the total utility derived from both the consumption
ces and money balances is greater at the non-satiety

of money than at the satiety level.

§ argument presented above treats mor: as a consumer's
whole discussion is carried out in terms of consumers'
l issible to treat money as a producer's good and carry

5 in terms of productivity gains. For this purpose it is
on the Johnson's assumption that "the rate of return

fected by variations in the ratio of capital to labor

vl since we are concerned with the productivity gains
g from the introduction of money or from the increase
Therefore, Figure 5-1 is no longer relevant for

;he modified version of Figure 5-1 is shown below as

D with the barter conditions under which the given
wealth (capital) Oko is allocated entirely to the

s and services, yielding an income roko. Under this
’-f°tn of money could somehow be introduced, its

Fy would prove to be infinitely large as Curve B

°fe, this situation cannot be considered an equilibrium
§y will decide to use some part of its material

/ money. But how much? An obvious answer is that the

€ material wealth from the production of goods and
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dity money until the marginal productivity of money

5> the marginal productivity of material wealth (the rate

tal) . However, notice that in the meantime the marginal

capital schedule shifts upward from A to A' because of
;}@l commodity money. And the marginal productivity of
ts downward from B to B' because there is less and
ital for each unit of money balances as more and more

lth becomes commodity money.1 Therefore, an equilibrium

r kl - Oml amount of material wealth has been converted

Marginal productivity of
money schedule

€Ss all the variables in per-capita terms so that
tomatically incorporated into the analysis.
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oy 1
e same. The real income of the community is rlkl + ™

an roko, the real income under barter conditions.

een rlk1 + ra® and roko may be interpreted as being
2 triangular consumers' surplus area in Figure 5-1. The
between the two concepts is that the one is measured in

d the other is measured in terms of physical output.
munity realizes that it could increase its real income
th embodied in commodity money could be diverted into
ess by replacing it by some form of credit money which
luce (or whose production cost is very small). If the
modity money is replaced,3 the material wealth of the
€ the same as under barter conditions, Oko. Therefore,
wftivity of money schedule will return to the original
8inal productivity of capital schedule will, however,
the stock of money remains unchanged. Hence, the
community is equal to rzk0 +r ,m which is greater

the real income under commodity-money conditions.

ity, we assume that prices remain stable in this process.
» the equilibrium will be reached when the marginal pro-
exceeds that of material wealth by an amount equal to the
88, i.e., when y, =y = 1m so that the real rates of

of assets are‘equal.

be true, for otherwise the introduction of commodity
taken place. The very reason for introducing

the extremely high marginal productivity of money
Productivity of capital by a great margin as the

Y balances (the marginal productivity of money

d that the purchasing power of money is unaffected

g 8ain of real income may be compared to the rec-
Figure 5.7,
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income due to the reduction of marginal productivity of
be much smaller than the increase in real income due
e stock of capital from kl to ko and to the rise in the

y of money from rte T2 However, the discrepancy
productivities of capital and money (rm2 > rz) proves
on 1s out of equilibrium. It is to the advantage of the

e more credit money whose marginal productivity is
“1‘ginal productivity of capital. As more and more

led to the existing stock of credit money, the marginal
tal schedule will shift upward further and further,
’fieu equilibrium will be reached at the point where
vities are equal (r3 = rm3), the community's stock
equal to 0m2 and the real income of the community being
which is even greater than r2k0 +r m, the real

0ck of money Oml.

8 equilibrium optimal? No, it is not. Since it is

: nothing to create credit money, the community can
ome by increasing the stock of money even further so
Productivity remains positive. As the stock of

ue to the creation of more credit money, the marginal
PAal schedule will shift upward from A'' to A'''. Once
Teached the level Om3 at which the marginal produc-
ero or €qual to the cost of producing it, there will
ZL'?eﬂl Income to be made by increasing the stock of

tock of money Om, which may be called the satiety

3

a0 optimum stock in the sense that there is no more
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A gained by increasing the stock of money. Then the
 money in this sense is Om, and the marginal produc-
and money in this situation are r, and rmé(- 0)
t real income of the community is equal to tékO which is
To3%os real income at the previous equilibrium

er, this situation is clearly not an equilibrium position
8l productivity of capital is much greater than that of

= 0. In other words, the optimum position will

thed unless some measures are undertaken to guarantee

a rate of return at least equal to the rate of

The optimum position can be made an equilibrium
deflating the general price level continuously at a
narginal productivity of capitall or by paying the

the same rate, or by the combination of both. By

of both methods, for example, the optimum equili-
attained where the rate of return on capital is equal

& Teturn on money balances, i - 7, where i represents
interest on money. In fact, this is the mechanism
ﬂ'[z% E 23)k0 of real income is diverted from the

th to the holders of money balances. Thus, at the
Y (optinum stpck in the present sense) the capital

Al national income is r.k, and the money holders'

370
“The total real national income (per capita) is

:t is necessary to relax our assumption that the
thy is kept constant and let the horizontal axis
~1€ stock of real balances instead of the stock
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, where £, = rm3.1 In this way the public is induced
&ty stock of money by being offered a real rate of return

) the rate of return on material wealth, even if the

vity of money 1s zero. This interpretation seems to be

g than Johnson's explanation because it directly points to
:community's gains in terms of real income resulting from
y of commodity money, replacing commodity money with credit
ving the stock of credit money up to the satiety level
ncrease in the productivity of capital resulting there-
Jiqnploying the concept of consumers' surplus.

t step is to show that the concept of optimality employed
jnsion —-- implying that the satiety stock of money is
== is not consistent with the true concept of

on the principle of utility maximization and to demon-

at the optimum stock of money is not necessarily the

At in the steady state the physical consumption is the

€en the physical output and the amount of capital required

1-labor ratio constant and that, therefore, the per-

' Bet gain which is the difference between r ko( r3k0 +
n2 1 can be considered as identical to the triangular
area mlPD' in Figure 5-1. Also, notice that ték -

! ists of the two elements, r (r k + ro3® ) and
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, optimal rate of monetary expansion or the optimal rate

e differentiate (5.1) with respect to T and obtain
- n)dk/dn + ymdm/dn + ybdb/dﬂ.

and real bonds, when they are treated as factors
ontribute to the physical output through the production
::not directly enter the utility function but increase
¥ indirectly by increasing the physical output. There-

¢ imum physical consumption is achieved the total utility
d.l The maximum physical consumption is achieved and
ty is maximized when dc/dnm = 0. Hence, the opti-

(5.3) 1s derived by setting (5.2) equal to zero.

dm + ymdm/dn + ybdb/dn = 0.

0 yb' Equation (5.3) represents the true optimality
etary economy. From (5.3) it is clear that the

ion is not necessarily an optimal condition unless

ire both equal to zero or Yo = ¥ is equal to zero.

b/dT are not equal to zero but less than zero as shown
Golden Rule condition will be an optimality condition
S equal to zero, that is, only when the stock of money
eir satiety level. However, the optimum does not

€ the satiety stock of monetary assets because the

_.é maximized at any level of the stock of monetary

th: Per capita consumption per unit of time will be
Of capital accumulation. Therefore, the rate of

U USt be such that the per capita consumption per
zed. In a non-monetary model this is achieved
tal accumulation is such that the rate of return

© the natural rate of growth (Golden Rule). In
R e hTatvad cdhce. £E€ 2% 2 ok 2.3
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the condition (5.3) is satisfied. Since it has been
. III that in the steady state dk/dn is positive, and

" are negative, it follows that, at a less-than-satiety
d/or bonds), i.e., when Y. " T is greater than zero,
es yy > n. Therefore, when money and bonds are at
=satiety stock, the Golden Rule condition can no longer
y condition. In other words, the optimum requires

1 (Golden Rule) when LS 0 and (2) that >0

N th;'steady state, n = 4 - 1. Therefore, in the first
':*optimum requires Y = ° (Golden Rule), the optimal

¥ expansion is found to be p = Y FR=y =y = 0, which
i'oductivity of real balances (or the marginal produc-

onds) . Thus, when monetary assets are at their satiety

al rate of monetary expansion is equal to zero. In the

ch the optimum requires i > M the optimal rate of

must be less than Yt fle,u<y +n=y =y > 0.
Yy assets are at their less-than-satiety level, the
m"'tﬂry expansion is less than the marginal productivity
which is positive.

it be possible to make a general statement consistent
fentioned above? To answer this question we derive a

(5.4) by substituting the expressions for dk/dmw, dm/dm

3.18) - (3.20), derived in Chapter III, into our true




= Ne

plies that in the optimum state the marginal productivity

; the marginal productivity of money balances (or bonds)

i

1 to the rate of growth of effective labor

1

(or the

3 The factor market equilibrium condition,

les that ¥ = 0, since ¥ = n = m = 0 in the steady state.

the optimal rate of monetary expansion 1is equal to zero

ther the satiety stock of monetary assets has been

. This result coincides with our previous results of two

ero rate of monetary expansion {s certainly less than

| productivity of monetary assets.

e, conditions (5.4) and (5.5) represent the true and

Sondition and the optimal rate of growth of money is

er the level of monetary stock may be, as long as the

satisfied. The optimum monetary policy would be to

netary assets constant at the existing level, once

has been attained, and let the general price level

nDatural rate of growth. Of course, this is true only when

IR chosen as the only policy parameter. Different

ned if either a variable saving ratio or endogenously

progress function is introduced.

and capital
in the factor
i1.e.,

\wzz the marginal productivities of money
.3z imply that there is a disequilibrium
 real rates of return are still the same,
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the interest payment on money is allowed, the optimal

pansion will no longer be equal to zero. Suppose that

{nterest on money, i, is instituted. Assume that the

y the interest is financed by a costless creation of

, the factor market equilibrium condition will be

the optimal rate of monetary expansion is equal to the

interest on money.l Now assume that the fund needed to

n money comes from the increased productivity of capital

e increase in the stock of money in a manner that has

he earlier part of this chapter. (pp. 72-77). Then, the

{1ibrium condition becomes
et 1 - T

at the optimal rate of growth of money is twice the nominal

money .2

= 7
via (5.4)

Since p - 7 - n = 0.

T via (5.4)
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. confirm that the results obtained for dk/dm, dm/dn and

are also true in the optimum state. Substituting

1ds
m/dn + db/dm = O

the extent to which k changes is exactly the same as

both m and b change in the opposite direction as a

i in the rate of monetary expansion, i.e., dk/dm = -

.é!om the factor market equilibrium conditions we derive
expressed in terms of dk/dm, dm/dm and db/dn. These
ether with (5.8) constitute a system of three simultaneous
an be solved for dk/dm, dm/dnm and db/dn. The signs of

amic derivatives are found to be dk/dm > 0, dm/dm < 0
"fother words, an increase in the rate of monetary

* in an increase in the equilibrium capital intensity
equilibrium values of per capita real balances and

4 Hence the results obtained in Chapter III concerning
iic derivatives are also true in the case of the optimum
80 because an optimum state is also a steady state

necessarily follow that a steady state is also an

. 3y - Yp = T and Y ™ % < Ma which represent the

bt?:: conditions, and obtain
k + = - - -
Oy = V) d0/dT + (v, = y_,)db/dm 1

/dm + & _ —_
Gy = Yy ) m/dT + (3, - y,,)db/dn 1.

P etcal appendix, Appendix VI.
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» in Which Bonds Market 1is Non-Existent

markets —--— labor, capital

sumed that there were only three
® —— and that money were the only type of financial asset,
d the optimum

roduction function of the form y = y(k,m) an

dm + ymdm/dﬂ =0
conditions for an optimum, ¥, = s =pandn=- 7, can be
nsist of only

stem of simultaneous equations would now cO

- ykm)dm/dn =1
:an be found graphically. Two linear equations,

are drawn in Figure 5-3. Straight line A

dk/dm
A
E \\\\\ (dk/dm)*
(dm/dm) * dm/dT
Beternination of the Sighs of Comparative-

 Dynamic Derivatives in the Optimum State

(5.10) is obtained by substituting ¥, ~ Ty = % into (5.9)

is obtained by differentiating ¥, =y - mwith respect
Y‘,are functions of k and m only. "
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(5.11)} Straight line B represents equation (5.10).
sfies (5.10) and (5.11) simultaneously and dk/dm is

dm is negative at this point. Therefore, it can be

n the optimum state dk/dm > 0 and dm/dm < O.

jize our discussion in this chapter, we note that the
'1ty which states the optimum stock of money is reached
evel is not a valid concept because any stock of money,
?ﬁe satiety stock, can be an optimum one as long as the

n is satisfied. We have also shown that the optimal
ZEOf growth of money is zero regardless of whether the

l at the satiety level or not, when the payment of interest
lowed. This result has been obtained under the assump-
ation growth and technological progress are exogen-
d, that the saving ratio is constant, and that, therefore,
Ty expansion is the only policy parameter available.

€ Payment of interest on money is not allowed, the

Yy policy is to keep the stock of money constant, once the

‘8eneral price level fall at the natural rate of growth.
s When money is allowed to bear a nominal rate of interest,
monetary expansion is equal to the nominal rate of

r'_tWice the nominal rate of interest depending upon

+11) can be rearranged as

o ykm)/(ykk - ymk)} dm/dm + l/(ymk = ykk) where the
J and the constant term are both positive, since

<ang ykm = ymk > 0.



85

ent of interest is financed by the creation of credit money

he some part of yields on capital.

4t has been shown that in the optimum state an increase
jonetary expansion would result in an increase in the
intensity and in a decrease in the equilibrium values

;’~balances and per-capita real bonds.



CHAPTER VI

CONCLUSIONS

[scussion has been centered around two of the three funda-
1S in the theory of monetary economic growth, that is,
{-ynamic and optimality aspects of growth equilibrium.
'questions we have been concerned with have been:

in the rate of monetary expansion affect the time

e real variables and, hence, the equilibrium values of

> and (2) is there an optimum growth of money? The
degree of financial intermediation has not been

h in this thesis. In Chapter I, the monetary growth

Bard to these questions.

;' outside-money model, where money is considered as
the equilibrium capital intensity is declared to be
V“im“1d have been in the non-monetary growth model. This
se of Serious confusion among the economists who fail to
®0 the barter model and non-monetary model. Tobin
inetease in the rate of monetary expansion increases
lﬁfpital intensity and, hence, the Harrodian impasse can
! 8PPropriate government monetary policy. This monetary
Iried oyt by varying the nominal rate of interest on
€ rate of monetary expansion (u). However, Johnson

~ ‘fCrease in the rate of monetary expansion can either



se the equilibrium capital intensity depending upon

lowers the proportion of any given amount of savings,
invested in the accumulation of real capital equipment,
tent than it lowers the utility yield on money balances

rs the proportion of national income available for

d Patinkin use the two different approaches (money as
od approach and money as a producer's good approach) to

e characteristics of the monetary growth model. They
ne whether an increase in the rate of monetary expansion
r decrease the equilibrium capital intensity. However,
when the consumer's good approach is used a suffic-
ase in the rate of monetary expansion will have to
1ibrium capital intensity. On the other hand, using
2ing approach, it is said that the equilibrium capital
iffected by the change in the rate of monetary expansion
RR is made that the subjective rate of time preference
Of the size of real balances per unit of effective labor.
tical with the Sidrauski's result on this topic.

3 to Sidrauski, "the long-run capital stock of economy
the rate of monetary expansion, although in the short-
the rate of monetary expansion reduces the rate of
R." This result is due to the assumption that the
‘?‘fime Preference is constant and unaffected by the
ﬁimalth and its composition. "A rise in the rate of

Tesults in an equal absolute increase in the rate of

87
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33 it reduces the stock of real cash but it does not affect
It therefore follows that the higher the rate

don the lower will be the steady-state level of utility."l
eynes-Wicksell" model fails to determine whether the

lange in the rate of monetary expansion on the equilibrium
'1nb1es are positive or negative. Stein concludes that

e values of real variables can either fall, rise, or remain
t of a rise in the rate of monetary expansion.

the optimum growth of money, Tobin maintains in his outside-

é;}t is not optimal to have the real rate of interest lower

Eafate of growth. 1In other words, the optimum requires

OOt exceed the nominal rate of interest on money (p<i).
€al rate of interest equal to the natural rate (Golden
ate of monetary expansion will be equal to the nominal
St on money (i.e., u = i), and the rate of price change
:“"n in the steady state. If the price stability (m = 0)

1€ we should have i = U = n. Otherwise, there will be either

h any criterion for choosing a particular common values
1'L;"u"i"’u-'i)' grounds. On the other hand, if in the absense
(outside money) the equilibrium marginal productivity
‘€xCeed n, it is not optimal to absorb any saving in

Tobin states:

e
3 Rational Choice and Patterns of Growth", JPE, 77,
¥/August 1969), p. 585.



89

general conclusion is that there is an

. rate of growth of the supply of out-
ney, equal to or smaller than the nominal
rate i, only to the extent that diver-
aving into this vehicle is necessary

E marginal productivity of capital
1ling below n. In the absence of such
pey for over-saving, it is not optimal
ln{ saving in outside mecre, or dead-
ebt.
D considers money as a means of payment and argues that
yment should bear a high enough real rate of return to
itive to economize them without answering the question
rate of growth of means of payments is.

‘and Patinkin consider the problem of optimum growth of

N the condition for maximum constant utility per unit

(yk = n)dk/dm + ymdm/dn =0

?lt the rate of price change T that satisfies the optimum
in general the one that generates the equilibrium capital

Hfied by the Golden Rule since 3

an is not zero in general.

8€nt writer has, in this volume, tried to make a number

S to the theory of monetary economic growth. To this end,
lth is Separated into three broad categories, namely,

» and bonds, and they are all treated as factors of produc-

lfbor, because money and bonds increase the efficiency

..teleaSing real resources which would have been tied up

tes on Optimal Monetary Growth", JPE, 74 (Supplement,
Y/August, 1968), p. 841.
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er transactions or by performing the functions of
mediaries between savers and investors. Both inside and
considered a part of community's wealth. A model

icted under these new assumptions in Chapter II.

re a number of significant departures from the conventional
odel presented in this thesis. First of all, the production
.teal bonds (bonds in real terms) as a factor of produc-
7;to real balances. Secondly, money and bonds include

nd bonds respectively as well as outside money and bonds,
?Videred a part of community's wealth at the same time

f production. Therefore, the definition of real dis-
different from both Tobin's and Levhari-Patinkin's.
disequilibrium approaches have been used in devel-
iyStem which characterizes the time profiles of real
librium approach all markets have been assumed to be
ltln disequilibrium approach it has been assumed that

y markets are normally cut of equilibrium and that

of excess demands in these markets activates price changes
Ctual capital formation to deviate from the planned

aned saving. Therefore, another characteristic of

hat the independent investment function is postulated

8 has been concerned with a differential equations
the initial values of endogenous variables and the
Tates of population growth and technological

= Profiles of endogenous variables expressed in real
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';h.ve been found. Since there are three endogenous per
iables k, m, and b in the model, three differential

g the time profiles of k, m, and b respectively are
plete dynamic system. Two different dynamic systems
id in this thesis --- one in Chapter III, using an

h, and the other in Chapter IV, using a disequili-

L{l dynamic systems the steady-state (growth equilibrium)
n obtained, and the first two of the three fundamental
the comparative-dynamic and optimality questions have
Chapter 1V, where a disequilibrium method is used,
een made to discuss optimality questions because of the
"QUIG of the disequilibrium model. The optimality

€quilibrium model introduced in Chapter III has been

hapter V.

Uilibrium capital intensity in a model economy such

<’ed in Chapter II is lower than what would have been

¥ model such as that of Solow's. This result coincides

't ot for the identical reason. In the present model the
1ntensity is lower in the monetary model, even if both
(outpur effect) and negative effect (leakage effect)
€S and bonds are taken into consideration, whereas

the leakage effect is considered.
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ease in the rate of monetary expans‘on will result in
ibrium capital intensity and a decrease in the equili-
. per capita real balances and real bonds so long as a small
4n one factor of production increases the marginal produc-
maining factors at the same rate. This is a significant
there has yet been no definite conclusion on this
)arative dynamics.1

‘5nt1num stock of money or bonds is not necessarily the

it can be any level of the stock as long as the relation
sfied, i.e., as long as the marginal productivity of

g t of real balances by an amount equal to the natural
Therefore, there is no reason why the public must be
1»*8 satiety stock of money by means of the interest

In the special case in which money and bonds are at

» the Golden Rule condition is also an optimum con-
the optimum requires the marginal productivity of

if'l to the natural rate of growth.

Ptimal rate of growth of money is the rate which keeps
at.its optimum level. 1In general, the optimal rate

1is equal to zero regardless of whether the stock of

re at their satiety level or not. However, when the

ISt presented this proposition, but the proposition was
2 proof, verbal or mathematical. Tobin simply assumed
“%€Ct will eventually be stronger than the Wicksell effect.

the relationship Vi Y ™ 0 does not imply that the

T On capital and money are different because it is still
= T in this relationship.
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! interest i is paid on money, the optimal rate of growth

1 to the nominal rate of interest itself, again regard-

_j-e stock of money and bonds are at their satiety levels

; that the interest payment is financed by the costless

r money, inside or outside, rather than by transferring

on capital.1

icance of this conclusion is that it contains the

th Tobin's and Levhari-Patinkin's results, and yet different

the case in which the interest is not paid on money,

n's conclusion remains the same in spite of the fact

Ictor of production, bond, is added to the Levhari-Patinkin
on. In the case in which an interest is paid on money,

tained in Chapter V is similar to, but not exactly same

usion? in so far as the payment of interest on money

creation of credit money. However, if the payment

€S from the increased productivity of capital made

rease in the stock of real balances, the optimal

‘money is twice the nominal interest rate.

uilibrium approach the following conclusions have

Payment of interest on money were to be financed by
ﬁbor the yields on capital, then the optimal rate of
fWould be twice the nominal rate of interest on money

Mclusion is that "there is an optimal rate of growth
Outside money, equal to or smaller than the nominal

9“17 to the extent that diversion of saving into

e:sary to keep the marginal productivity of capital

. Tobin, "Notes on Optimal Monetary Growth", p. 841.



jefinite statement can be made on whether an increase in
stary expansion will increase or decrease the equilibrium
iriables. However, in this approach it has been found
lon of the effect of a change in the rate of monetary

e equilibrium values of real variables is dependent upon
alues of a and 3, i.e., upon the institutional market

ich determine how output is distributed between savers

n the periods of rising prices and the speed of market
giﬁ:ting excess demands.

ibrium models are unattractive because the results

on the numerical values of @ and B which cannot easily

attempt has been made in the thesis to discuss the
of the optimal degree of financial intermediation,
* Present author considers it the least important but
this question at the present stage of development

Iy is considered beyond his intellectual ability.



MATHEMATICAL APPENDIX




NOTATIONS

onhuman wealth

s stock of nonhuman wealth
a real stock of bonds

, physical consumption

. dot (*) over the symbol

expenditure
ite of interest

bor ratio (capital intensity)

utput ratio

ce measured in efficiency unit (effective labor)

of money
| real money balances (M/PL)

balances per unit of capital (M/PK)

feturn on capital (Marginal productivity of capital)

©Of return on money
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osable income
a physical output
output per unit of capital

tk of monetary assets (M/P + B/P)

institutional framework which determines

representing the
and producer demands are satisfied when

- to which consumer
an excess aggregate demand.

*"‘reptesenting the speed of market adjustments
7{:th of the nominal stock of bonds

flflte of time preference

butside to total stock of money

of the nominal stock of money (rate of monetary

' of price change
e of price change

proportionality relating real balances and physical output
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APPENDIX I. SOLOW MODEL

production function
saving-investment identity

from (1.1) and {1:2)

exponential growth of labor force
V,t.oe“‘) grom (1.3) and (1.4)

u.oe“‘; k = K/L
entiating (1.6) with respect to time yields
+ okl et = (k + oKL e

) )
k) Loent B sY(K,Loent) = sLoentY(k,l) from (1.5) and (1.7)
= sY(k,1) = sy(k)

is equivalent to

- nk.
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APPENDIX II. TOBIN MODEL

production function

D(M/P) =Y + (u - m)M/P definition of real disposable income
t = g[Y + (4 - MM/P] saving hypothesis

K+ DQM/P) = K + (u - mM/P

%= (u - MM/P = sY - (1-8) (4 - MM/P from (2.3) and (2.4)
“uld-. since K = kL. (see 1.7)

(k) - (1-s)(2 - Mm - nk  from (2.5) and (2.6)

jteady state, n = U - T. Hence,

= (1-s)nm.

1ibrium capital intensity k* is

(k)/n - (1-s)m.
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- APPENDIX III. LEVHARI-PATINKIN MODEL

Money as a Consumer's Good

= Y(K,L) production function

A= Y+ (W -1TM/P+ (r +TM/P =Y+ (W + r)M/P real disposable
s income

| = gY* = g [Y + (4 + r)M/P] saving hypothesis
(see 2.3)

= A=K+ (u-TM/P (see 2.4)

R" 8Y - (1-8)(u - m)M/P + s(r +m)M/P from (3.a.3) and
r (3.a.4)

- KL + nkL (see 2.6)

4

8y(k) - (1-s)(u - mm + s(r + Mm - nk from (3.a.5) and
(3.a.6)

d for real balances is a function of physical output and

8 always in equilibrium so that

py(k), where p = p (y'(k) + m; p'< 0.

[s - (1-s)(u - Mp + s(xr + Mply(k) - nk from (3.a.7) and
(3.a.8)

[s - (1-s)np + s(r + Mply (k).

efore, the equilibrium capital intensity k* is

= = ¥(k)/n{s[1 + p(n + ¢ + m]-pn}. -

= S - D(M/P) definition of physical saving

8[Y + (y + r)M/P]- (y - mMM/P  from (3.a.3) and (3.a.12)

" ST[1 + y(n+ r + m)]- pnY from (3.a.8 and (3.a.13)

“i:ﬁp/Y =s8[l+p(n+r+ m] -pn.
' (o/n)y(k) from (3.a.11) and (3.a.15)
“ation (3.a.16) can be rewritten as

k=g = n/g(k,m), since both p and r are a function of k.

fEFEBtiating (3.a.17) with respect to m yields
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On

-(0?/n)g' (k) - oy

ambiguous.

rentiating (3.a.8) with respect to T yields
dm = p'[y"(k)dk/dn + 1]ly(k) + o y' (k)dk/dm

- also ambiguous.

apita physical consumption 1is

) =y - 0y

s gteady state, reduces to

= y(k) - nk. (see 3.a.16)

fﬂ(c.n) = Uly(k) - nk, m] utility function
lecessary condition for utility maximization 1is
Qfﬁl'[y'(k) - nldk + U, dm = 0

e satisfied if

-yt
‘= y'(k) + =0 due to the assumption that money is
non-interest-bearing.

y'(k) = -7 from (3.a.24) and (3.a.26)

ows from (3.a.23) that
"= U;*[y'(k) - n]dk/dm + Uy dm/dm = 0

“tgat the Golden Rule capital intensity is not necessarily
B tal intensity and that the optimum stock of money is
=¥ the satiety stock.
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Money as a Producer's Good

Y(K,L,M/P) production function

definition of disposable income
(same as Tobin's)

sY%x = s[Y + (u - mM/P]  saving hypothesis

K+ (u - mM/P
oY - (1-s)(u - MM/P  from (3.b.4) and G.b.5)

K = Lk + nkL, since K = kL.

PR ay(k,nm) - (1 - 8)(u - Mm - nk  from (3.b.6) and (3.b.7)
n the steady state,

ik = sy(k,m) - (1 - s)(mn).

2, the equilibrium capital intensity k* is

ii' sy(k,m)/n - (1 - s)m.

tor market equilibrium condition is

kym) = y_(k,m) - T

demand function for real balances is derived.

m(k,m). Hence,

® = (s/n)y[k.n(k,m]-(1 - s)u(k,m) from (3.b.10)and (3.b.12)
'frf!written as

= (1/n){s - (1 - s)nm(k, ) /y[k,m(k,m 1}y (k,m(k,m]

- = (/m)o(k,mylk,m(k,mM]

O(k,m) = {s - (1 - s)nm(k,m)/y[k,n(k,mM]}is a physical
savings ratio.

i}- 9(k,my(k,m) /n.

icitly differentiating (3.b.8) and (3.b.9) with respect
yields .
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8y - nldk/dn + [syp + (s - 1)n]ldm/dm = 0

= Ykk]dk/d" + [Ym - ykm]dm/dﬂ -1

olving (3.b.16) and (3.b.17) simultaneously, using Cramer's

k/dn = [sy, + (s - 1)n]/-A
dr = (syy - n)/A
minant A is equal to [sy, - nlly., ~ ykm] -
(sy, + (s = Dollygy - Yl
capita physical consumption in the steady state is
e = y(k,m) - nk

‘he condition for maximum steady-state consumption is obtained:
efdn = y, (dk/dm) + y,(dn/dm) - n(dk/dm) = 0

les that the optimum stock of money is not necessarily the

)stituting (3.b.18) and (3.b.19) into (3.b.21) yields

n, (3.b.9) implies

that the optimum requires a constant stock of money.
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APPENDIX IV. SIDRAUSKI MODEL

= U(ct.mt) time invariant utility function
| - jznu(ct,mt)]e-étdt total welfare function to be maximized
/e = ’(kt) production function

=y + s: real disposable income

Assume that net transfer payments are entirely financed by
lon of government non-interest-bearing debt, outside money. Then

f} - nt/(PtLt) = pm.

o it + (u+ o)k + (m*, + o)m + o disposition of per

t
capita gross saving

( t) + v, - (u+n)ke - (nf + n)m - it - it -c,. =0

from (4.4) and (4.5)

= y(k,) +v, - (u+n)k, - (nk+n) m,_ - c from (4.7)
. ¢ . t £t and (4.9)

dence, the Lagrange function 1is

3 oo

il = IO(U(ct,mt) = Aclyke) + vy = (rf + 0)m, = (u + 0k,
J . -6

ey - a:] - qt(at - kt - mt)) e tde.

¢ conditjons for a maximum total welfare are represented

)=(4.16) :

@g(ct.mt) = A

*‘1(°g-mt) = de(nd + :: +0); ;: = /A,
3,(kt) = (u+n) = :t

e =5 - x,

=St

a
thee C = 0,

-
iii:i can be considered as the implicit price of consumption
t interest rate respectively.
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Given the initial value, ag, and the values of u, n,T :,
a system of six equations — (4.12)-(4.15) plus two

(4.8) and (4.10) — can be solved for the time "
the six endogenous variables, c., Mp» kos 800 Ap and Tes
t also satisfy the transversality condition (4.16).

" From (4.12) and (4.13) we derive the demand functions
umption and real balances:

et Co()\n;:m)

= mo(X9;lﬂ*) .

" From (4.14) we derive the demand function for real capital:

,Fence we have, from (4.8), (4.18) and (4.19),

a= 1) + 2°0nT,m)

(4.21) is derived:

= T(a,), %)

,!OH the demand functions become:

= c'(a,),n*)

- m = m'(a,),7*)

k= K.

The solution to a pair of differential equations (4.10)

i§ a local saddle point. Therefore, for given values
and v, there is only one time path associated with this

o
*,A*%)" . Hence we may write
A = A(a,m*,v)

n be substituted into (4.22) - (4.24) to obtain the demand

e - c(a.n*,v)
& = m(a,n*,v)
k = k(a,1%,v).

Q::tGUSki introduces Cagan's "adaptive expectations”
ich is represented by
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(m - ); h > 0.

(4.5), (4.9), (4.10) and (4.27) we derive

= (u + n)k - c*(k,u,m*).
entiating (4.31) with respect to time yields
B = (1/m)(an/3k * k + Im/3amk * ).

(4.29), (4.32) and (4.33) we derive
-m% - - [y(k) -

i 1
1+ (h/m)(3m/37%)
(u + n)k = c*(k,ps*) 1}

Tential equations (4.32) and (4.34) constitute a
B which yields the steady-state conditions:
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APPENDIX V. STEIN MODEL

L) production function

)3 ; = Y/K and x = L/K

inear-homogeneity of (5.1) enahles us to write

(x) - xy'(x) = r(x); r' >0 (r =3Y/3K)

 SA(y, 0 m); S¢> 0 and 5§ <0

isents planned saving and © che ratio of outside to tota;“

Y. Then it follows from (5.3) and (5.4) that

S(x,m); S, > 0, S 0 (S, = 0 vhen 6 = 0)

2
endent investment function is
tn+ r(x) + 7% - 1

ed investment.

ibrium in the commodity market activates price changes,

(I/K - s/K)
8sents '"the speed of market adjustments." Hence
0+ r(x) + 7% - 1 - S(x,m)].

that the growth of capital stock is a linear combination
B and planned investment, when prices change, we have

8(I/K) + (1 -a)(S/K); O<a< 1 when T> O.
€+ I=Y+1-35 Aggregate planned expenditure
9+ (1-5)/k =5+ n/g  from (5.7) and (5.10).
d for real balances per unit of capital is

() + 7/8 r(x) + 7%, 4, 6m]3 L; > 0, Ly < 0, Ly < 0,




108

as' Law states that the sum of excess demands in all markets
Stein assumes that the labor market is always in equil-
t the speed of response in bonds market is infinite such
ess demand for bonds is immediately eliminated. Thus the
emand for goods per unit of capital (w/8) must be equal

ess supply of real balances per unit of capital. Assuming
excess supply of real balances per unit of capital is
fto the stock excess supply, we have

< ® is the factor of proportionality relating the flow and
of real balances per unit of capital. g

steady state,
' - n.

anic system is represented by a pair of differential

=0 - /K
=U-7- l‘(/l(.

g (5.8) and (5.13) for m and 1 in terms of x and m,
8 variables, p and n, yields

| Han); s > 0, LY >0

1(x,d@; y,n).

1(5.8), (5.9), (5.15) and (5.17) we derive

=B = (x/B) m(x,m; u,n) - S(x,m) = F(x,m; W,n).

1(503); (5.9), (5.16) and (5.17) we derive ’
=M= (1 +a/p) m(x,m; u,n) - S(x,m) = G(x,m; y,n).

assumed that, for a given set of value§ of 4 and n, there
Positive stegdy-state values, x* and m*, such that

0 and G(x*,nx*; usn) = 0. Solving the characteristic

( ;ge Taylor approximation to the differential equations
+20) at (x*,0%) yields the stability conditions:

s A
3 ..mz <0

R - PzGl) > 0.




mine the comparative-dynamic aspects of the equilibrium
the steady-state conditions, a system of simultaneous

ck/dy) + Fz(dm*/du) +F, =0
xk/dy) + Gp(da*/du) + G, = 0
jolved for dx*/dy and dm*/dy to obtain
= = PGy + Fz%
g 3 = =21
= - FiG, + F1,Gy
2~ *21
be positive, However, the signs of the numerators are

other words, the effects of changes in the rate of
sion on the equilibrium values of real variables are

1lity condition (5.22) requires the denominators of (5.25)

109
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Optimum Stock and Rate of Growth of Money

as the optimality aspect of the growth equilibrium is
little research has been done. As we have noted in the
on; Sidrauski model "is based on an explicit analysis of
saving behavior, viewed as a process of wealth accumulation
zing some intertemporal utility function."l However,
little attention to the optimum stock and rate of growth
tead, he tries to show that along the optimum growth path
brium capital intensity is independent of the rate of monetary
”;.Tobin also discusses this question but his argument seems to
on the concept of Golden Rule that has been developed on the
onetary growth model. Tobin argues that "there is an

te of growth of the supply of outside money, equal to or

n the nbminal interest rate i, only to the extent that diversion
"this vehicle is necessary to keep the marginal productivity
From falling below n."2 "In the absence of such a tendency

it 1s not optimal to absorb any saving in outside money
debt."3 However, Tobin does not give a rigorous proof to
ment .,

and Patinkin try to show that the optimal rate of growth

iqe) 1§erro and that the optimum stock of money 1is not

ski, op. cit., P55,

1n, "Notes on Optimal Monetary Growth," p. 841.
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y the satiety stock,l whether the money is viewed as a consumer's

a producer's good. It is assumed in Levhari-Patinkin model

- of inflation is the only policy parameter. Therefore, the

s that the govermnment keep the nominal stock of money

the optimum stock of money has been reached. Then the general

1 decrease at the rate equal to the natural rate of growth

 steady state n = y - ﬂ.z

‘;Tlrguments presented above are all concerned with the optimum
ey interpreted as an alternative store of value. Then what

imum growth of money viewed as a means of payment? An

fact is that "means of payment can be supplied either as out-

‘ls inside money, without affecting in one way or another

8upply of saving for capital formation."3 Economic units

ize their cash holdings simply because of the scarcity of

2nt. Since there exists assets other than cash, which yield

feturns, they must make frequent transactions in and out of

to maximize their earnings. This requires a diversion of

isteful. This waste can be avoided by supplying a large
of means of payment to absorb all working balances. '"This

in says, "that means of payment bear a high enough real

hzi and Patinkin consider the optimum growth path as the
X ghest constant level of utility per unit of time.
Bathematical proof, see Appendix III(a)(b).

"Notes on Optimal Monetary Growth," p. 843.
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b |
to remove the incentive to economize them." The means of

y1d be allowed to bear a nominal interest rate or interest-

could be allowed to serve as means of payment. For example,
d be permitted against savings accounts in commercial banks
nstitutions. Tobin argues that "freeing means of payment from
nitation of zero interest would make it theoretically possible
n efficient growth equilibrium without deflation” ————- efficient
sense that the real rate of interest is high enough to avoid
tion and in the sense that real resources are not diverted

ing means of payment."3

Optimal Degree of Financial Intermediation
e seen in the previous sections that some economists have
€ monetary model. How can a monetary economy settle down

equilibrium capital intensity and therefore on a lower per

flnd consumption?k We have also seen that this 1s not a

ce deflation is an alternative way to remove the incentive

means of payment. However, applying this method presents
ies because deflation will also contribute to increasing

€ of returns on other assets denominated in monetary unit

*s P. 846.

OWer capital intensity means a lower per capita output and
8ince y = y(k) where y'(k)> 0. This is not necessarily

Oduction function is of the form y = y(k,m) and if a
intensity is accompanied by a higher per capital real
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n to ask because yhat Tobin really tries to show is that the
sset offers an alternatiye to real capital as a store of value
: some part of saving 1s held in the form of monetary asset

n in the form of real capital, However, Levhari and Patinkin
serts that the equilibrium capi:al intensity can be higher in
v{}‘lodel i1f the physical savings ratio becomes higher than the

gs ratio as a result of the introduction of money into the

juestion of whether the equilibrium capital intensity is lower

r ﬁh? monetary "economy" is fundamentally a question which is
ﬁ the development of financial institutions, As Tobin points
tant question involved in this discussion is "the bearing

e financial policies and institutional arrangements on the
ing available for capital formation," i.e.,, a question of

2 of financial intermediation — "optimal in the sense that
‘nsed.to link the savings of surplus units with the financial
‘Qit units in the maximum allocative efficiency at minimum

1

'1 resources,"” This is too tough a question to handle at

tage of development of economic theory.2

Lovﬂar:y, "Notes on Money and Economic Growth," Journal
Bdit and Banking, I (May, 1969), p, 264,

'onbering attempt to discuss this problem may be found in
on Optimal Monetary Growth," pp, 843-59,
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Summary

reviewed in this chapter the four representative monetary

with a special emphasis on the three central problems, The
in, Levhari~Patinkin, and Sidrauski are all based upon the
sumption that there exist only two kinds of nonhuman wealth,
pital and outside money, It is assumed that the government
8ide money into the economy by means of transfer payments and
‘V=§y means of taxes. Another characteristic common to all of
1s that they are all equilibrium models in the sense that

mi in these models that all markets are in equilibrium. On

» Stein model is unique in that it is a disequilibrium

gh 1t is assumed that the labor market is in equilibrium,
and money markets are normally out of equilibrium., When

S an excess demand in commodity market, prices rise, Postu-

independent investment function, the actual growth of the

mation, Unlike the models of Tobin, Levhari-Patinkin and

>?“ and that money is all outside-type,

he models presented so far, whether they are equilibrium or

models, assume a conventional neoclassical production

lomogeneous of degree one and well-behaved, except that in
Ankin's Producer's good approach real balances are treated

Production function, However, the role of real balances

® in all models, Tobin and Stein fail to include the
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oductivity gain from real balances in the disposable income

models the real balances are viewed as an asset or an

ore of value,

introduce an alternative store of value, money, into the

g8 18 no longer identical with the investment in real

n the equilibrium model and the real income consists not

Is and services produced but also of the net change in the

of money balances, Tobin demonstrates that the monetary policy
e the equilibrium values of real variables even in the long

ice the Harrodian impasse can be removed by appropriate monetary
ting the real rate of interest, { - m, Since the real rate
equal to 1 - j + n in the steady state, given the nominal
2st, 1, the government can manipulate the real rate of

ying the rate of monetary expansion, U, and thereby affect
rium capital-output (and/or wealth~income) ratio and equili-
al-labor ratio, Given the nominal rate of interest, an

the rate of monetary expansion will lower the equilibrium
Tatio but increase the equilibrium capital-output ratio

N8 the equilibrium capital-labor ratio,

ln also shows that the equilibrium capital intensity is lower
tary model, This, of course, does not mean that the equili-

intensity 1s lower in the monetary "economy',
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the optimality question, Tobin maintains that any real rate
ow the natural rate is not optimal because "all generations
gher consumption by saving less and having a lower capital-~
0, When real rate of interest exceeds n, it 1is not optimal
f~!b any saving in government debt, Tobin's conclusion is

an optimal rate of growth of the supply of outside money,
smaller than the nominal interest rate, 1, only to the extent
of saving into this vehicle 1s necessary to keep the
‘:7cf1vity of capital from falling below n," However, this
does not apply to the case of money as a means of payment

a store of value, According to Tobin the optimum quantity

. payment is probably "a large enough stock of means of payment
f}‘ﬂbrking balances," provided that there is no cost to soclety
eans of payment, Of course, supplying a large enough stock
ires that means of payment bear a high enough real rate of
ve the incentive to economize them,

and Patinkin demonstrate that the equilibrium capital

an be higher in the monetary model, Since the physical savings
Nt in determining capital accumulation and since the

8S ratio 1s not constant even when the overall savings ratio
the equilibrium capital intensity in the monetary model will
or lower according as the physical savings ratio increases or
fesult of the introduction of money into the model, This
course, due to the fact that in Levhari-Patinkin model the

ductivity gains from real balances 1., included in the dis-

.

> Ibid,, p. 838,
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far as the comparative-dynamic aspects of growth equilibrium
-Patinkin model is concerned, the effects of a change in the
itary expansion on the equilibrium values of real variables
inate, However, when money is considered as a consumer's
'ficiently large decline of the rate of monetary expansion must
se a decrease in the equilibrium capital intensity,
.evhari-~Patinkin model the optimal rate of monetary expansion
eneral the one that will guarantee equilibrium capital intensity
)y the Golden Rule and the optimum stock of money is not necess-~
atiety stock, Rather the optimal government policy is to keep
“fnoney constant and let the general price level decrease at
fé te,

ki model is based on the individual's utility-maximizing
therefore is an optimum growth model, Sidrauski's conclusion
arative-dynamic question is that the long-run capital stock of
dependent of the rate of monetary expansion although in the
{ﬁntrease in the rate of monetary expansion reduces the rate
mulation, This result is, of course, due to the assumption
€ctive rate of time preference is constant and unaffected by
"é‘QOMPoaition of nonhuman wealth,

In builds a disequilibrium model in the Keynes-~Wicksell tradition
that the equilibrium values of capital-labor ratio and per
ances can either fall, rise, or remain constant as a result
A the rate of monetary expansion, Stein does not discuss the

Mum growth,



CHAPTER II

A MODEL ECONOMY AND ITS CIRCULAR FLOW

2 primary objective of this chapter is to postulate a simple

' capable of growing over time. The model economy to be

In this chapter differs from others examined so far in several

st of all, unlike the conventional monetary models no
‘made between the inside and outside money as a form of

ndly, both inside and outside money are considered as a

production, Thirdly, the bonds market is introduced and both

d outside bonds are treated as a factor of production as

of wealth.l

model economy is a three-sector and four-market economy.

Onsumers, business and government sectors. There are markets
(goods and services), labor, money and bonds. Each

in economic transactions in various markets determining

S Supplied and demanded and hence the prices of commodities,

““€» money and bonds. However, it is assumed that the govern-

10t buy or sell in theAcommodity market. The growth of the

bor is assumed to be exogenously determined.

= Stock of its debt outstanding. Government debt is either

ing or non-interest bearing. The latter is called "outside"

F“del also contains bonds market but only outside asset
s) are considered as a part of community's wealth.
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he sense that it represents the private sector's net claim upon
ment sector and is created on the basis of government holdings

r foreign securities. The former is "bond" which is outside-

e same sense that the non-interest-bearing government debt is
The bonds are also issued by business firms, which are

in the sense that they represent the debts and claims

. private sector. The bonds, whether they are government bonds
“z‘nds, are of the same quality, that is, they are all guilt-
ties. However, there is no real difference between the

. (outside) bonds and the business (inside) bonds as far as
effect is concerned, as long as the business bonds remain
@iea. This point is discussed in detail later in this chapter.
ernment can create "inside" money by purchasing business

Oy it by selling them in the open market. The commercial

30 create "inside'" money in the form of demand deposits,
idered a form of wealth. The "inside" money can be considered
th as long as, or to the extent that, the banks do not need
S to ensure confidence in its solvency as will be discussed
bre, we have in the money market outside money created by

nd inside money created either by government or by commercial

e bond market we have also inside and outside bonds. Thus

Y and government bonds. However, it is assumed that under

Umstances the government does not create inside money.
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e aggregate production function of the economy is of the form

= Y(K,L,M/P,B/P)

hysical output (goods and services), K = capital, L = effective
= real money balances and B/P = real bonds (real value of bonds).
and real bonds are treated as factors of production for the
sons: The introduction of money into the economy is equivalent
e in real resources which otherwise would have been tied up
jftt;nsactions and can now be used in the production of goods

f;; Similarly, the introduction of bonds is equivalent to an

A real resources because it makes some extra amount of real

lable in the production process by facilitating financial

on between the savings of surplus units and the investments

Jt units.l The only difference between money and bonds is

i1s non-interest-bearing because it is highly liquid and
"tle uncertainty, and the latter is interest-bearing because

uid and involves greater degree of uncertainty than the

ver, the real rates of return on both types of assets must

l equilibrium. In other words, money and bond are introduced
because they are useful, i.e., productive. The existence

4tive real rates of return on these monetary assets proves this

Y and bonds are factors of production in as much as the

of these assets represents the release of real resources

Parter transactions or an increase in the efficiency of
may be measured by the increase in the productivity

in the conventional methods. The increase in the

of real capital made possible by the introduction of

S are to be attributed to these monetary assets.
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duction function represented by (2.1) is assumed to be
of degree one in each argument and well-behaved.l Hence it

n as
»m,b)

/L, k = K/L, m = M/(PL) and b = B/(PL).

,:nonetary economy the real disposable income of the economy
‘;nly of physical output, Y, but also of the net increase in
ue of monetary ‘assets. Hence the real disposable income of
y, Y*, is

* Y+ H/P + B/P

B stand for the nominal stock of money and bonds respectively
represents the operator, d/dt.? An important point to
!hzre is that both inside and outside money are treated as
mmunity's wealth and likewise for bonds.

and Shaw introduced the idea that outside money can properly
€ ffl an addition to wealth of the economy but inside money,
“‘ﬁe cancelled out within the private sector as debts and

Y Do means be so considered.3 Pesek and Saving reject this

onomists who have been uncomfortable with the assumption of
T proportions have tried to introduce different assumptions.
 €oncept of factor specificity in the vintage model, the
‘tgchnological shifts of the production function and the
Sumption of Phelps are the well-known examples.

assumed throughout this chapter that the general price level
2, for the sake of simplicity.

: G“tley and E. S. Shaw, Money in a Theory of Finance
The Brookings Institution, 1960).
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between inside and outside money and correctly assert that both
constitute net wealth for the community.1 As long as
banking system is preserved, the two types of money are
alent in their effects on society's wealth. As long as debts
‘emain as they are without being physically cancelled out and
no real capital (resource) 1is required to create them, there
stinction between inside and outside money or between inside
onds. (Remember the assumption that the bonds, whether they
the government or by the business firms, are all guilt-edged
) This is true because neither the commercial banks will
deposits to be withdrawn immediately nor will the corpor-
ct their bonds outstanding to be claimed immediately. Even if
bonds are not perpetuities, they are an addition to the

wealth to the extent that the corporations expect a stream
Aicomes from the investment financed by the bonds. As long as
€ prevails between lenders and borrowers, both inside and
7; whether money or bonds, i.e., whether interest-bearing or
to the community's wealth. The best way to understand this
ume that the society is initially under the commodity
ONS and then to see how the wealth of the society changes
ol G’;ty money is replaced by outside credit money and with

it

<

2
?9“9?- The replacement of the commodity money by credit

» Pesek and T. R. Saving, Money, Wealth and Economic Theory
lan, 1967).

method is used in H. G. Johnson, "Inside Money, Outside
Wealth and Welfare in Monetary Theory," pp. 34-5.
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place in two ways. First, the government can issue certif-
n for the commodity money, the monetary value of the certif-
nsured by the government. In this case, to the extent that
nt does not need to hold reserves of commodity money to ensure
in its certificates, the physical resources embodied in the
could be reallocated lnto the production of goods and
government certificates may be called "outside" money and
lalth of the cormunity, since the physical resources tied
odity money can now be used in the production of goods and
jecond, the commercial banks can issue demand deposits in
ie commodity money. In this case, to the extent that the

leed to hold reserves of commodity money to ensure confi-
‘8olvency, the physical resources embodied in commodity money
llocated into the production of goods and services. The
ts may be called "inside" money and add to the wealth of
ince the physical resources embodied in the commodity
' be used in the production of goods and services.
lar argument can be made for the case of inside and outside
tside" bonds are created by means of government borrowing.
that the government does not need to hold reserves to ensure
L its solvency, the outside bonds can be considered as adding
::' the community since the fund raised by issuing bonds can
= Production of goods and services. The "inside" bonds are
S of corporate borrowing. To the extent that the corporations

Bold reserves to ensure confidence in their solvency, the
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} add to the wealth of the community since the fund raised by
can be used in the production of goods and services.l The
add to the external source of total corporate saving with-
the wealth of the bond-holders as long as no resources are
support the soundness of their bonds. After all, the only
itween money and bonds (and hence inside money and inside

the latter is interest-bearing whereas the former is not,
‘;bg attributable to the differences in liquidity and risk
these two types of monetary assets.

art of real disposable income of the nation is consumed and
aved. In a monetary economy saving is held either in the

. capital or in the form of monetary assets. Thus, real saving

5 S, is

todel economy grows over time because of two reasons. First,

‘fsable income grows because of growth of physical output

implicity, it is assumed that the bonds, inside or outside,
-—edged Perpetuities. However, the fact that inside bonds are

th does not depend upon this assumption. Although the

may Tegard debt as a constraint in their investment decisions
2gerial decisions, the inside bonds can be regarded as a form
ghﬁ extent that the investment financed by the bonds generates
:ture incomes which otherwise would not be generated. In fact,
€bt, short- or long-term, can be considered as adding to the

to some extent. After all, why do people borrow and lend

8 and lending do not increase the welfare of the society?
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ervices), Y, Second, its real disposable income grows because
1 stock of monetary assets, M/P + B/P. The physical output
lme as the factors of production, K,L,M/P and B/P, grow and
dvances. Real stock of monetary assets grows over time when
tock of monetary assets grows and when prices fall. There-

g initial values of K,L,M,B and P, and assuming that the

ith of population and the rate of technological progress are
determined, the actual growth of the economy will be determined
ag behavior and the growth of monetary assets as well as the

te change. In other words, the dynamic system boils down to
ferential equations which describes the time profiles of
variables, k, m and b.

ftet III a dynamic system of our model economy will be

’T}§he comparative-dynamic properties of its growth equilibrium
sed. The optimality question will be taken up in Chapter V.

PProach to be used in Chapter III is one of equilibrium model



CHAPTER III

‘THE COMPARATIVE-DYNAMIC ASPECTS OF GROWTH

- EQUILIBRIUM I: AN EQUILIBRIUM MODEL

fhapter II a model economy whose production function is of the
3M/P,B/P) and in which four markets exist was introduced.
we are primarily concerned with the comparative-dynamic
0 -gtovth equilibrium in this model economy. Thus an

stion to be asked in this chapter is: What are the effects
in the rate of monetary expansion on the equilibrium capital
?"f; capita real balances, and hence on the real rental rate
e rate?

el to be presented in this chapter is very similar to the
Akin model. However, there are three important departures
ter. First, even though both models include real balances
}‘.m function as a factor of production, the implications are
in both models. In the Levhari-Patinkin model it is assumed
balances are held-by the business sector of the ecom:ry"l
’Mces are treated as a factor of production because "the

Mey into the production function reflects the fact that it

' Capital for the production of commodities prope::."2 Hence

and Patinkin, op. cit., p. 737.
P. 738,
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function is the business sector's production function.

t 18 assumed in this chapter that the real balances are held
business firms and by the consumers and that the total stock
sting in the economy enters the production function increasing

ductivity of the entire economy. Therefore, the production

sented by (2.1) is the economy's aggregate production

ond, the bond market is introduced in this model while Levhari
In make a simplifying assumption that outside money is the only
set existing in the economy. The bonds are also considered
 production as well as a form of wealth. Stein model includes
et. However, Stein treats bonds in the same way as he does
the fact that their roles in the economy are quite different.
?L-t serve the function of medium of exchange or means of

ely. The bonds bear higher nominal rate of return than

2 the bonds are not as liquid as money and are a riskier

Y. Real capital bears the highest nominal rate of return
Of nonhuman assets. In fact, the most important factors that
';&&tween real capital, bond and money seem to be the liquidity
Tisk involved, money being the most liquid and involving

i0t of risk and real capital being the least liquid and

" Breatest amount of risk. This seems to be the reason why
ate of return is the highest on real capital and the lowest

“0 simplifies the case by including bonds in the real balances.
i’”"taty expansion" is the rate of increase in the nominal

'€ money and outside bonds.
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‘, it is assumed in this model that the inside money and
are a form of community's asset as well as outside money

onds. The validity of this assumption is discussed in

model is an equilibrium model in the sense that all four

sumed to be in equilibrium and hence we ignore the problem
djustments but concern ourselves exclusively with the state
lum. Hence, there is no independent investment function. Once
iypothesis 1s chosen, it determines the path of capital accumu-
her with the rate of price change which will again be

the rate of monetary expansion.

' well-behavedness of the production function. We assume that
€ measured in efficiency units (effective labor) grows at the
“determined rate, n. The rate of growth of effective labor is
4N natural rate of gro;.:th which is the sum of the rate of growth
and the rate of technological progress.

St Monetary economy the real disposable income of the nation

€ physical output (goods and services) but it also includes

in the real stock of money and bonds. Hence the real disposable
8

B(M/P) + D(B/P) = Y + (u - MM/P + (y - T)B/P
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Iﬂ'ltand for the rates of growth of nominal stock of money and
ictively. The real disposable income defined in (3.2) differs
tinkin's (producer's good approach) and also from Tobin's
not only because it includes the increase in real stock of

80 because money and bonds include inside money and inside

assume that a constant proportion, s, of the real disposable
er than physical output is saved for the purpose of capital

th accumulation, so that
e,

(2.4) in Chapter II that
.- + D(M/P) + D(B/P)

for the accumulation of real capital and D(M/P) + D(B/P)

€ accumulation of monetary assets. What is implied in (3.4)
savers hold their savings either in the form of real capital
of monetary assets, or both.

ing equations (3.1) - (3.4) together yields a differential

L(k-m.b) - Q-8 -ma+ (y-mb] -nk
the time profile of the capital-labor ratio (capital
 OUr monetary model. It is clear from (3.5) that the time

tal intensity is determined not only by the propensity to

. e:at1c31 derivations, see Appendix VI in which a formal
S developed for this chapter.
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jociety but also by the rate of monetary expansion. This implies
y policy will affect the real variables. The variations in the
tary expansion will affect the real variatles in two ways. They
a2l of physical output via production function on the one hand
he real stock of wealth on the other hand. The changes in the
lcal output and real stock of wealth imply changes in the rate
mulation and, therefore, changes in the capital-labor ratio,
rate and real wage rate.

e there are three endogenous variables, k, m, and b in the

th, given parameters, j, y, m, n and s, determine real disposable
g and accumulation of wealth, a complete dynamic system requires
‘%ytial equations describing the time profiles of all three

{JI and b. To obtain differential equations describing time

nd b, we differentiate m = M/(PL) and b = B/(PL) with respect

transforming them into logarithmic expressions. Then we

(W=7 -n)m

(t =% - n)b.

differential equations.(3.5) - (3.7) constitutes a dynamic

Ir model economy.

@.5) - (3.7) we can derive the steady-state conditions. Since
F\itate (growth equilibrium) all real variables grow at the same
€ady-state conditions can be obtained by setting ﬁ, m and b all

? .HEnce, the steady-state conditions are
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