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. . ‘ INTRODUCTION .

A generalization of the concept of lifting of an

necell is studied. In the standard definition a
lift of an n-cell is another n-cell that maps homeomor-
phically onto the given n-cell under the projection

' mapping. The generalization is defined as follows: A
set X"is said to be a P—1ift of a set X if X’ is

homeomorphic to X and X’ projects onto X. Notice that

I point in X may be the image of a nondegenerate set in
X’. Methods of upper semicontinuous decomposition are

_ used throughout the thesis.

Conditions under which P-lifts exist are investi-

gated. .It is not always true that when X and Y each

P-lift that X d Y will P-lift. Many such examples are

‘ given. Additional conditions are imposed to make x U Y

P-lift. One such theorem states: suppose that A and

B are compact manifolds that each P-lift: A U B is a disk

. ncr-:3/G: Ananp(n)-mand(AuB)np(H)is'
. 0-dimensional. Then A U.B P-lifts. ‘ A

It is easy to construct a decomposition G of B3 such
that there is a disk D c E3/B that is not the image of
any disk in E3. This implies that the disk D does not

. P-lift. lconsider, for example, the set D‘ one gets from

rotating the following around the z-axis: I

C1 [y Iy I sin 1/X. O < x 5 1}. This set D‘ is not a
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{ disk because it is not locally connected on the segment

. s a {z IO 5 z 51}. If we use the decomposition of E3
‘ in which s is the only nondegenerate element, then the

image of this set D’ is a disk D. but D’ does not
contain any disk that projects onto D. This condition
is not true for all disks homeomorphically close to D.

' ~ ’ There are disks that agree with D‘ except very close to
s and do project onto disks. In the thesis hypotheses
are studied that assure that even when a set does not
P-lift. there is a homeomorphic copy close to it that
does P-lift. . ’

An example will be given of a disk D in a decompo-
sition space such that for a particular 5 > 0 there is
no disk Dg that is 1-homeomorphic to D and P-lifts.
The decomposition space has the following properties:
(1) E3}b is homeomorphic to E3; (2) each g 6 H is a

A tame arc; (3) H is continuous and closed; (4) P(H) is
a Cantor set; and (5) H is not countable and is not

. definable by 3-cells. The decomposition space is a _
modification of A toroidal decomposition. A construction

.called knitting is used. This resembles a single stitch
of ordinary knitting that progresses through a
countable number of bundles of nondegenerate elements.

A The proof of this example will constitute a major part
. ' or the thesis. it is conjectured that this example would
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not exist if the space satisfied conditions (l)- (5) and
' the following new definition: A collection G of closed

point sets in E3.is said to be eggi-locally connected
s provided that. if y is a point of an element go of G

and e is a positive number, there is a topological
3-cell 8 contained in the e-neighborhood of y such that

. if g is an element of G, then g n Int B is connected.
Another example closely related to the above one

does not have the property of containing a disk such
that no disk close to it Pblifts. This pair of examples
is particularly interesting because their decomposition
‘spaces are "equivalent" in the terminology of Armentrout.
Lininger, and Meyer. ~

The author conjectures that another related example
_ - provides a negative answer to a question asked by

Armentroutx Subnose G is-a point-like'decomp08it1°n
of E3. If S is a 2-sphere in E3/G. does there exist a
2-sphere S‘ in B3 such that P[s'] is a 2-sphere homeo-
morhically close to S? -

‘ '9
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c H A P '1' 2: R I ‘
‘THE CONCEPT OF A P-LIFT

' ,4 The standard definition of lifting applies this
term to a mapping. .
Deginition. Suppose that P is a continuous map of a
space X onto a space Y and that f is a continuous nap _

. of a space 2 into the space Y. There is said to a
‘ 11:3-,;'ng Q: the map £ if there exists a map gs z-.x such

that f 8 Pg. I X _
a s 3”,» 1? .

2 %Y
Mcnuiey [23] uses the term lifting in connection with a
space:

_ I  . Suppose that Z is an n-‘cell and that f is
a homeomorphism of 2 into Y. If there exists a lifting

_ g of {Q then g is also called a ;fi;m 
gm;  

' The emphasis here is on the n-can D I {(2) C Y.
Although this is called a lifting of an n-cell. D.
whenever it occurs. it implies that euary homeomorphism
ht z °5t° D has a lifting. .

i T /”’ir '
I’ -2 -L; D 4 Y .
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pflence, 11; is a concept concerning mappings--i.e..
members of this set of homeomorphisms. For any given h
that lifts. let gh be its lifting. The mapping P
restricted to the space D‘ = gh(z) must be a homeo-
morphism. of course. 9h(z) and D are both n-cells.

I5 <2 *x3/‘ mo’ 4,?
z -1" D C Y

01:.‘ interest in this thesis is in the question of
the existence of part of the last diagram:

D’ <3 X . i¢nd J?
D C Y  . .

we vill not require that P|D' be a homeomorphism.
Notice that. as in the case of lifting. D’ is not
necessarily unique. If the diagram exists with a
particular D‘. then we have two cases:
ill.) P|D' is a homeomorphism. In this case. D‘ is a

lift. ‘ '
q (2) P|D' is not a homeomorphism. Nov. D‘ is not a

. h 11:: of D. . ‘
In the second case. we enlarge the diagram to the
following one:
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* D’ c X/' mo‘ 1? —
i z_ -—-’—> D c Y _’r’*1 »/1

Z

g and h are homeomorphisms. The other maps are not
_ necessarily homeomorphisms. Now the question becomes:

Given a homeomorphism ha Z-oY. does there exist a
homeomorphism gt 2.1: ‘such that Pg(z) I h(Z) ?
If the answer is yes, then the space D‘ exists and is
9(2). Notice that Pg I h for maps is a stronger

' statement; it means that for any 2 E Z. Pg(z) 3 M2).
For the following definition we do not assume that D
and D‘ are n-cells, but we do require that they are «

- homeomorphicispaces. -
Definitigz. If g exists in the above diagram. then we
say that g is a 314:; Q: the map 1;, that D’ is a
g:1i§t Q: the ggcg Q, and that D 2_-_;j,f;_:. The term is
chosen to suggest the importance of the natural projec-
tion in the concept. In the diagram, D and D‘ are not
connected by a homeomorphism as in HcAu1ey's diagram.
hut rather by a map, which is the projection map P if

- Y I X/G. Also, notice that, given an arbitrary
homeomorphism hi the map t that is in the diagrammatic I
position of a map that lifts is the composition of h and
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F. or course, we can not find f until we know that g
exists.

' we could have chased to call this concept a T
pseudolifting. we prefer not to because in previous
terminology a lifting is always a mapping. we wish to
apply our new term also to the space D’. It seems
natural to emphasize spaces over maps in this concept

_because Fg(z) I h(z) is an identity on spaces.
Another alternate terminology for this concept is

to say that D’ is a projecting copy of D and that D
’ , has a projecting copy. To fully describe the concept.

we need to say that D‘ is an epi-projecting copy. This
is rather cumbersome. without the epi-, the reader is
apt to forget that we wish to require that D‘ project
mt,-g n. . V

flotatigg. Throughout this thesis. the prime
notation will always indicate a P-lift. i.e.. given a
set x c E3/G, x~ will denote a P-lift of x. l '

For any P-lift X’ of X and decomposition G of E3,
' X‘ is naturally decomposed by G. we call this decompo-

sition Gx,. qx. = {g n X‘ I g 6 G}. The corresponding
set of nondegenerate elements is Hx. = {g n x'| g 6 G '
.and 9 0 X‘ is nondegenerate.)

when a manifold is contained in a larger set, ad
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_ will denote the manifold boundary. Int will denote the
. manifold minus its boundary. If H is a manifold

imbedded in a larger set S. then Fr M will denote the
' _ ‘set theoretic boundary of M with respect to S3 i.e..

c1Mnc1(s-n).‘ '
. ‘If H is a.set whose elements are point sets, then

H* will denote the union of all points that lie in
‘elements of H. - .

_~ The e-neighborhood of a set S will be denoted by .
Ne(S). ' A I

V The symbol d(x,y) will denote the Euclidean
distance between the points x and y. For sets X and Y
the symbol d(X.Y) will denote the greatest lower bound

‘I’ of the set {d(x.y) I x 6 X. y E Y}.
For definitions concerning upper semi-continuous

decompositions. see Steve Armentrout [2].

Remarks. It is easy to construct a decomposition
G of H3 such that there is a disk D c E3/G that is not
the image of any disk in E3. This implies that the disk
D does not P-lift. Consider, for example, the set D"
one gets from rotatin the following arond the z-axis:
Cl {y Iy = sin 1/k. O < x 5 1}. This is not a disk
because it is not locally connected on the segment .
s a [2 IO 5 z 5 1}. If we use the decomposition of E3
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in which 5 is the only nondegenerate element. then the
' . image of this set 9' is a disk D. but 13' does not

I »' contain any disk that projects onto D. This condition
_ is not true for all disks homeomorphically close to D.

' There are disks that agree with D‘ except very close
to s and do project onto disks. In this thesis we will
gprave an example in which there is a disk D in a
decomposition space E3/C such that for a particular
e > 0 there is no disk DE that is e-homeomorphic to D
and P-lifts. Also, theorems will be proven giving some
conditions that guarantee that given a disk D C E3/C
and an e > 0 there is a disk 6-homeomorphic to D that

4 does P-lift. The following is such a theorem.
— Theorem 1. suppose E3/C is homeomorphic to E3

and that H is countable. Given a disk D in E3/C and
e > 0. Then there is a disk DE such that

, (1) D: is e-homeomorphic to D. ,
(2) DE is tame. . .
(3) of P-lifts to 133'. ‘
(4) D5‘ is tame.

Proof. we will use Bin's Approimation Theorem
[1], which states: For each 2-manifold M in a triangu-

' lated 3-manifold-with-boundary and each non-negative
continuous function f defined on N. there is a 2-
manifold M’ and a homeomorphism h of 3 onto H’ such H



that d(x. h(x)) 5 f(x), (2: E M). and M’ is locally .
polyhedral at h(x) if 1'-‘(x) > 0.

Since the decomposition space is 33, the given
disk D is contained in a polyhedral 3-ball. We use this
3—ball for the triangulated 3-manifold-with-boundary in
Bing's hypothesis. For the continuous function we use
f(x) = G/2 for all x 6 D. Hence, there is a polyhedral

_ disk DP which is e/2-homeomorphic to D.
‘ We now will show that in a neighborhood of DP there

is a set homeomorphic to DPX [0,1]. Since Dp is a -
polyhedral disk. it can be extended to a polyhedral
sphere S. The sphere S has a piecewise linear collar

’ on each side. By definition. a collar is a closed
. neighborhood N of S in S U (either complementary

domain of S) such that there is a homeomorphism
o a sx [0,1] °'§=° N and up X {o}) = p for each p e s. '
Hence, o(np>< {o}) = pp. Notice that npx {$1} and '
DP X {s2} are disjoint disks in DP )( [0,1] for any
81. 32 6 [0,1] and s1 5! s2. Hence. 6(DpX {s1}) and

_ O(DpX [s2]) are disjoint disks. Since 0(p)( {0]) = p
' for each 6 DP. there is some 6 such that _
' d(6(pX {s}). p) < 6/2 for each s 6 [0,3]. This gives ‘

us O(DpX [0.6]) c Ne/2(Dp). For s 6 [0,6].
"DP X I83) C Ne/2(Dp). Let D8 = ewpx {s}). Each D3
is e/2-homeomorphic to Dp. we now have
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C = [ Ds Is 6 [b,6]j, which is an uncountable collection
of disjoint disks. each e-homeomorphic to DP.

For every s 6 [0,6) the disk D8 is tame because it
is collarable. At most a countable number of members
of C can contain points of the countable set P(H).
Hence, we have an uncountable subcollection Cl C C of
tame disks that contain no points of P(H). Observe
that if a compact set contains no points of P(H), then
P'1 is a homeomorphism on that set.’ This implies that
each disk in C1 P-lifts. It remains to be shown that
the P-lift of each element of C1 is tame.

Theorem (Armentrout [3]). Suppose that M is a
‘ 3-manifold with boundary and G is a cellular decomposi-

tion of M such that M/C is a 3-manifold with boundary.
Suppose X is a 2-manifold with boundary in M such that
K misses H. Then P(K) is tame in M/C if and only if K
is tame in M. .

‘- we will apply this theorem to our example. For
M/G use a 3-ball, B; containing Ci in its interior and

. such that its boundary misses P(H). For M use P-1(3).
Let K be any member of the collection C1. we still '
need to know that G is a-cellular decomposition. This
we get by citing the following: A

Theorem (Kwun [21]). If E3/C is_homeomorphic to
E3 and H is countable, then each element of H is
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. ce11u1ar. ' .

We can now use the conclusion of Armentrout-.'s theorem.
Every member of the collection C1 P-lifts to a tame set.
Hence. ony member of C1 satisfies the requirements for 't _

.De ' _ U

' - s
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A C H A P T E R II

CONDITIONS UNDER WHICH THE UNION OF TWO SETS P-LIFTS

_ I gheorem 2,1. Suppose that A and B are compact
manifolds (with boundary). A U B is a disk in E3/B, and
A n B n P(H) = H. ‘Suppose that A has a particular

- P-lift. A‘ such that
(1) PIA‘ is monotone,
(2) Any imbedding js A‘-E2 has the property that for

. gay g €‘HA,, j(g ) does not separate any component
of j(A'i nor E2, and

' (3)1-I*nBdA'=¢..
Also} suppose that B has a particular Pblift B’
satisfying similar conditions. Then A U B P-lifts.

' ' Proof. We must show the existence of the
following P-lift diagram, where (A U B)“ is a copy of
A U B and ¢ and h are homeomorphisms.

- (A U8)‘ <: 53
. lP|(A us)‘ L

' (A vs)": ' AU8 c Eye:1 / .
(4 us)" '

’The'following diagrams do exist because A‘ and B‘ are
P-lifts. ' '
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. A’ C 2’ B‘ c E’ f '
%lPIfi' .1 y 1955' 1

A‘ 5' c: E7‘ 6' 8' C 57;
"' at D-i 19‘ /A ‘$1/ A

An 3- .

-- we define (A u s)° to be A’ u 3' for the particular
A‘ and 8' given in the hypothesis. Then, by the

' definition of P-lift, the natural projection takes
(A u 3)‘ onto AU 3.

. y we will define (A U B)‘ in such a way that it is
honeomorphic to (A U B)’. when it will be necessary to
show that (A U B)" is homeomorphic to A U B. .

we first wish to consider the set that maps onto
A n B in each of the two given P-lift diagrams above.
Since A and B are compact. A n s n pm) -= 33 implies that
P’1 is a homeomorphism on A n 8. Hence. A n B lifts by

- .HcAnley's definition of lift. Since no other points in
f E3 nap onto A n B by P. this lift is the only possible

preimage of A n 3. Therefore. it must be the P-lift of
_ this set in each of the given diagrams. Therefore. the _

.subset A n B of A gives us the following restricted
_ diagram. in which (A n B)£ and (A n B); are the appro-

priate subsets from the diagram for A.
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. (1503),: C A’ C 5} .
W lrlcnms); l*’\”' 1? - _

Au 1? (‘"94" on’ /ms C A C E76 '
.1?‘ M
A" D (A138); I _

(“There is a similar diagram for A n 8 considered as a
subset of B. By the above argument, we know that the
subsets (A n B); of A‘ and (A n 3),; of 3- are identical.

We are ready to define (A U B)". In the disjoint
union of the sets A“ and 8". identify points of
(A n B); with points of (‘A n B); by x3 8 Q;1.¢A xA for ‘
x‘ 6 (A n B); and x3 6 (A n B)§. Give this set the

_ obvious topology: A set U is open in the new space if
U n A" is open in A" and U n B" is open in B". The

, set (A U B)“ is defined to be this new space. (It is
the adjunction space A" U¢§-1 ¢A B".)

(We must now show that (A U B)" is homeomorphic

. I to A U B. We know that the subsets A", B", and I
. . (A n B)“ are homeomorphic to A, B. and A n B.

respectively. these homeomorphisms do not
A necessarily agree on (A n B)“. The monotone '

hypothesis has not been “used yet. Note the .
counterexamples (given after this set of theorems) A
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if this hypothesis is omitted. ‘

i We define GA, to be the set [ g n A’ lg E G}.
By the definition of a decomposition space. A‘/GA, is
A. By the definition of P-lift, A‘ is homeomorphic to -
A. Hence. A‘ is homeomorphic to A‘/GM.

Now we willoprove that no element of HA, separates
A‘. Suppose there is a g 6 HA, such that g does “
separate A’. Let Ai U A5 = A‘ - g, where Ai and A5 are
separated sets. The sets Ai and A5 are closed in

- A’ - g by the definition of separated. let A1 = P(Ai)
and A2 5 P(A5). Then A1 and A2 are closed in A - P(g).
since the natural map is closed. Hence. if A1 U A2 is. ‘
connected. then A1 n A2 7’ 9'. Let p 6 A1 n A2. Then. x>"‘(p) n ai ;e g and P"1(p) n A5 ;I a, and. hence, *p‘1(p)
is an element of HA, that is not connected. This ‘
contradicts the hypothesis. Hence. it must be that A1 ?
and A2 are separated sets such that Al U A2 = A - P(g). _

I Now. since A U B is a disk. P(g) must have a neighbor-
hood }! in A U B homeomorphic to the plane or to the

_ closed upper half plane. The set N - P(g) = i
_ N (1 (A1 U A2 U B) is connected. since N can have an

- arbitrarily small diameter, P(g) must be a limit point '
of 3. Since 8 is closed. this implies that P(g) 6 B.

_ since‘ g jraa chosen as an element of HA” P(g) 6 A n 8.
‘this implies that P(g) n A n B if H. uihich contradicts
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the hypothesis that A n B n P(H) = fl. Hence. no i
. element of HA. separates A’. '

Since A is contained in a disk, it is embeddable
. in 32. By the definition of P-lift, A‘ and A" are

homeomorphic to A. Hence. there is an imbedding
ia: A"-E2. By our above work, for each g 6 G.
ia¢°1(g n A’) does not separate ia(A"); by hypothesis
9 n A‘ is connected. so its copy ia¢'1(g n A’) is
connected. Since ia¢'1 is an imbedding of A‘ into E2,
no nondegenerate element intersects the boundary of
ia¢'1(g n A‘) = ia(A"). Hence, certainly no nondegen-
erate element separates E2. Therefore, ia¢'1(g n A’)
does not separate 82. we now define a decomposition of
B2 such that the elements are points of B2 - ia(A") and
the sets ia¢-1(g n A’). since this decomposition is I
closely related to GA_ of A". let us call it (SA...

Analogous statements can be made for B’ and B", and
finally a decomposition (SB, of E2.

we now quote Moore's Theorem: [Z6]: If.G is an
upper semicontinuous decomposition of the Euclidean
plane 82 into compact continua such that no element of
G separates E2. then the decomposition space associated
with G is homeomorphic to B2. our decompositions 6A, .
and $3” of E2 satisfy these hypotheses. Therefore,
82/5!” and 82/58,, are homeomorphic to E2. 4
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V i In [22] McAu1ey defines shrinkable in the following
‘ manner.‘ .. ' ‘ l

‘Suppose that G is a u.s.c.* collection
' ' filling up a metric space M and that H is the

collection of all non-degenerate elements of G. we
say that H is shrinkable in M if and only if for
each open covering U of H, e > O, and a homeomorphism

_ ' h of H onto M; there exists a homeomorphism £6 of M
onto 14 such that
(1) re-honu-U*, and p . "p
(2) for each in H ' .

(a) diam £e(g) < E, and _ -
(b) there exists D in U such that h(D) 2

_ ’h(g_) U £é(g). ’ . H
The following recent result of Siebenmann [28] is

stated here in the 2-dimensional case without boundary.
gggrem. "suppose that P: x-.x/5 where X and X/G
are 2-manifolds without boundary and P is a CB map.

d ‘Then G is shrinkable (McAuley). ‘
Here. a CB map is a cell-like map, which means that
it is a map 1': X-oY such that for each point y 6 Y.
1'-1(y) is a compactum that can be imbedded in some '

' euclidean space as a cellular set.
We wish to use this theorem ‘for our decomposi-

V tions 32/53., and 22/55.. In E2. if a set s is a
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compact continuum that doesn't separate E2. then is
cellular. The proof of this well-known fact easily
follows from an argument in Whyburn [29‘ . p. 170].
Since both our decomposition spaces are homeomorphic _ .
to E2. we satisfy Siebenmann's hypothesis that X and
X/G are 2-manifolds. we now know that E2/ 1'3”, and ~
I-:2/(33,. are shrinkable.

’ We wish now to apply the following:
Theorem (McAuley [22]). Suppose that G is a

u.s.c. decomposition of a complete metric space
M.‘ Furthermore, H (the collection of all non- ,
degenerate elements of G) is shrinkable and M is
locally compact at each point of H*. Then the
decomposition space is homeomorphic to M. . .

. we will use shrinkability of each of 162/55,.
L and 32/53,, to get shrinkability of (A u B)”/G(AUB).,

A where 6”” 3).. is the decomposition induced by
the decomposition of (A U B)‘. Let 6 > 0 be given.

‘let ‘U be an operrcovering in (A U B)" of H(AUB)_.
Iet rv = {a component of [U - (A n B)" - Bd A" - Bd 3-]|

‘ new}. Iaet‘VA”={V€‘WI|VnA";‘¢}and
‘VB. = {v e W] V n B" :1 9'}. Notice that cvxn n °v§_ =
K, because elements of these covers are connected sets

' and (A n B)" separates (A U 13)”. ‘VA, is an open cover
‘ in A” or HA... Let iasvfi = {1a(v) [ v e =vA,,}. ‘This
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' is an open cover of fix‘, the nondegenerate elements of ‘
E2/5‘. . Since this decomposition has been shown to
be shrinkable. given 6 > 0, there is a homeomorphism
fan E2-oi-:2 such that
(1) fa is the identity on E2 - iacvi__. and
(2) for each g 6 HA,

(a) diam'fa(g) < 6, and
(b) there is a ia(V) E ia<VA,, such that

f‘(1a(V)) D fa(g) U g.
‘ Define f», 8 :la-1 fa l iaA". Since we have condition

(1) on fa. we know that fA,, is the identity on ‘
A“ - ‘Vi, . Since ii‘ is an imbedding. we can take it
to be the identity on the set on which it acts. Hence.
we can take 6 above to be the given 6 . We now have that
(2) for each g 6 HA”

(a) diam fA,,(g) < e, and
(b) there is a V E W”, such that fA,,(V) : _

‘ fA,,(g) U g. ' ’
On 8'' there is an analogous shrinking homeomorphism ‘

fB_. we can now define a homeomorphism '
tuwmo (AUB)"—(AUB)" by ' '

f ..
. ' f(5U3)" . {fA” :1: 2" ° i A i

. B" .The homeomorphism rm” 8)" has properties on (A U B)”
' with covering ‘U analogous to those stated above for f»,



' 18 A

with covering ‘VA... Hence. H(AUB),, is shrinkable. .
We are now ready to apply HcAuley's ‘theorem. For M

‘ in_it we use (A U B)". The set M is then a complete
metric space and is locally compact. Hence,
(A U B)"/ G(AUB),, is homeomorphic to (A U B)", where
G(AUB),, is the decomposition of (A U B)” with nonde-
generate elements HUN) 8),, .

Now by the homeomorphism O we carry this over to
the space (A U B)‘ and find that (A U B)'/ GRUB).
is homeomorphic to (A U 8)‘. (Notice that we chose
to work with the decomposition of (A U _B)" instead of
(A U B)‘, because (A U R)‘ c E3 and the shrinking in an
open cover of H(AUB). may move nondegenerate elements '
out of (A U B)‘ .) By the definition of the decomposi-
tion G(AUB).. the set A U B is homeomorphic to
(A U B)-/ G(AUB)' . Hence, A U B is homeomorphic to I

_ (A U B)‘. which we wished to know for the P-lift diagram.
Also. A U B is homeomorphic to (A U 13)”. giving us h in
the diagram. [] _

The conditions in the hypothesis of Theorem 2.1
on particular P-lifts A‘ and B‘ may ‘make the theorem
hard to apply. we will prove some lemmas to replace

’ hypotheses ‘about A‘ and B’ with hypotheses about A, B.
and the decomposition G.
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;§mmg_g&;. Suppose that A is a compact manifold
T contained in a disk D c E3/C and that A has a P-lift

A‘. Also. suppose that A n P(H) is O-dimensional.
Then PIA’ is monotone.

'Proof.' suppose that PIA‘: A‘-oA is not monotone.
Then there is an element g of G such that g n A’ is
not connected. Let s and t be components of g n A‘
(not necessarily all of g n A’). For each positive
integer n, consider the 1/n neighborhood of P(g). In
A n Ni/fi(P(g)) let Nh denote the component containing

A P(g). If. for every n, s and t lie in the same compo-
nent of P'1(Nfi), then s and t are connected. (we use
here that A is compact implies that A? is compact, and
hence. that in A‘ the limiting set of connected sets
is connected.) Since this contradicts our assumption,

' s and t.must lie in different components. Let Us and
U; be the components of P'1(Nn°) containing a and t.

. respectively. A '
The set_Nfi° is an open (with respect to the disk)

subset of a disk. Hence. it is a 2-manifold. Hurewicz
and wallman [19, p. 48] prove that any n-manifold cannot '
be disconnected by a subset of dimension less than or '_

. equal to n - 2. Therefore, Nno - P(H) is connected.
The map P-1 is a homeomorphism on this set. Hence. '
_1>'1(Nn° - 'p(n)) is connected. Therefore. Us or U:
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contains no point of P"1(Nno - P(H)). suppose Us
contains no point of this set. and therefore. that '
Us C: H‘. . -

We note that a compact manifold can have only a
finite number of components. Hence. A’ has a finite '
number of components. Let C be the component of A’
containing Us. If C is not also the component of A‘

’ containing Ut. then P(A) II A has fewer components than
A‘ and this contradicts the P-lift requirement that A

V be homeomorphic to A‘. Hence. Ut c C and Us is not all ,
_ of’ C. The set Us is open in C and s is compact. so s is

not all of U8. The facts that Us is connected and s is
a component of g n A’ imply that Us - s 9! g n A‘.

_ Therefore. P(U8 - s) ¢ P(g) I P(s). But P(Us - s) U P(s)
'3 NU‘). Hence. N08) is not degenerate. The set Us
is connected. so Pws) is connected. Now. since .
P(Us)_<: Pm). the set P(UB) is O-dimensional. we now
have a contradiction of the _fact that any connected
0-dimensional set is degenerate andthis proves ‘our
lenna. _ D

-  . Suppose that A and B are closed sets,
A u 3 is a disk in 1:3/G. the set-,'A P-lifts. and
R 0 3 0 PW) " F. Also. suppose that for a particular
A’ the map PIA‘ is monotone and that each g 6 HA. is a
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denron. Then. for any imbedding jc A’-E2 and any ,
g 6 HA‘. the image 1(9) does not separate E2 or any
component of j(A'). '

Proof. First, we show that. for any g 6 HA..
the set g does not separate any component of A’.
suppose there is a g that does separate a component C
of A‘. Also. suppose that P(g) does not separate P(C).
Since g separates C. there are disjoint sets 81. and S2
c:c - g such that $1 and S2 are each closed with respect
to c - 9. Since P is a closed map, P(s1) and P(s2) are
each closed in §(C) - P(g). Therefore. if they are not
a separation of P(C) - P(g), they must have a common
point. say x. New P’1(x) is not connected. This
contradicts the hypothesis that PIA‘ is monotone. 4
Therefore. not both assumptions at the beginning of the
paragraph are valid and we suppose that P(g) does'
separate P(c). ‘

I . Now A U B is a disk and one point can not separate
. a disk. Therefore. P(g) does not separate A U 3.

Hence. P(g) is the limit point of a sequence of points
81. x2.--°.xi.°-- such that for each i, the point xi is

— in (A U B) - P(C). If. for infinitely many i. the
. ‘point x1 is in B, then P(g) 6 8. Since P(g) S L and

g is nondegenerate, we have P(g) 6 A n B n P(H). which
contradicts a hypothesis. Therefore. we can assume
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. that for every 1, the point xi 6 A - P(C). But
P(x1) 6 A‘ - C for every i contradicts the assumption
that C is a component of A‘ and, hence, separated from
A‘ - C. Therefore, g does not separate any component
of A‘ and 5(9) does not separate any component of j(A').

It remains to be shown that 1(9) does not separate
E2. The set 5(9) is a dendron or a point. because it
is a connected subset of a dendron. Hence. it cannot
separate the space, and we are through. U

A Lemma 2,3. Suppose that A is a compact manifold
contained in a disk D c E3/G. A has a Pelift. and

H (Bd A) n P(H) B H. Furthermore, assume that PIA’ is
monotone for every P-lift A‘. Then. for any imbedding
ju A'~E2 and any g 6 HA" j(g) does not separate any
component of j(A') or 82. Then, also. 8' n Bd A‘ = ¢.

Proof. Observe that each component of Bd A is a
simple closed curve. This is shown as follows: since
A is a compact 2-manifold. itsfboundary is a compact
1-manifold. A compact 1-manifold is an are or a simple
closed curve. Since an arc can not be a boundary

. component of a compact 2-manifold. each component of
so A must be a simple closed curve. Notice that i

- (ecu) n pm) - a implies that p‘1|(sd A) is a
‘homeomorphism. so each component of B6 A lifts to a
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simple closed curve. ‘ '
we first show that p'1(3d A) c so A‘ for any A‘.

suppose not. Then let x 6 Bd A be a point such that
P'1(x) E Bd A‘. Let J be the component of 8d A contain-
ing x. let c.be the component of A‘ containing P'1(J).
Since P71(J) has a point not in‘Bd A‘. the simple closed
curve P’1(J) separates C into disjoint. open sets C1
and C2 that have P"1(x) in their boundaries. Now
P(c1 u c2) - p[c1 u C2 u 1>‘1(J) - P'1(J)] -=
p[c1 u cz u P"1(J)] - J. The set p[c1 u c2 u 1>"1(J)].
is connected. The simple closed curve J is in the
boundary of this connected set, so it cannot separate
it. Therefore. P[C1 U C2 U P'1(J)] - J is connected
and. hence, P(C1 U C2) is connected. 0! course. C1 U C2
‘is not connected. since P is a closed map and C1 and C2
are each closed in C1 U C2. the sets P(C1) and P(C2)
must each be closed in P(C1 U C2). Therefore, V
p(c1) U P(C2) being connected implies that there exists
a point y 6 P(C1) n p(c2). Then P"1(y) n c1 and
P'1(y) n C2 must both be nonempty. This means that.
P'1(y) is not connected and contradicts the hypothesis

— that PIA‘ is monotone. Therefore. §'1(Bd A) 3 Bd A‘.
. Next we show that p"'1(ad A) <: Bd A’. Since A is a. _
compact manifold. Bd A has a finite number of components._ .
By the P-lift hypothesis. Bd A‘ must have the same
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- number of components‘. Since each component of 8d A
is a simple‘closed curve that lifts into Bd A‘. these
simple closed curves must be all of Ed A’. and there
can be no point in Ed A‘ - P'1(Bd A). we now have that
Ed A‘ - 1>"1(Bd A).

i ' Since p"1[(ad A) n P(H)] 2 p’1(Bd A) n 5- -
8:! A‘ 0 H*. the hypothesis that (Bd A) n P(}{) = 9'
implies that Ed A‘ n H0 I i. which is one of the conclu-
sions of this lemma. »

Now we will show that, for any imbedding j: A’ -82-
and any g 6 HA’. j(g) does not separate any component
of j(A'). Suppose that j(g°) does for some g°.€ HA”
Then ftOlIlBd A’ n H0 8 F. it follows that go c Int A‘.
Let K be the component of A’ containing go. Because A
has only finitely many components and is homeomorphic '

. to A’. P can not map two components of A’ into one
component of A. Therefore. P00 is all of the component
of A containing P(g°). Since go separates K, we can 4
set X - go I S U '1‘. "where S and '1‘ are disjoint sets ‘
each closed in K '-_ go. Since P is a closed map, either I
P(s) and P('l‘) have a point in common or they are separ-

- ated. Suppose y 6 P(S) :1 NT). Then P'1(Y) n S 7' V
and P.1(y) n '1‘ I‘ K. which contradicts the monotoneity
of P. Hence. 19(5) and P('r) are separated in P(K) -

’__ P(g°). and 9(5) u P(T) u p(g°) - run.‘ since N90) 6
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Int A. we now have the open set Int P(K) separated by
a point. Because Int P(K) is homeomorphic to an open
subset of the plane. we have a contradiction. and hence.
H90) does not separate any component of j(A') for any
90 6 HA-. '

If. for some go 6 HA0, j(g°) separates E2 but not
any component of j(A'). then j(g°) is in Ed j(A').
This implies that P(g°) 6 Bd A. which contradicts the _
hypothesis. thereby completing the proof of the lemma. 0

We can combine Theorem 2.1 with Lemmas 2.1. 2.2.
and 2.3 in varioe ways.‘ In Chapter III we will use;

Theorem 2,2. Suppose that A and B are compact
‘manifolds that each P-lift: A U B is a disk Dc:E3/B;

. A n 3 n pm) - 9': (A u 3) n pm) is O-dimensional.
A Then A U B P-lifts.

ggamples ghgging the gecesgigy gg sgme Q: the
hgpggheses of theoremg ang lemmas in Chapter 11.

ggamgle 1;). If "A is a closed set“ is omitted _
from the hypotheses of Theorems 2.1 and 2.2. we have V '
the following counterexample.‘which is shown in Figure 1.

let (51) be the sequence of nested topological
2-spheres: I. g
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I_ C 9 _
A /‘-'l......./.......'.. ...l «

/ "o7; |
- ,' \~._.- 0' ‘
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. I K-'¢..$CODUZ1QDQI?" E

0 I ‘| E It . .”,./}.,,, .' i ’/ ’
‘ I . g ,/t5-4,'-.-t-..4~"./>/ ;' _.-' lz

. > ‘ ; ..C I1 1 . 1  u IU Ofiooooocno oo¢OO°°°D I

1 j j jjT 1

Figure 1

_ s1 - {(x.y.z) | |x| 5 1/2 + 1/1. |y|5 1/2 + 1/1.‘ |z|=1/1}
. U {(x.y.z) I |x|_§ 1/2 + 1/1,’y!= 1/2 + 1/1, |z|5 1/i]

u {(x.y.z) | [x|- 1/2 + 1/i.Iy|5 1/2 + 1/i..|z|_<_ 1/1}.  
from the top face of each Si remove the interior of a
disk. Di. ‘tith diameter 1/10. If 1 is odd. remove

1 Int Di from the left third of the top face of 51. If _
1 is even, remove Int D1 from the right third. net

{(x.v.z) |IxI_<. 1/2.m_<_ 1/2. z - 01. net the
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nondegenerate elements of our decomposition be
H = (go. g1. g2....}. Now. in E3. there is a copy,
C, of the set {sin 1/: [O < x 5 l]><[O,1] such

T that C n H0 I H and the limiting set of C is in go.
since C is homeomorphic to a disk minus a boundary
point and P is a homeomorphism on C. P(C) U P(g°)
is a disk in E3/G. {For our counterexample, we use
A - NC) and is - P(g°). Then A u 3 does not P-lift,
though each of A and B does.

Example 12}. Suppose that (Bd A) n (Bd 8)
contains a nondegenerate element. but we violate no
other hypothesis in Theorems 2.1 and 2.2. Then the
following counterexample exists.

Figure 2a shows a 2-complex C in E3. The only
nondegenerate element in C is a segment ab. The image
P(C) is a disk in the decomposition space. The heavy

T lines-in the figure project onto the boudary of the disk
D. Figure 2b shows the choice we make for A’ and B’.
Then A - P(A') and B = P(B') is our counterexample.

It is interesting to observe some other properties
p of this example. The sets A and B are disks. Their

intersection is an arc in the boundary of each. The
set p’1(A n B) is T-shaped and contains the P-lift at
A n B as a proper subset.



  
g
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§§gm2;§_L§1. we get the following counterexample
if from Theorems 2.1 and 2.2 we delete that A U B is a
disk. A is a manifold. and P(H) is 0-dimensional. or
that there is a particular A’ such that PIA‘ is mono-
tone. In this example there is a related counterexample

for lemma 2.1. ‘
In E3 let the nondegenerate elements be a set of

semicircles in the_y = 0 plane: (See Figure 3)
{S(r) I 0 < r 5 1}. where each set S(r) is the semicircle
[(x.z) I12 3 O. x2 + z2 - r2]. We now choose A’ to be
the union of two arcs: ‘

' A‘ - {(x.y.z) l[x]5 2. y 3 O, z = O} U
{(x.Y.z) Ix 2 O. Y = 0. '1 S 2 S 0} 5

let 8' be the arc [(x.y.z)| O 5 x 5 1, z = -x, y = 0}.
Notice that since A is T-shaped and the nondegenerate
elements project onto its interior, no subset of A‘ can
be a P-lift--a subset could not both be homeomorphic to

'the T and project onto A. .

/f1::\\\ A
/ / /'~_\\\\
If l/’\\ \ \ ‘ '

\
A -——9N is P }:3

Figure 3 '
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Example 4. If we delete the manifold requirement
on A. we get this counterexample of Theorem 2.2. For
Theorem 2.1. this example also deletes the conditions
concerning separation of E2 by j(g) and H: n Bd A‘ = ¢.
Both conclusions of Lemma 2.3 are false when "manifold"

' is deleted. The only deleted hypothesis for Lemma 2.2
is the dendron condition and the conclusion is then
false here. A

(See Figure 4) let S be a bounded sequence of
disjoint disks in E3/G. Let D be a disk such that

‘I S C Int D. let A 2 Cl(D - S) and B be a disk (vith no
holes punched out) such that s c: B c: D 1! B. NovA- B a! 9'-
Our decomposition has exactly one nondegenerate element.
namely. go. The point P(g°) is in A - B, and go is
the boundary of a disk in S. we now have that A’ U B’

. not homeomorphic to A U B. because A U B is a disk. and
A‘ U 8' has one hole punched out. Both A‘ and 8' are
unique-P-lifts. so A U B does not P-lift.

Examples concerned with the methgg of proof.
consider the following two statements. V

I. A and 3 each P-lift. Then A U B P-lifts.
II. A‘ and B’ are given P-lifts of A and 8. Then
A‘ U B” is a Pblift of A U B.
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The proof of Theorem 2.1 consists of showing that with
additional hypotheses, statement II is true.

' Theorem 2.2 is an example of statement I. Obviously,
I (not II) does not imply (not I). we have seen examples

where I is not true. our next examples are cases
' where II is not true. but I is true. These show for

I the method of proof the necessity of certain hypotheses.

Example 5. First. we have a simple example
illustrating that (not II) does not imply (not If.
The upper space is a disk D. The only nondegenerate
element is a segment s in its interior. Let

' A = P(D - s ). B u P(s), and 8' be any point in s.
Let A‘ be 1) - s. Now A’ u 3- is not a p-urn. although
the set A U B does have all of D as a P-lift. _

 
D

F Figure 5 .
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§§§m2;g_§. If in the proof of Theorem 2.1 we .
i do not use an A‘ satisfying PIA‘ is monotone, then

we get the following counterexample to A’ U B‘ is
a Pblift of A U 8. Notice that in this example, the
choice of the right half of the given disk A’ is ’

_ itself a P-lift whose projection does have the monotone
’ property. Hence. A U B does P-lift to this subset of

' A’ u 3-.
(see Figure 6). In_s3 let.

5' - ((x. y. 2)] 1x1 51, |y[51. 2-0} and»
3' - [(x. y. z)|'_x - o. M 5 1, -1 5 z_<_o}.
let the set of nondegenerate elements H be the set of

- semicircles I s(y. r) I|y| 5 1. O 5 r 5 1}. where ‘
S(y, r) - [(x. y. 2) I z 3 0. x2 + 22 - £2}.
Then the nondegenerate elements of the decomposition
of A‘ are the pairs of points
tu-x, y. o). (x. y. on I o 5:: 5 1.Iy|.<. 1}. i
uawaand Bare eachadisk 1ns3/s andhn 3 is an
arc in the boundary of each. Obviously. A‘ U 3'
is not a P-lift of A U 8. since it is not homeomorphic
to A u s. ’

ggamgle 7. If from the hypothesis of lema 2.1
‘ V we delete the requirement that A be a compact manifold.

. we get the following counterexample to.the conclusion.
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A This example can be used to show that not every A’ U B’
is a Pblift of A U B.

A is an infinite bounded sequence of disjoint
disks. let D be a disk such that A c Int D. Then let
8 2 Cl (D - A). In the upper space there is only
one nondegenerate element--a disk. whose image is in
the interior of one of the disks in A. This set A is
the counterexample of Lemma 2.1. Note that if we
choose the particular P-lift of A‘ that includes the
nondegenerate element. then A’ U B‘ is not a P-lift
of A U 8. (See Figure 7J - I

Example 8. In the proof of Theorem 2.1, we showed
that a Pblift diagram for A has a P-lift diagram
restricted to the subset A n B. In general. if X c Y
and Y P—lifts. it is not necessarily true that x P-lifts.
Consider the following example. Let a segment s be
the only nondegenerate element. Let s be in the
interior of a disk D. Let t c D be a sin 1/: curve
with 3 its limiting set. Then P(s U t) is an arc in
P(D). Though P(D) does P-lift to D. the subset P(s U t) '
does not P-lift. For this example, there does not"
exist a P-lift diagram restricted to the subset

A P(a U t). (See Figure 8)U '
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0
LP

Figure 8 '

Remarks. ‘

Observe that. in Example 2. (A n B)’ A A‘ n 3'.
'This leads us to ask: '
ggsfl. Does substitution of (A n 3)‘ i=1-\' n 3'

.'for A 0 B n P(H) = fl in Theorem 2.1 result in a valid
. theorem?

As one considers possible useful notions. he is .
likely to consider concepts of minimal or of unique
P-lifts. Examples 6 and 7 are ones in which minimal
P-lift would be useful. One can define A‘ to be a
minimal P-lift of A if. for any x 6 A‘, A‘ - x is not

a P-lift. In (7), the minimal Pblifts are unique.
Honotoneity is the needed property in (6) and (7).

A In the following example. we have an infinite number
of different minimal P-lifts. but only one is monotone.

_ Hence. we see that using an arbitrary minimal P-lift A‘
will not guarantee that PIA‘ is monotone.
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Examgle 9. Let the nondegenerate elements in E3
. ‘ be those of example (6). Rare. for the set A we use

two arcs whose union is a letter '1‘, and such that there
exists the P-lift shown in the following figure.

/ :.-TH‘ \ a
1 / / .‘ ‘\ X

. -f \ \
_ I I I I "\_ \ \ \‘ ' , \ / AI

. Figure 9A
_ _ - \

A
Note that this P-lift is minimal. but not monotone.
Following are two other minimal P-lifts of A. The _
one shown at the right is_the minimal P-lift that is
monotone. ,- ~

\/ ,H~\I / \\
I \ I / ' A’

I I W ' A V

I ’ F ' ~P M T //
., /a VI! A ' ”' V \ A

Figure 98

The concept of. unique P-lift does not guarantee
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that the sum of two such P-lifts will be the P-lift
of the union of the images. we see this from a
slight change in Example (3). Now let the nondegenerate
elements be the appropriate pairs of points instead of
the semicircles. Here. unique P-lift does not give
us monotone.

vone also might hope that the existence of unique
P-lifts for each of A and B would guarantee some

' niceness on their common boundary. This is not true
either. as we see in the following.

gzamgle 10. A’ is a disk and B‘ is an are, disjoint
from A‘. The only nondegenerate element is an are.
which intersects the interior of each of A‘ and 8' in
a segment of each. A U B does not P-lift.

. B’

fig
Figure 10
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b Eggample 1;. In all the theorems and lemmas either

P|>A' and PIE‘ are assumed to be monotone or proved to
v be. Hence, the following example is interesting. In

it. the existence of the P-lift depends on the fact
that the decomposition A’ is n_o_§ monotone. In this
example, we consider a set A and its P-lift A’.

The set A‘ is contained in E2. Each nondegenerate
element is a circle plus a point disjoint from the

_ circle. There is a bounded, countable set of such
elements. as shown. The P-lift A‘ is the union of
these nondegenerate elements and an arc, as shown. I
Notice that the existence of the P-lift for A depends
on the inclusion of the subarc a in the figure. It‘
P(a) is not included in A, we observe that A - P(a) 3!
A N A’ 8 P'1[A - P(a)], where *1 denotes. homeomorphic.
Hence. A - p(a) does not P-lift. '

Q» as 9% . ‘. W \

cc _ . if‘

"9 gm.) I ‘W’, P9,) Pigs) A

Figure 11 ' ..
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DECOMPOSITIONS IN_ WHICH THERE EXISTS A P-LII-‘TABLE
’ DISK HOMEOP_1ORPI-IICALLY CLOSE TO ANY GIVEN DISK A

Theorem 3.1. Suppose that E3/B is homeomorphic to I
E3, H is countable. D is a disk in E3/C. and C is a

I compact manifold in D. Furthermore, suppose that
(1) (B6 C U Bd D) n P(H) 8 H.
(ii) D - C has a finite number of components. and

‘ (iii) c P-lifts. ‘ -
_ j ‘ Then, given e > 0. there is a disk DE such that I

(1) D: is e-homeomorphic to D.
(2) The e-homeomorphism is the identity on C. and
(3) D: P-urns. '

- Proof. In E3/U we use Bing's Approximation Theorem
E7] to approximate D. For each x 6 D. let f(x) for this
theorem be min {e/2. d(x,c)}. we get a disk D5 that is
5/? homeomorphic to D and is locally polyhedral on
D5 - C. we vill now show that this implies that there
is a locally finite triangulation (possibly infinite)
for D3 - 0. (Hudson [18] proves this, but we include a .
proof here because we wish to use properties developed
for the particular"triangulation in this proof.)

Let a >_o. Let A1 - c1(na - Na_(C)). (see Figure
12.) since A1 c D‘ - C. for every x 6 A1 there exists
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an open set Ux containing x such that Cl Ux is a
polyhedral. Since A1 is compact. the covering
[Ux |x 6 A1} of it has a finite subcovering

I (U1. U2..... Uni}. Let Ti be the triangulation of
Cl U1. The triangulations T1, T2..... Tnl induce
a common triangulation T1 of [c1 U1, c1 u2..... c1 um].
Hence. there is a complex B1 such that
(a) I31] 3 A1.
(b) I81] (‘I Na/2(C) = fl. we may have to subdivide
simplices of T1 to be able to satisfy this.‘ Next,

V let A2 = c1[oa - Na/2(C)]. Note that A2 :> [31].
we can.find a complex 33 such that
(a) |a2| 2 A2, -
(13) p32] n Na/4(0) = :1. and '
(c) in the complex B2 the triangulation of [B1] is
a subdivision of 31. Using IntlB1|as one set in the .
covering of A2 will insure this condition. let .
‘hi 9 Cl (D$ - Na/2i-1(C)). i > 3. Suppose that
81-1 has been found. we obtain a complex Bi such that '
(a) |s1] aii. _

, (b) [ail ~n‘N¢/2i'= Fl.
(c) in the complex B1 the triangulation of Inifll

' ‘is a subdivision of 81-1. and
(d) in the complex B1 the triangulation of lBi'2|

. is the same as the triangulation of [B1.2|in the
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¢0mD1eX 31-1. We obtain this condition by subdividing
only simplices intersecting Ai'1 - Ai'2.

. (e) No simplex in [Bi]-lBi'1l has diameter greater
than 1/2i. This is not necessary for the present
argument; it is for later use.

let Ti be the triangulation of Bi. let T =

[cl there exists an i such that a 6 T1 and |a|cjBi'1|].
Observe that, given p 6 Da - C, there exists an integer
i > 1 such that‘¢/21-1 < d(p.C) and hence. p El Bi-ll.

. ' This implies that for every p 6 Da - C there exists a
simplex 0 E T such that p 6 [0]. After the ith stage

- the simplex a E B1 such that p E ]a|is not subdivided,
and after the i + 1 stage, no simplex X such that

. ‘cl n [A] # 0 is subdivided. Therefore, the inter-
section properties (i.e.. if. for any _
01 E Bi+1 |a| n loll # 0. then o n 01 is a common
face) for 0 E Bi+1 are also the intersection properties
for a'€‘T. This implies that T is a locally finite
triangulation of D; - C. . '

" let v1, v2..... vj.... be the vertices of the
triangulation T on Da - C. By moving these vertices
slightly. we are going to obtain a new complex close

' tqna-cand .‘ .
First. we adjust V1. Near vl we will choose a

new vertex and call it v;. This vi will be chosen
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so that:
 (1) d(v1, v;) < 6/2.

(2) For any pée segment [V1, vi]. the cone of p over
LR V1 is a disk that is bounded by LR V1. Call this '
disk Ep. (If V1 = p, then Sp a St V1.) ' '
(3) (Da-StV1)nEp=9'. - _
(4)EvinP(H)=¢. ( ' f t

we will find a segment [V1, r] such that if p
is any point in this segment, then p satisfies (1).
(2). and (3). Then we will choose V1 6 [V1, r] so that
it also satisfies (4).

we easily satisfy (1) by requiring that .
- r E Ng/§(V1). '

‘ Concernin9_(2). consider Figures 13 and 14.
Vnl, Vn2..o.Vnk are the Vertices in LR V1. In
Figure 13 (a) suppose that Vnl, Vnz. and Vn3 lie in

.

the plane of the paper, and V1 is slightly behind the
paper. Figure 13 (b) shows the cone over the same
Vn1,'Vn2. and Vn3 from a point q above the paper.
If we were to choose V; to be q. (2) would not be i

. . satisfied. In figure l4, we assume all Vertices
lie in a plane. If we were to choose V1 to be q in

' ' this case. (2) would not be satisfied. We postpone _
stating the condition on r that will assure us that

‘ V; satisfies (2). ' . I
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. Now consider Figure 15. N; "1,

i . N3

A!’ An‘ ‘ I
‘I

Figure 15 ‘
V Not all vertices of St v1 are shown. vj is not a

vertex of st v1, but it is a vertex of St St V1.
' If vi were chosen to be q, then condition (3) would

be violated. a
we now state the condition on r that will assure

that v; satisfies (2) and does not violate (3) in the
above manner. Let V be the set of vertices of St St v1.
V is a finite set. because T is a triangulation.
There is a finite set P of planes {P1, P2..... Pnj
such that each contains 3 vertices of V. and there
is a finite set L of lines {L1, L2..... Lb} such that ’
each contains 2 vertices of V. Let d a '

' min { min d(v1, pi). min d(v1, 1.1)}. choosingP16 P . Lie Lv1£'P1 vlfi Li .
"r G Na(v1) and in general position with respect to the

- 'vertices in V assures that (2) will be satisfied and
. that (St st vl - St V1) n Ep = H. The last condition

is part of (3).' For (3) we must also avoid intersections
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of ED with points outside st St V1. This we do more
easily: Let 3 = d(St V1, Da - St St V1). we now
require that r 6 Na'(V1). V

we now know that if we choose V; to be .a point
in [V1, r]. it will satisfy (1). (2). and (3).' Since
r is in general position with respect to the points in
the set V, for any P1. P2 6 [V1, r]. it must be true '

9 that (Ini. Vnj, pl) n <Vn1, Vnj. P2) 2: (Vni. VnJ.> for
- any simplex <Vni, Vnj) in D: V1. (See Figure 16) .

Only countably many of the disjoint sets Sp = _
- Kvni. Vnj, p)l-- kvni. Vnj)l can contain points of the

countable set P(}{). There are uncountably many points
1: in [V1, 1']. Therefore. there exist uncountably
many points pi 6 [V1, r] such that spi n P(H) a £1.

, - Since there are only a finite number of Vertices in
DE V1, ‘there exists V; 6 [V1, r] such that (4) is
satisfied.‘ I ‘A 4

. . . . ' . i F0 i

’ s ' .. ' ¢3 r; s  

. Figure 16 ' ~
In the COMP!‘-ex D; - C. we now substitute Ev; for

_ st V1. since we have condition (3) satisfied and the
two disks and st V1 are e/2-homeomorphic under a
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homeomorphism that can be taken to be the identity on
their common boundary, Da is e/2-homeomorphic to the new

_ set D; - St V1 + Evi. This set Da - St V1 + Ev; is a
disk; call it D31. Dal D C because C n St V1 = fl.
D51 - C is a complex with vertices vi. v2..... vj.... .
let us now adjust V2 to vi. For (1) now use
d(v2. V5) < e/K. We get a disk D32 homeomorphic to Dal.
(we postpone discussion of the closeness of this -

homeomorphism.) Now, we repeat the argument starting
. with the statement that Daz - C is a complex with
vertices 9;. V5, v3..... vj.... . ... The inductive
step is: _Suppose that Da(j_1) - C is a complex with
vertices vi, v;..... vj:1. vj.... Adjust vi to v3. .
For (1) use d(vj. V3) < e/éj+l. ... we can now define
D: - c Ujl_i;n:°(DaJ. - c). we will show that:
.'(:i.) D: - C is polyhedral.
(ii) D: - C misses P(H). ,
(iii) D: is G/2-homeomorphic to Da by a homeomorphism
which is the identity on C. ' _

To know that D% - C is polyhedral, we must know
that there is a set of simplices such that every point

D of D: - C lies in the underlying space of some simplex;
and that the simplices have the intersection properties

' of a triangulation. our proof here is analogous to
_ the earlier proof that T is a triangulation. In that
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proof we noted that. given a simplex. there is a stage
after which this simplex is not changed. Here. there
is also a stage after which a simplex is not changed

.'again.

suppose that (vi, V3. vg)-is a simplex in D: - C.
suppose that K > j > i. Then we know that V; was
chosen so that it is not a point of P(H). that v3 was

. chosen so that the segment [v3, vi] misses P(H), and
that V; was chosen so that[(v;, v3, v£)|- [V3, vi]
misses P(H). Therefore. D: - C misses P(H).

The argument above showing that Da is e/2-
homeomorphic to Dal can now be used to show that
Daj is e/2j+1fhomeomorphic to Da(j_1). Let us .
call this homeomorphism fj s Da(j_1) - Daj . '
“°"- *5 " 5°":-f "'°f2° f1 - The“ “5 ' Da -° Daj

_ and hj is a homeomorphism. Let h =Jlim_.hJ-. We
claim that h is an E/2-homeomorphism of Da onto

1 4De. .
That h is 1-1 is immediate. The definitions of h

and Da imply that h is onto D}.
Next. we check the continuity of h. Suppose

x E G. Since this implies that fj(x) 2 x for a11 j,
we have that h(x) = x. Hence. h is the identity
on C and h is continuous on Int» C. "Consider next
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at é Da - C. This implies that x has a closed neighbor-
hood N missing C. In the notation of the beginning
of the proof, there is an io such that x 6 N c Bi°.2 .
since Bi° has only a finite number of vertices, there
is an integerm such that hm(x) = hm”-(x) for all
j > 0, x 6 N. Hence, h(x) = hm(x) for all x E N.
Since hm is a homeomorphism on Da, h is continuous ‘
in Int N. This gives continuity of h on Da - C. We
now check continuity of h on Mp C. Given 2: E Bdo C

‘ and Y > 0. we will show that there exists 5 > O
suchthat for any y satisfying d(x. y) < 5, it is

' true that d(h(x), h(y)) < Y. we note that condition
, (e) stated before the definition of the triangulation

'1‘ implies that if x is in Bdnc, then 2; is a limit point
of the set of vertices of.'1‘. Since, by definition £5"
does not move any point more than e/23“ we can choose

- - j such that e/zj-I-1 < Y/3. Observe that. if
x Evi. vj, vk then h(x) 6 V1, V3. vi , and this
implies. -since each homeomorphism is piecewise linear.
that . '
d(x, h(x)) 5 min [d(vi. vi), Vacvj. V31), d(vk, v,;)}.

_ Choose a neighborhood :3 of x 6 Bd C such that _
Cl 17! n (Vi, V2”... v5} = H. Then fj_1 is the identity
on $1 and d(x, h(x)) < 6/2J""1 for x 6 13. Hence. it we
choose y E El n NY/3(x). then d(y. h(y)) < Y/3. Now
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g d(h(x). h(y)) 5 d(h(x). x) + d(x, y) + d()'. h(y))
. < y/3 + 173 + 2/3 = Y

Therefore, we choose 6 > 0 such that N5(x)c t?JnNY/3(x).
This implies that h is continuous for x E BdD C.

Finally, to know that h is a homeomorphism, we must
' still check that h'1 is continuous. The arguments are

similar to the above ones. If h'1(x) E IntD C. we have
continuity because h'1 is the identity. If
h(x) 6 D1 - C. we find a neighborhood of h(x) such

. that h'1 is the inverse of the composition of a
finite number of homeomorphisms in this neighborhood. _
If h(x) 6 BdD C we again use an "e-6" argument.
Condition (e) again makes it possible to find a neighbor-
hood, each of whose points is moved less than 1/3 of
the given "6". we will not carry through the details.

. since they are very much like the above argument.
we now have shown that h is a homeomorphism on

D and on Cl(D - C). That it is an e/2-homeomorphism
follows from the observation that if no vertex moves
more than 5/2, then no point does. This completes _
the proof that D3 is e/2-homeoorphic to D}, under a
homeomorphism that does not move any point of C.

we will use Theorem 2.2 to show that D: P-lifts.
C and Cl (D; - C) are the sets A and B, respectively,

— of Theorem 2.2. It is given that C is.a compact
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manifold. Since C is compact and D - C has a finite
number of components. Frn C has a finite number of
components. Each component of Bd 0 is a simple closed
curve. (This is shown in Lemma 2.3.) Hence. Ed (D - C)

, has a finite number of components. each of which is a
. simple closed curve. This plus the fact that Cl (D - C)

is contained in a disk implies that it is itself a
compact manifold. Since h is a homeomorphism of
Cl (D - C), we now have that Cl (D% - C) is a compact
manifold. C P-lifts by hypothesis. Since
[cuog - c)] n pm) = 5:, the set cup} - c) lifts.
Hence. it certainly P-lifts. Bd(De1 - c) =Bd c u Ed D.
Therefore, using hypothesis (i). we have that
[ad c u Bd(C1(D2‘-- c))] n P(H) = 9!.
Hypothesis (ii) implies that C. Cl(D% - C) and their
complements each have only a finite number of components.

1 Since H is countable, P(H) is O-dimensional. we have ‘
satisfied the hypotheses of Theorem 2.2. so it gives . _
us the conclusion that D3 P-lifts. ' D

. Qggifligigg. (Atmentrout [2], [4]) M1, M2, M3’... is
a defining seggence for a decomposition G if and only
if H1, M2. M3,... is a sequence of compact 3-manifo1ds-

- with-boundary in B3 such that: .
(1) For each positive integer 1, Mill C Int M1. and '
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(2) g is a non-degenerate element of G if and only if
. g is a non-degenerate component of ifilhi.

_ suppose that g E H and U is an open neighborhood
containing q. we will show that then, for some i0 and
jo. there is a manifold Biojo that is the joth

' component of the manifold Mic of the defining sequence
and satisfies g c Biojo c U. Suppose not. The facts
that g is contained in ifilni and g is connected imply
that for every i there is a ji such that g c Biji.

. If for no i. Biji c U, then for each i :here is a point
- xi 6 Biji - U. Since the sequence [xi}i=k is contained"

in the compact set Mk, it must converge to some point
' x 6 Mk. Since xi is an element of the manifold Bij

containing g, there is an arc mi c Bij such that
I xi n ai # U and ai n g i H. The sequence [di}:;1 - —

_ has A convergent subsequence. Call it again {<1-K}.
. Its limit d is such that x E a and a n 9 5 7. since 4 .

fl . g is connected. x 6 g. Therefore, x E U. Since U
is open, there must be some i1 such that xii 6 U.
This is a contradiction of the definition of xii. _.
Therefoge' chere exist i0 and jo such that Biojo c U. . .

A Notice that since Hf n Bd Biojo = fl this also implies
that P(H) is O-dimensional when H has a defining

‘ sequence. ‘ ’ ‘
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A A Theorem 3.2. Suppose that H is definable by
3-cells. D is a disk in E3/C. and C is a compact manifold
in D such that (Bd C) n P(H) = H and C P-lifts. Then.
given e > 0, there is a disk Dé such that ’
(1) D} is e-homeomorphic to D.
(2) The e-homeomorphism is the identity on C, and
(3) D} P-lifts.

A Proof. Near D - C we will find a set homeomorphic
to D - C and contained in the nonsingular points. It i
will lift. We will use Theorem 2.2 to add this set to
C to get the desired set D}.

we first show that the assumption that H is
definable by 3-cells implies that E3/C is homeomorphic
to 23. we will use a result of o. G. I-Iarrold [IS]: 2

_If G is a monotone decomposition of S3 such that each
point of Cl P(H) has arbitrarily small neighborhoods I
in S3/C with boundaries that are 2-spheres disjoint
from C1 P(H), then S3/C is a 3-sphere. we let P(9) be
a point in C1 P(H). and W be an arbitrarily small open
set containing P(g). P'1(w) is then an open set .
containing g. Therefore. there is some component Bjg

_ of some defining manifold such that g c Big C P'1(W).
Bt now the fact that H is definable by 3-cells implies

j 2‘ that Bd Bjg is a 2-sphere. Since Bd Bjg misses Cl H‘,
P(Bd Bjg) is a 2-sphere that misses Cl P(H) and satisfies
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Harro1d's hypothesis. Hence, his conclusion gives
V us that E3/C is homeomorphic to E3.

HD_c denotes the subset of H that projects into
D - C. 1et‘U be an open cover of C1 P(HD_C) such that

‘ for each P(g) 6 C1 P(HD.c), there is a U9 €‘U satisfying
U9 c N5/2(P(g)) and c n c1 Ug = :3. Then. for each
09 6 U. P'1(Ug) is an open set and contains g. There
is a component 8g of some defining manifold Mig such
that g c 69 c p‘1(U). {Int 39 g e c1 I-lD_c} is an
open cover of C1 HD:c. There is a finite subcover -
because C1 Hnfic is compact. (It is contained in the
first defining manifold. which is bounded.) Suppose
that [Int B91. Int B92”... Int Bgk} is a minimal finite
subcover of c1 HD:C. Then 13 .-. 0391, B92...” Bgk} is
a set of 3-cells. Each is a component of some defining
manifold. Hence. if i f j, then either Bgi and Bgj
are disjoint or one contains the other. In the latter
case. the subcovering was not minimal. Therefore, 8
is a set of disjoint 3-cells. Since Bd Bj is a 2-sphere,
P(Bd Bj) is also a 2-sphere. with the hypothesis that
E3/G is homeomorphic to E3, we now have that P(Bd Bj)
bounds a 3-cell, namely, P(Bj). Hence,
[P(Bj)I 5 = 1..... k} is a set of disjoint 3-cells .
that cover C1 P(HD_c) and lie in U. It is in the
union of these 3-cells and D that we will find our
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new disk. D2‘. '
Consider one 3-cell AJ-€{P(Bj)!j=1....,k}. Since

Aj n Cl P(H) c Int A3-. there is a polyhedral 3-cell A}
such that A; c Int Aj and A5 :1 Cl P(H) C A3. Arbitrarily °
choose a point x 6 (Int A3) - D. Let d = d(x. DUBd Aj).
The set C1 Nd/2(x) is a tame 3-cell inside the tame
3-cell A3. Hence. there is a homeomorphism hjs
E3/G»!-:3/G such that hj (A3) = Cl Nd/2(x) and. for any

' y _e I-:3/G - Int Aj, hj(y) = y. Notice that for each
2 e 9(3) n A3-. D n hj(z) = 9'. Therefore. ' A
(hj'1(D)) n z = fl. Of course, h3-'1 is the identity on
D - AJ-. It is an e-homeomorphism. since the diameter
of Aj is less than £ . V

Let h = hk°hk_1° ...°h1. It is an e-homeomorphism.
Since P(AHD_C) C 3}AJ., we now have that Cl(h'1(D - C) n

- pm) = 9' and hence, that c1 h‘1(n — c) lifts, By
_ our choice of the cover ‘U, Int h"1(D - C) does not

' intersect C and h"1 is the identity on Bd C. Therefore,
C U Cl h"1(D - C)_ is a disk. We will now use Theorem

. 2.2 to show that D: = c u c1 h"1(D - c) P-lifts. we
- - note that D being a disk and C a compact manifold

imply that Cl (D - C) is also a compact manifold. our
decomposition. is 0-dimensional because it is definable
by manifolds. We have satisfied all hypotheses of .

' Theorem 2.2 and, hence, it gives us the conclusion
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that D} P--lifts. []

. ' 2hg25gg_3;3. Suppose that H is monotone, Cl P(H)
is 0-dimensional, and that Cl H* is l-dimensional. let
M c E3/C be a compact 2-manifold with or without boundary '
an let the collection of nondegenerate elements that

‘project into M be continuous. suppose that. for any
.' c > 0. there is a manifold Mé that P-lifts, is eshomeo-

morphic to M. and satisfies the containment: . ,
_ h M} n P(H) C M n P(H). Then we conclude that. for any i

' e > 0. there is another manifold he that P-lifts. is ’
e-homeomorphic to M, and also satisfies the equality:

' ye :1 pm) = M n pm). . . _
_'_ Proof. let 6 > 0 be given. Then for e/2 there V

I exists a manifold M}/2 with the hypothesized properties.
For simplicity of notation. let us call this manifold
KO. Since K0 is e/2-homeomorphic to M, let hs M—Ko be
the E/2-homeomorphism. For each p E M n P(H). let ,
Bp = N‘/2(p). Note that h(p) e Bpo ‘In B3 we plan to
construct a neu manifold M; in K5 U P‘1(g Bp). From
K5 we will make fingers that reach out and pick up .

_ points that we~wish to add in order to satisfy the
equality in the conclusion of the theorem. Except
their end points. fingers will be entirely in the _
degenerate points. Each finger will be made by using
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% a disk in the boundary of a thickened arc to replace a
disk of degenerate points. when we add a finger. we
will have a homeomorphism between the old and new
manifolds. we will describe a construction such that
we will be able to prove that the composition of an
‘infinite sequence of the homeomorphisms is itself an
e/Q-homeomorphism. Then this c/2-homeomorphism
composed with the e/2-homeomorphism h will give us

_ our desired e-homeomorphism.
First we show that arcs for the finger construction

exist. At the (i + l)th stage we will be working in
an open connected neighborhood U,-_+1 that intersects
both K'i and P"1(M n P(H)). where Ki is the manifold
made at the ith stage. Note that since Ki is a compact
2-manifold and 01+; is open in E3, K; n viii is
2-dimensional. We want an are a. from a degenerate

_ point in K; to a point in P'1(M n P(H)). a must satisfYI
Int 41 c uiil - K; - ci a*. By hypothesis c1 H‘ is
1-dimensional. U5_,,_]_ is an open connected subset of _
E3 and therefore, no 1-dimensional set can separate _

it. (Hurewicz and Wallman p. 48 Ll9]) _Hence. U531-C11-i* is
- connected. Since U1.“ - Cl I-i* is again an open

connected subset of 133, if it is separated by K3, '
each subset of K; separating U1“ Q Cl 8* must be a
2-dimensional subset. (we have again used the statement
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from Hurewicz and wallman.) Hence, each component of
Ui+1 - Ki - Cl H* contains a 2-dimensional subset of

T K; in its boundary. we now cite a theorem in Hocking A
- and Young Er7] that states that in a locally connected

U and locally arcwise-connected space S, the set of all
points on the boundary of an open set U that are acces-
sible from U is dense in the boundary of U. E3 is a :
space satisfyin these hypotheses. Hence. accessible
points in the boundary of Ui+1 - Ki - Cl H* are dense
in the boundary. Since Cl H* is 1-dimensional; it is
not dense in any l-dimensional subset of K5. so there
must be arcwise accessible points in Ki - Cl H*.

we said that we wanted an arc to a point in
1>"1(M n P(H)) - xg. we will settle for a bit less--
we will only require that the arc end at a points x

V Close to _1>'1(M n 9(3)) - xi. say within 1/2(i"5).
_ Use at 6.[(c1 01) n N1/25,5) (M n P(H))]- xi. where

x is a point in the arcwise connected interior of the
set or x is an arcwise accessible point of (Ed Ui)-Ki.
(The existence of our final construction. since it will
pick up a point in each g c P’1(M n P(H)). will show I
that in each g some point is actually accessible. we
choose now to settle for the are above rather than
proving the accessibility of the desired points.)

we now have an are a from x to an arcwise acces-
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. sible point in Ki - Cl H‘. (see Figure 17.) There
a is a disk D in K; - Cl H* such that a n K; is a point.

s. in Int D. (Later we shall specify how small this
disk should be.) Now. by covering each point of a
by an appropriately small open neighborhood. we can

fatten a.to obtain an open ball A satisfying:
(1) (xi-n)nc1a=g,
(2) Int a c Int A. -

V(3)8dAnI~I*=xor¢,and '
. (4) D c Bd A. ‘

> -' P . q
“' “:7: -J

 s% L 1 ..______
. .______r_____. _l -

.—' .  VA ._ s: --——a\

‘Q 3‘~.__ I) '

- c‘

‘ Figure 17
we use Cl ((Bd A) - D) to replace the disk D. This
is the finger. we call D its base and x its tip. We

I
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obtain a new manifold Ki+1 that is B-homeomorphic to
Ki for some 8 depending on the diameter of P(Ui+1).

let 111+: * Ki * Ki+1- _
our descrintion so far has assumed that one

finger is being added at the ith stage. we shall
actually add a finite number of disjoint fingers
at the ith stage. Each finger at the ith stage
will have its base in exactly one finger of the
1-1 stage. Thus, as stages progress, a finger will
grow out in a tree-like fashion. Each finger will
have a "territory" in which it is permitted to
grow. New fingers growing out of a parent finger.
which was formed at the ith stage, will have their

' tips l/éi+2 dense in a particular subset S of
P-1(M n P(H)) - K; thatlies in the territory of
the parent. (Later we will specify the subset S.)
The base of a finger will lie in a set V such that

(hi_1 hi_2 °-° hz h1)'1(v) has diameter less than
1/j5*fl. The set diameter of the new finger itself ‘ -

. will be less than l/é&+$. .
Next. we define the territory of a new finger.

Let Ni be the territory of the parent finger. Let
the tips of the new fingers being formed at the
(i+l)th stage be the points x1, x2...., x“. These
points are 1/2632) dense in S. From our restriction



V ‘ 52

of set diameter of a finger. the territory T5 of the
jth of these new fingers is contained in
U5 = wi n N1/2(i+l) (x5). If jl ;! 3'2. it is quite
possible for Ujl n Ujz # fl, or for there to exist g 6 H ‘
such that g n U51 f w and g n Ujz # V. we must make
the territories T51 and Tjz be separated and satisfy
P(Tj1) n P(Tj2) = l. Remember that our purpose is
to be able to pick up a point in every nondegenerate
element of the set S. This means that j§1P(Tj) must

. cover P(S). P(S) is a O-dimensional set and is covered
by {P(Uj)}, but the later is not an open cover.

At the moment let us work only in a subset of
C1 H* and a subset of P(Cl H). we have hypothesized
that HM. the set of nondegenerate elements that project
into M, is continuous. For each j. the lower semi- . _

continuity of HM implies that from the open with respect
to E3 set Uj we get the open with respect to C1‘HM' set

V5 s {x E g ‘ g n U5 i Q, g 6 C1 HM}. Vj is an inverse
4 set. so P(Vj) must be open with respect to P(Cl HM).

_ (Notice that P(vJ') -.-p(U5) n p(c1 HH).) {p(v5)} is an
open with respect to P(C1Jin)cover of the desired set
of points P(S). Now using the 0-dimensionality of P(S).

. we can get a refining cover {X5} of disjoint sets such 9
9 that xj c P(V5), 35 is open and closed with respect to

P(C1 HM). (If for some j. the finger tip x5 E Cl Hfi. '
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then it is possible that Xj = H. In this case. the
corresponding finger will have no territory and never
grow more. Delete it.) P'1(Xj) is closed with respect
to Cl HM*. Returning now to the space E3, we see that
this implies that P'1(Xj) is closed with respect to E3.
The finite number of closed sets in {P'1(Xj)] can be
covered by disjoint open with respect to E3 sets W5.
Now the sets Uj n W5 are almost the desired territory
sets. They'do contain all necessary points for adding,
they are separated and Open with respect to E3, and each

" still contains its original finger tip xj. It is
possible that U5 n W5 is not connected or does not
intersect Ki. These shortcomings can be corrected by ‘
adding tubular neighborhoods 8 of connected arcs in
U5 - Cl H*. These may have to lie in tunnels. V.

V bored through some other Ujl n wjl. but the O-dimensiona-
lity of P(Cl H) allows this. we now have the sets

- (Uj n W5) 4'7 + B for appropriate sets Y and B. For i
each j this is the territory T5. we have now defined
the construction so that we will be able to prove that
the ultimate set K;'is a manifold homeomorphic to R5.

- ‘we must also be able to show that the image P(K)
_ is a manifold and is e/2-homeomorphic to P(K°). .The

- closeness is cared for by starting the construction
I . with an i large enough that l/2(i+1) is 1ess than the '
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Iebesgue number of some particular finite open covering
of HM* by sets of the form P'1(Bp). where Bp is the set
defined in the first paragraph of this proof. Concerning '

' the other condition, we would know that P(K;) is a
manifold if we knew that no more than one point in any
g is added. For this.we want two things. Suppose
x 6 go is a finger tip. Then we need: (1) No point ‘

H y 6 go is also a finger tip. and (2) The points {xx}
from the sets {gk}. where [gk}~go. must satisfy
[xk]—x. Both these we will satisfy be deleting from -
the set 1>‘1(M n P(C1 H)) - K; the set

' {Q - [9 n N2dg(x)jl 9 5 H and dg = d(g.x)}. (see —
i Flgure 18.) The remaining subset is the set S that

we have been using. It is {g n N2dg(x)[ g E H and
i and dg u d(g. x)}. Deletion is done only within the

v territory of finger tip x. Continuity of C1 HM*
assures us that for any sequence {gk}—g° there exists
a sequence [yk}«x, where yk 6 gk. Hence, this deletion

. does assure that (2) is satisfied. Notice that this

 .
' 3

_ x 4 so

. ' A Figure 18 - i .
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deletion of points from C1 H3‘; does not alter the

. continuity of the: remaining subset. —
we now prove that the composition

(lO0h3 h2 h1) = f: ‘K5-K,,', is a homeomorphism. Consider
first the continuity of f. we can rewrite f as

fi+1fJ-_ where fi+1 = ...h_.-H_2hi+1 and fi=hihi_1...h1.
I Let :1 > 0 be given. There exists an integer k such

that 1/21: < ‘1/4. Then
°° 1 *1 . . ... is‘-2-1-,5 < -5- . Now. 1/21 is the maximum diameter

of the territory for forming fingers at the ith stage.

Since the infinite composition fi"’1 never moves a point

out of a territory it is once in. this summation shows
that cup’ fk-a-1(p)) < 61/4 for any p 6 £k(I<(',).
Revritten. d(fk(x), fk"'1fk(x)) < ‘M: for any x 6 K.._',- on
the other hand. consider 1?)‘. It is a homeomorphism

because it is the composition of a finite number of

homeomorphisms. Hence. given £1/2. there is a 6 > O

‘ such that if d(x.y) < 6 then d(fk(x). fK(Y)).< ‘V7-
Putting the above statements together, we find that

if x. y e 1:‘; such that d(x, y) < 5. then d(f(x). f(y))
- d(fk"1fk(x). fk*1£R(y)) _<_ a(:“*1:k(x). :,‘(x))i +
d(fk+1fk('y)‘. ekwn + d(fk(x). :k<y)> <

. £1/4 + :1/4 + e1/2 - £1/2. Hence, f is continuous.
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That f is 1-1 follows from the use of territories
for growth. Territories are separated sets. This
ensures us that limit points of different territories
are distinct. _

we now show the continuity of f'1a.K&-oxa.
let :2 > 0 be given and x E K; . There are three '

V cases: 1 V
(1) x 2 Cl H*. a
(2) X 6 Cl H! and x 6 only finitely many fingers. and
(3) x 6 Cl H* and x 6 infinitely many fingers. ‘

‘ " case (1): Since x is a point and cl H‘ is closed,
d(x. C1 H*) > 0. There is an i such that
d(x, C1 Ht) § 1/ii-2. At the ith stage. each
finger tip lies in N1, ._1(Cl H‘) and the terri- '21
tories of finger tips have diameter < 1/21. '
Therefore. x does not lie in the territory of any
finger tip after stage 1-1. Therefore. h1,h1+1.... .
are the identity. hi-1 hi-2...h2 hl is a homeomor-
hhism. We now use » T

I ya min (d(x} C1 H‘). :2) to determine 6 such that
if d(x. y) < 6. where x. y 6 K1. then A 1
d((h,-_.1...h1)-1(x). (hi_1...h1)'1(y)) <7, This A
allovs us now to state that if x. y e x; such that _
d(x. y) < 6. then a<r'1(x). :"1<y)) < y _<_ .2. we have
continuity for case (1).
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Case (2) is very similar. If x is an element of
a sequence of i fingers, we again have the identity
for stages after i. In the argument for case (1) in
place of d(x. Cl H‘) use the distance between x and the
territory of the nearest finger at the i+l stage.

_ _ Case (3): For the given point x there is an
infinite sequence F1, P2. P3,... of fingers--one
at each stage--containing x. "Given 6 > 0, choose
an integer i such that 1/éi-1 < e. let the finger

H Pi at the ith stage have the territory Ti. This y i
‘H’ territory is by definition an open set. Therefore. ‘

d(x, Bd Ti) > O. we now use Q I d(x. Bd Ti). If
d(x. y) < 6 for x. y 6 Kg. . then y 6 Pi-and '
therefore y came frog the same finger base as x ’ 9

s did at the i-l stage. This base by the construction
comes from a set in R5 of diameter < 1/21‘1 - e.
Therefore d(f'1(x}. f‘1(y)) < e. We have continuity
in Case (3). f now is a hoeomorphism and we have
completed the proof of the theorem. fl

Remark 1. In Theorem 3.3 it may be necessary to
hypothesize that the collection of nondegenerate
elements that project into M‘is continuous. without
this hypothesis, I conjecture that the following is a
counterexample. _
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He again base an example on a 2-disk whose ‘
preimage is not a manifold on one nondegenerate
element. (Compare with Example (2). Do 27)

For our example we use a 2—comp1ex C in E3. It
is shown in Figure 19. The line segment ab is a

v 5
_ I

I
Ig . J. 0'” ‘ ‘ ,1

, s . ,3 all ‘
4| .I .4 I

~ I 3 . ,A03: or
’ "ll '. _ , I

I‘ “|L[I . .

_ . g 3 _

I ' Figure 19 *.
-i _ subset of the points in a nondegenerate element go.

Each of the squares abcd. abef. abgh, and abij has

' nondegenerate vertical segments in its interior. as

shown in Figure 20. There are a countable number of
these segments. whose length goes to zero as the distance
from ab»goes to zero. Limit points of the set of

I segments in each square are dense in ab. Figure 21

shovs the element go. It is a dendron uhich has an

infinite number of branch points dense in a vertical
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segment s containing a and b in its interior. The
‘ points a and b are not branch points. At each branch

- point there are an infinite number of segments intersec-
ting s and lying in a horizontal plane.

- ' The image P(C) = M is a disk because the decom- .
' position takes segment ab to a point and each square

to a triangle. In the image space C1 P(H) is 0-dimen-
sional because H* a Cl H* and H is countable. In the

- a

‘\\\\\‘~————;;i§%:;r\—————””"

n /;l‘,\
. - . V5-

. ‘ ' g ‘L

Figure 21 '

‘ .
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domain C1 H* is l-dimensional because it is the
countable sum of closed l-dimensional sets. The
set of nondegenerate elements that project into M is
the whole set H and it is not continuous on go. By

- Theorem 3. there is a Pblift Mg‘ satisfying thew
hypotheses of Theorem 2.3.

- Now suppose that there exists Mfsatisfying the ‘
equality in the conclusion of Theorem 2.3. Certainly
ab c Mg. because a dense set of points of ab are in
M; and it is closed. let p be any branch point in

_ the interior of ab.. I conjecture that there do not '
. I exist a neighborhood N of p and a disk D containing

p in its interior such that for g 69H. g n N l fl
implies that g n D A fl and such that P(D) is a disk.
The following makes this conjecture seem plausible.-
Any such disk D must contain a point from each g n N
that lies in the intersection of a square with N.
Since D is'a disk. it certainly can't contain a
neighborhood of p in each of the four squares. It
could pick up points of a closed O-dimensional subset
of H* by spiraling in as illustrated in horizontal
cross section in Figure 22. The sticklers on go
make such a spiraling be not locally connected if the
spiral misses go on each revolution. On the other hand,
if a stickler were intersected then. sincegit lies in
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qo. P(D) would not be a disk.

' -I

J

Pf‘ C H

~ r’

I
 

3 Figure 22

A 3 §gm§5§_g. In Theorem 3.3 we hypothesized that
‘ Cl H‘ is l-dimensional. This, of course. implies

that no element is 2-dimensional. If 2—dimensional
elements were allowed. we wold have a conterexample.
(See Example (1), p. 25.) Now let A U B be a given
manifold M. By Theorem 3.1 there is a manifold M: I
satisfying the hypotheses of Theorem 3.3. (A manifold
satisfying the requirements for :4} is A - Ne/2 (8).)
Fairly obviously. any continuum connecting Mg. and a
point in the limiting set. but missing all other
nondegenerate elements, will not be locally connected.
Hence. in this example. the equality in the conclusion
of Theorem 3.3 cannot be satisfied for a disk.
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T Corollary 1. Suppose that £3/C is homeomorphic

' to E3; H is countable; H = Cl H; and that for each

g e H. dim g = 1'. Let D be a disk contained in E3/G
' and let the collection of nondegenerate elements

that project into D be continuous. Then, for any

e > 0, there is another disk De that P—lifts. is

V e-homeomorphic to D, and satisfies the equality I

De 0 P0!) ' D n PO-I).

Proof. H is countable and H = Cl H imply .

that Cl P(H) is 0-dimensional. since the union of
a countable number of closed n-dimensional sets is

n-dimensional. Cl H* is 1-dimensional. Now

Theorem l gives us. for any e > O, a disk D;

that P-lifts. and is e-homeomorphic to D. The

method_of proof of Theorem 1 is to find a new - T
disk that misses P(H). Hence, this disk D:
certainly satisfies the containment
D: n P(H) c n n P(!-I). we have the hypotheses of
Theorem 3.3 satisfied. so it now gives us our desired _ .

conclusion. fl

Remark. ng and Dg are not necessarily tame.

The finger construction can result in a Fox-Artin [14]
I type wild sphere. I conjecture that with controiling

directions of arcs and fingers. it is possible to _
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» construct a tame DE. A

Corollagx 2. Suppose that H is definable by
3-cells and Cl 14* is l-dimensional. Let D be a.disk

‘ in E3/G and let the collection of nondegenerate
elements that project into D be continuous. Then.
given e > 0. there is a disk D; such that: ‘
(l) Dgis e-homeomorphic to D. _
(2) D5 Pblifts. and.
(3) h n pm) a D; n pm).
I Proof. The decomposition satisfies Theorem 3.2 ’
with c s F. By Theorem 3.2 there exists a disk pg

‘ that satisfies (1) and (2). Because H is definable
by 3-cells. H is monotone and (:1 NH) is 0-dimensional.
Hence. Theorem 3.3 is satisfied. From it. we get
our conclusion. ,

An examgle of a disk D that P-lifts and such that,
for some e > 0, there is no disk D; that is _
e-homeomorghjc to D and lifts. In Theorems 3.1 and 3.2,

if we use C s 11. then the 13% that we find in our method
_ of proof actually lifts. rather than only P-lifting. In

Theorem 3.3. we modified the Pblift of the disk to -
pick up exactly one point in each nondegenerate element

whose image intersected the original D. Here again
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we have the rather special situation in which we state -
'3' that there is a P-lift because we have shown that a

true lift exists. we are led to wonder whether. when

there is a disk D that P-lifts. there is always. for
any 5 > 0, another disk D6, which is e-homeomorphic to

. D and actually lifts. The following example shows this
not to be true. I '

"Of course. our example must not satisfy all the

_hypotheses of Theorem 3.1 or 3.2. In this example
£3/G will not be homeoorphic to E3 and H will not be
definable by 3-cells. The only nondegenerate element
of G will be a 6-curve. The P-lift D’ will be chosen
to contain only the middle arc of the 6. Then there
will exist an 2 > 0 such that there can be no D; that
is 6-homeomorphic to D and has a true lift. '

let the notation abc denote an arc with endpoints
a and c and an interior point b. If abc and adc are
arcs such that abc n adc a {a. c]. then let abcda
denote the simple closed curve that is the union of

the arcs. . '
In E2 let abc, adc, and aec be three arcs whose

union is a 6-curve such that d lies in the bounded
coponent of E2 - abcea. (See Figure 23.) we can
choose these three arcs so that abcea is a circle and’

. adc is a line segment. Let bte be a polygonal arc
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in the unbounded component of E2 - abcea such that a .

lies in the bounded component of E2 - efbce. -

' _ .2.

.  ~ t3 J a 3 c 5'5»
. J} I

H V Figure 23
Let J1 denote the simple closed curve baefb. and J2 -

. denote the simple closed curve bcefb. Now. in E3.

' let Jo be a polygonal simple closed curve that links -

by Bing's linking definition in [7] J1 and J2 and such
‘ that Jo bounds a disk D‘ satisfying D‘ n (J1 U Jzuadc) s

_ ’ adc. He can choose Jo such that D‘ is in a plane.
Now any disk with Jo as its boundary must intersect '
hoth.J1 and J2. .

A ' . net the 9-curve (abc U adc U aec) be the only

nondegenerate element in our decomposition. Call it

V0. In 83. let U5 be an open tubular neighborhood of

0 such that U9 is the interior of a solid double torus

that misses Jo. let J3 and J4 be simple closed poly-

. ' hedral curves such that J3 links aecda and aecba

(See I-‘iqure 24‘ . )_ and J4 links abcda and aecba. These
can be chosen so that they miss efb. U9. and the disk

D‘. Iet 0;‘,-obe an open tubular neighborhood of Jo such
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.2. J3 -7:-' " c J,
. Figure 24 i

that UJO misses (U9 U efb U J3 U J4).
we will require that e be chosen sufficiently

small that: i
(1) N; (P(O)) C P(Ue) '
(2) Ne (D) misses P(J3 U J4) _
(3) Ne (1f(J'°)) C P(UJo)

Suppose there does exist a disk D‘ that lifts and
such that ha D-De is an e-homeomorphism in E3/G. Then in
B3 there is a homotopy taking Ed D’ onto Ed D£'. Call the
homotopy l. For any x 6 D the point h(x) is in NE(x).
This implies that the homotopy x can be taken to be in ‘
P'1(N¢ (Bd D)). Hence, by (3) and the definition of
03°. the image in E3/G of A misses P(U° U efb U J3 U J4).

By our. choice of e, Bd 1); links J1 and J2. The
°°ndi*‘-1'-On that D!’ is a lift implies that 0; contains

D at most one point of 0. Therefore. D; intersects are
efb and does not contain both points e and b. If it -
contains one. suppose it is e. Since D‘ is e-homeo-
morphic. to D. the disk D; is contained in P'1(N¢(D)).
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_ let us aply Bing's Approximation Theorem [11 to
. the disk D5. Use for his function f(x) the minimum of

d(x. 0) and d(x. Ed P'1NE[h'1P(x)1). The latter
distance is positive, because the e-neighborhood is
open and contains x. Use of this distance assures us i

i that the image of the new disk will still be e-homeo-
morphic to D. To assure that we add no new intersections
of the disk and 0. the distance d(x. 0) is used. Novp

b the theorem gives us a disk 5; that is locally poly- '
hedral everywhere except possibly on the point e and
such that 5; satisfies all conditions we have stated
for pg. For simplicity of notation. let us assume that

. — the original D; was already locally polyhedral except
possibly on the point e. ‘

consider a 2-sphere S2 that is the boundary of a
cylinder with bottom 8. top C. and sides the annulus
A. i.e.. S2 u A U 8 U C. There is a map
{>; s2-. _P-1(Ne(D)) such that ¢(c) as ng, ¢(s) = n-,
§(A) is the homotopy X between Bd D’ and Ed De.

’ Q [c U B is A homeomorphism. and ¢| B is piecewise
' linear. Since ¢(B U A) misses point e. we can choose

a polyhedral simple closed curve J in D; such that e
. is contained in the interior of a disk 3 czng,

Bd 3 a J. and 1-: misses ¢(s u A). _ -
we now wish to change ¢(s2) to a 2-sphere that is
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near ?(S2). agrees with it in neighborhoods of e and
adc. and is locally polyhedral except possibly at e.
For this we will use an extension of Dehn's Lemma.
Burgess and Cannon [11] quote and prove the following.
which they call Bing's extension of Dehn's Lemma, .
If D is a polyhedral disk. f is a map of D into a
triangulated 3-manifold H3. U is an open set in E3
containing f(Int D). and f is nonsingular in some
neighborhood of ad D. then there is a homeomorphism t’
of D into £(Bd D) U U such that f’ is locally pieceh
wise linear except on 8d D. _
In their proof they use 8ing's Approxination Theorem
for surfaces [7], which is quoted on p. 6 of this thesis.
In the same paper. Bing adds: If we had supposed that
M is locally polyhedral at each point of a closed point
we could have chosen H’ and h so that h is the identity
on N. Incorporating this stronger statement by Bing
into Burgess and cannon's proof cited above. it can be

. ‘ shown that [¢(s2)] - E can be approximated by a disk P
such that: '
(1) F agrees with [¢(s2) - E1 near arc adc and ad E.
(2) P is a polyhedral,
(3) F lies in U9 u p"1(N, (12)). and . -
(4) P misses 6v- adc and Int 8.
The union of this new disk F and the disk D is the
2-sphere that.we wished to find near ¢(S2). The proper-
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ties of the 2-sphere E U P are that its
(1) contains the point e and the arc adc;
(2) is locally polyhedral off the point e;
(3) lies in U9 U P-1(N, (D)); and '
(4) is pierced by bae and bce at a and c. respectively.

By the generalized Jordan theorem, 8 U P separates
E3 into two components--a bounded one Cb and an
unbounded one Cu. we will show that the closure of Cb
is a 3-cell. As a step toward this we use the following
theorem of Kinoshita [Z0]: Let A be an arc in S3 and
S be a locally polyhedral 2-sphere with one singularity
(with respect to being locally polyhedral) at p such
that (l) A n S = p, and (2) A - p is contained in a
trivial (i.e.. simply connected) complementary domain
of S. If A is tame, then S is also.

we will apply this using our tame arc ea for his
A. our E U P for his S. and our point e for his point
p. (If e is not in De. then we already have that E U P
is polyhedral and hence. tame.) If we knew that_Cb
were trivial. then the theorem would now give us that’
E U P is tame and therefore that Cb U E U P is a 3-cell.
To get that Cb is trivial. we use a theorem of Harrold
and Noise [16] that states that if a 2-sphere in E3 is
locally polyhedral except at one point. then both .
complementary domains are simply connected. Hence. we
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have the conclusion that Cb U E U P is a 3-cell.

Arcs bae and bce pierce disk F at a and c,
respectively, and intersect F in no other point. The
line seqment adc lies in F. No other points of 0
can lie in F. Since the point e is the only point of
9 that can lie in B. it must be that the interiors of
arcs ae and ec do not lie in E U F. We wish to show

' that one of the simple closed curves adcea and adcba

lies in Cb U E U F. Case I: suppose that b lies in .
Cb. Then adcba lies in Cb U E U P. Case II: Suppose

that b lies in Cu. Then ab and cb lie in Cu. Then
piercing at a and c implies that ae and ce lie in Cb.
Therefore, adcea lies in Cb U E U P. ‘Hence. both cases
imply that the 3-cell Cb U E U F contains one of the
simple closed curves adcba and adcea.

Now suppose that adcea lies in Cb U E U P. The
simple closed curve adcea bounds a polyhedral gfdisk 0
such that Int 6 c Int Ch. By-the definition of linking.

.J3 contains a point in Int 5 and. hence; in Int Ch.
Since J3 does not intersect E U P. it must be that
J3 lies entirely in one component of E3 -y (E U P).
Because the 2-sphere E U P lies entirely in
U9 u P'1(NE(D)) and J3 misses U9 u P'1(N£(D)). there
is a ray missing U3 U P'1(Ng(D)) and connecting-J3
with infinity. Hence. J3 lies in C“. This contradicts
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the fact that we earlier found a point or J3 in ‘
Int Cb. Hence. if adcea lies in the closed 3-ce11
Cb U E U 1-‘, we have a contradiction. There is a
similar contradiction if adcba lies in Cb U E U P.
Hence. the claim concerning our example is proven. fl
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- c H A P 'r E R IV A
.1 DECOMPOSITION SPACE CONTAINING A DISK THAT IS

.‘.'C'{‘ HONEONORPHICALLY CLOSE TO A P-LII-‘TABLE DISK

I We have found properties of the decomposition
that guarantee that in a neighborhood of any disk D
in E3/C there is a P-liftable disk DE, which is
¢—homeomorphic to D.

It is instructive to compare the question of
the existence of a disk D5 with a result of Armentrout
in [3]: ‘Suppose that M is a 3-manifold with boundary
and G is a cellular decomposition of M such that M/C
is a 3-manifold with boundary. Suppose X is a
2-manifold with boundary in M such that K misses HG.
Then P[K] is tame in M/C if and only if K is tame in
H. For or use here, we will let M 8 E3 and K be a
disk. Note Armentrout's strong hypothesis that K
miss the nondegenerate elements; this will not be
satisfied in our example. Since tameness for a disk
is equivalent to bicollarability. this theorem implies
that if the disk K is bicollarable. then PCK] is.
Although such bicollared disks have uncountably many
disks on each side. we can certainly not assume that
such disks map onto disks under P. We are concerned
in this thesis with a neighborhood property that is
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’ quite different from tameness.
we will describe a decomposition of E3. and then

’ specify an e>’0 and a disk in the decomposition space.
The decomposition will have the following properties:
(1) 23/3 is homeomorphic to E3.

I (2) Each g GER is a tame arc, '
(3) H is continuous and closed.
(4) P(H) is a Cantor set,

_ (5) H is not countable and is not definable by 3-cells.
A decomposition is called toroidal if it has a

defining sequence M1, M2, M3,... such that every
component of Mi is a solid torus. It is called an
(m. n) toroidal decomposition if it is an iteration of
the embedding of m solid tori that essentially wrap n
times around. The example we will discuss is not
toroidal. but it is almost a (2, l) toroidal decompo-
sition in the sense that there is a defining sequence

- in which each Hi is the union of one component that is
. a cube-with-severa1-handles and other components that

are solid tori.
Before we describe or decomposition space, we H

will make some definitions.
let gpl and gpz be two line segments that have

their endpoints in two parallel planes. I and II. and
are perpendicular to them.
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 . The countably infinite set of arcs
{hi I -60 < i < U fgpl} U Igpz} between planes I and
II shown in Figure 215 is said to be kgjt from the goin_t_
31 to the point 22. _

Although it is not necessary for this definition
that p1 and p2 be at different heights, they are so ‘
shown in anticipation of a later step in the construc-

' tion. Figure 26 illustrates a generalization of the .
knitting construct ion. ' . 7

Definition. A cantor set E‘: of arcs is said to be i
knit ‘from a'poigt.g1 to a point 92 if 1? can be realized
by the following modification of a countably infinite
set of arcs knit from pl to p2. For each hi, let N(hi)
be a tubular neighborhood of hi, and let these be such
that the members of ‘the set {gpl] U Igpzl U
{N'(hi) I-o < i < 00] are pairwise disjoint. In each
tubular neighborhood replace the arc hi by a Cantor
set iii of arcs, each one of which intersects I and II

- in the same manner as hi. He also say that a Cantor
set 17 ‘of arcs is knit from a point pl to p2 if there
exists a Cantor set ii satisfying the above definition"
and if. for each_§ 6 if there is a 6 E 17! that is
contained in E. and for each § 6 {L there is a E E 17
containing 5.
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Next we describe a Cantor set of arcs which we

will modify into a knit set. The first stage is the
two disjoint tori pictured in Figure 27. We decompose
each by a (2. l) toroidal decomposition. Figure 28
indicates the first embedding of two linked tori that
essentially wrap ,once around in each. Let P be a plane
that cuts each solid torus as indicated in the figure.
we can assume that the nondegenerate elements of these
two toroidal decompositions intersect P in a standard
Cantor set of points in an interval line segment.
Figure 29 shows this plane and some of the points with
their usual numerical representation in base 3.

In Figure 30 we have separated the tori on P. The
two copies of P are now labelled planes I and II.
Between I and II we indicate the Cantor set of straight
line segments connecting copies of Q in I and II. For
this Cantor set of segments we substitute the knit
Cantor set of Figure 26 in the manner indicated in the
following table. in which [a,b] indicates the segments
containing points in G in this interval and Hi is a
Cantor set of arcs in Figure 26.
... “.3 3-2 3.1 no 51

-[.ooo2,.oo1] [.oo2..o1] [.o2..1] [.2..21] [.22..221] '
H2 . coo

[.222..2221] "°



y
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we have changed the collection of nondegenerate elements
described by the toroidal decomposition in such a
manner that they are knit between p1 and p2. with the
knitting inserted, the collection is no longer toroidal.
Figure3l.€hows the second stage of a defining sequence
for this ‘knit Cantor set, ii. '

Hap H into E3 in such a way that the limiting 5
elements, which contain p1 and p2,are identified and
the map is an embedding for all other elements. In
Figure 32, parts of some elements are shown. Notice
that p1 and p2 are mapped to different points in the
identification of the two nondegenerate elements.
Also in Figure 32 is the 2-complex C, which can be
specified byx.
{(x. y, z)I05)'c5l.05y51.z=0}.
{(x.}'. z)l-1SX_.<_0. -1.<.YS°» i=0}.
{(x. y, 2) I0 5 x.5 l. -l 5 y 5 O, z = 1}.
{(x/Y. z)l'-1.<.>§S0- 0SYS1- z=1}'.
{(x. y. z) Ix a O. -l 5 y 5 l, O 5 z 5 1}, and _
‘(xv Y! z)I'1..<.x.<.1vY=°o 03251}-
The identified elements are the element go, which is
the segment of the z-axis: -l 5 z 5 2. The points p1
and p2 are zva 1/3 and z = 2/3. The set fit n C is
contained in the line segments {go}.
{(x. y. z)[x=_y,Osx_<_,l,z-O}, and 5
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’ v[(x. y. z)‘ x = -y. -l 5 x 5 0. z = 1].
Finally. we add nondegenerate elements in y < O

‘ in such a way that we have symmetry with respect to
the z-axis. All the nondegenerate elements are indicated
in Figure 33. They are the set H of nondeqenerate
elements of the decomposition G for which we make the
claim in this paper. In E3/C, P(C) is a disk. It is
the disk D for the claim.

. . He_must also specify the e for the claim. There
is a defining sequence of manifolds for this decomposi-
tion. The first stage M1 is shown in Figure 34., Figure
35 shows the intersection of C with this manifold. The
set C n Ed M1 has five components, each of which is a
simple closed curve. Call them cj with j 2 O. 1. 2, 3.
’and 4. There is an infinite triangulation of E3 - H‘
such that C u H* and Ed K1 are complexes in this triangu-
lation. Note that H* is closed and misses Ed H1. let
rj denote the regular neighborhood in this triangulation

I of-cj. _For each j. the set rj is a solid torus that
misses H*. Notice that in each handle of M1 there is
a simple closed curve that misses these tori. Choose

’the value forte to be a positive distance such that for
each component of cj. the set P'1Ne(P(cj)) lies in rj.
and P’1ng(§(c3)) misses (86 M1) 'j§orj.' These conditions
for 6 imply that for any disk mg that projects onto a disk
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_ D; that is e-homeomorphic to D.it is true that D£r1Bd M1
is contained in the regular neighborhood of C{1Bd Ml.
This completes the description of the example.

' Theorem 4.1. There is no P-liftable disk D‘ that
is e-homeomorphic to D.

Proof. Port [13] altered the defining manifolds for
Binq's doqbone space [HQ to guarantee nice properies for

each nondegenerate element. One of these properties

is that each nondegenerate element lies between a pair

of parallel planes and has an endpoint in each plane.

i A The change is a homeomorphism of each defining manifold
and is such that the resulting decomposition is homeo-

_g morphic to Bing's original decomposition. It is possi-

' ble to construct a (2.1) toroidal decomposition so that

it has this property. Let us assume. also. that for our
knit example that we have constructed its defining

sequence M1. M2. M3."° in such a way the: each g E H

. lies between a pair of parallel planes R and S and has

an endpoint in each plane.
We first will prove a lemma for a toroidal

decomposition and then generalize it to our almost

toroidal example. =.

T Definition. A disk D is said to be mggigigggl
in a solid torus T if Bd D is a nontrivial simple

closed curve in Ed T and D is trivia1_in T. we will

; p .
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also say that a-subdisk 5 c pg is a meridional subdisk
of D; in a toroidal component T of an element M1 of
the defining sequence if:
(a) 8d D is a simple closed curve J in Ed T.
(b) J bounds a meridional (as defined immediately

above) disk d in T. where d is not necessarily in
Dg. and. K

(C) The disk in D; bounded by J contains no subdisk
- satisfying (a) and (b). T

This latter definition allows us to call a disk
meridional even if in its interior it contains a subdisk
that protrudes outside T. Condition (c) is included so
that a set of nested subdisks each with boundary in
Ed T do not count as more than one.

There is an analogous definition of a trivial
subdisk of D; in a toroidal component T.

ggmma 4,;: let N1, N2. N3.... be the defining
sequence for a (2, 1) toroidal decomposition GT with
nondegenerate elements HT. Let E’ be a disk in E?
that projects onto a disk in E3/CT. Assume that E’
is locally polyhedral off H§. Suppose that Da and
Db are disjoint subdisks in E’ and that they are
meridional disks in the solid torus N1. Then, for
anxfg 6 HT. 9 n 1:" at :3.

flggggign. For any positive integer n. let T with
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a subscript of n digits, each of which is a one or two,
he a toroidal component of N“. As is conventional. the
kth digit of the subscript indicates the component of
Nk in which the given torus lies. Thus. T1221 c T122.
Hhen we are concerned with the tori imbedded in a given
torus at the next stage or the next few stages. the

subscripts agree except in a small number of final
digits. A notation introduced by Casler [12] is then
convenients we let ng denote a subscript of n digits.

_ and append digits to nu. Thus, Tnalz c Tnal c Tn“. -

For our knit example. we add to this notation a super-
script j = 1, l. 3, or 4 that denotes which quadrant of
the 2-complex C is intersected by the torus T3“. To

' denote the nontoroidal component, i.e., the component
I containing the central element go, we use the notation

an“. where nq consists entirely of ones.
£2I!¥L;flLl£mm§_fi;;. The defining sequence for the

given decomposition GT is not unique. let us choose
£0? it 3 (251) toroidal defining sequence such that each
element of the sequence is polyhedral and in general
position with respect to E‘ - (Bd Da U Bd Db).
without loss of generality of the lemma, the defining
sequence can be so specified that there are two ‘
parallel planes R and S such that each plane contains
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one end point of each nondegenerate element. We will
denote the chosen defining sequence by N1, N2, N3,°°°.
The proof of Lemma 4.1 depends on the following lemma.
 . suppose that a disk D is locally poly-

hedral off I-1,123 in general position with respect to
8d N“ for every positive integer n; and that for some
torus Tka. D is a meridional disk in Tka. Then
(1). For i equals either 1 or 2. D contains two disjoint

_ subdisks d and e that are each meridional in Tkai.
(2) If. for 5 ;£ 1, D n T“); = :1. then it is possible
to choose d and e to satisfy the followings let A

be a component of Tkai - (d U e). Then A U D links
rmj. I _ '
_ Ptoofof Lemma 4.2. The proof of (l) is a modifi-
cation of Bing's Theorems l-4 in[9 ], in which he is
using a (2. 2) toroidal decomposition . The modifica-

_ tions of his theorems are here labeled Lemmas A - D,
respectively. ’ ' ‘

iggmma A. If. D is a disk that is locally poly-
hedral off HT and in general position with respect to
Bd TR“ and J is a component of D n Bd Tka. then J
either bounds a disk on Bd Tka or J circles Bd Tka
once longitudinally and no tines meridionally, or J
circles Bd TR“ once meridionally and no times longitu- . ~

‘ dinally. I . i
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a Proof. Bing's Theorem 1 is an analogous statement

for a polyhedral disk. For our locally polyhedral
disk there is an approximation by a polyhedral disk

that agrees with the given disk D in the neighborhood

of Bd T. Since this theorem concerns a single torus,

\_ ‘Bing's proof of it applies to our decomposition with
its different embedding. D

Lemma 8. The fundamental group of E3 - (Tkai u

Tkaj) is a free group on two generators. A simple

closed curve that circles Bd TR“ meridionally cannot

be shrunk to a point in E3 - (Tkai U Tkaj).
Proof. we must modify Bing's proof of his analog

gous theorem to fit our different embedding of Tkai

and Tkaj. Following his method. we draw Figure 36.
Each arrow represents a loop that goes from the eye,

then along the arrow behind the torus. and back to the

eye. Certainly the fundamental group can be generated

by the four loops a. b. x. and y. At each of the points

where Tkai and Tkaj intersect in the perspective '

drawing. we have a relationship of the generators.

' Pigure37 indicates the manner in which we get one of

these. ‘The two arrows represent homotopic curves in

E3 - (Tkai u Tkaj). one arrow is equivalent to the

loop one gets by going from the eye. around x. to the
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eye. around b, and back to the eye. It is xb. The
other is the sum of loops a and x. Hence, we have
xb = ax. Similarly, we get this relationship again
at the other "front" perspective intersection and on
each of the "back" perspective intersection the
relationship bx 3 yb results. Solving these. we'find
that b = x'1ax and y = x'1axa'1x. Hence. our funda-

‘ mental group is a free group generated by a and x. '
In Figure 38 we show a simple closed curve J that

c ‘circles Bd Tka meridionally. It corresponds to ab'1 =
ax'1a'1x. Since this is not trivial in the free group,

‘ VJ can not be shrunk to a point in E3 # (Tkai U Tkaj).
This completes the proof of Lemma 8. 0

Lemma C. If D is a disk that is locally polyhedral
off HT and in general position with respect to the
defining sequence. and D is meridional in TR“, then
either D n Ed Tkai contains a simple closed curve that

_ circles Bd Tkai meridionally or D n Bd Tkaj contains a
simple closed curve that circles Bd Tkaj meridional1Y-

Proof. Bing's proof of the analogous theorem
depends on his previos two theorems. since lemmas A
and B are true for our embedding. this theorem is true y
for our embedding. ‘ . fl

' ~ L£mm2_2. If.D is a disk that is locally poly-
hedral off HT and in general position with respect to
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Ed TR“. then D contains two mutually exclusive
‘ subdisks such that each of the subdisks is meridional

in Thai or each of the subdisks is meridional in Tkaj.
2:22;. Bing's proof of his analogous statement

depends on his previous three theorems. Since we have
' the above three lemmas, this lemma is also true for

our emhedding.
continuation of proof of Lemma 4,2. Lemma D is

statement (1) of lemma 4.2
' 'To prove statement (2) we use the covering space
. of Ti“. ifigure 39 shows the coverin space ER“ and the

linked copies of Tkai and Tkuj embedded in it.

- since Bd>D does not link Tkaj, there is a poly-
hedral disk F in Tka - Tkaj such that F n Tkaj is a
longitudinal simple closed curve in Ed Tkaj. the disk
P does not intersect the disk D, and P is in general

I . position with respect to Tka, Tkai. and Tkaj.~ One of
the copies of P in Tka is shown in Figure 39. In View

.. of the linking of each copy of Tkaj with each of its
' two adjacent copies of Tkai, P intersect each of these

adjacent copies of Tkai in a set containing a meridional
disk of Thai. Denote these meridional disks by fl in I

. the left copy of Tkéi and £2 in the right copy, as
» shown in Figure 39. The disk £2 in the covering space §ka.

is copied in the torus Tka. Hence. in every copy of
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Tkai in Tka there is a copy of f2. In the left copy of
‘ Tkai a copy of f: is shown in Figure 39. Let 3 be an

arc in.I-‘ connecting a point r1 6 £1 with a point :2 e :2.
"In TR“ let y be an arc in Tkai such that the end points
of Y are r1 and r2 and Int Y misses fl and f2. let 6

b be a similar arc in the other component of Tkai - (fl
D U f2). Let Ja and Jb be simple closed curves that are

the unions of the images of B and y and of B and 6,
respectively. in the torus Tka. Each of Ja and Jb is

. a longitudinal simple closed curve in Tka. Hence, each
must intersect D. At least one meridional disk of Tkai
must_contain a point of D n Ja. and at least one meridional
of Tkai must-contain" a point of D n Jb. These are the
meridional disks that we choose for d and e in the
statement (2) of Lemma 2. Now. by our requirement that
d and e are in different components of Tkai - (fl U f2).
we find that D U A (where A is defined in the lemma)
intersects P in the one meridional disk fl, but D U A
misses f2 or vice versa. Hence, there is a simple
closed curve in D U A that links a longitudinal simple
closed curve in Tkaj. This implies that D U A is linked
Vith Tkajo A n ‘

25Q2§_g;_;gmm2_5;;_s2a§ing§§. Assume that there is
_ some g1 E'HT that misses E‘. Then. for some subscript
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I nai. there are tori Tna and Tnai containing g1 and such

' that E‘ contains a meridional disk in Tna. but does not
contain a meridional disk in Thai. Assume that nui is

i the subscript of the first toroidal component containing
g1 for which this statement is true. Recall that the
‘torus T1 contains the two given subdisks Da and Db; if
n > 1. then Tna contains at least two disjoint meridi-
onal subdisks of Da U Db because Tn“ links neither

- Bd Da nor Bd Db. we use Lemma 4.2 to show that there
are at least four disjoint meridional subdisks of E’
in Thai, where j # i. From these subdisks we choose
a set of exactly four that satisfy lemma 4.2. Similarly.
at every subsequent stage we choose a minimal set of
subdisks satisfying lemma 4.2 and contained in those

' chosen at the previous stage.
. we will show that, when four or more subdisks are

meridional in a toroidal component. each subdisk folds
in some manner so as to intersect some tori at later

‘stages many times and others not at all. (In a related
_ manner. Bing [6] folds nondegenerate elements.)

. I For any integer h > n and any toroidal component of
Nfi.n Tnuj that has at least four meridional subdisks of

' E‘, the following analysis applies. In a toroidal -
component let D1 and D2 denote two of the meridional
subdisks that each have two subdisks in the same
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component at the next stage. We will show that one of
D1 and D2 intersects plane R and the other intersects
p1ane S. If we suppose that for either R or 5. this
intersection does not occur. then the subdisks can be
ordered using the following method. suppose neither
D1 nor D2 intersects R. There is an oriented simple

A closed curve J that intersects R in 2 points and ‘pierces
each meridional disk once. Let a be the component of
J - R lying below R. The closure of a. is an oriented
are that ‘intersects each meridional disk once. we
will say that thepdisk intersected first by a lies
closest to R.

. Now. there is no g 6 HT that intersects both D1
and D2. Let Tkalz denote the first toroidal component
thathas no meridional disk in D1. We can assume
vithout loss of generality that Tkalz misses D1 and ‘
that Tkalz n» D2 contains meridional disks. (Figure 40)

_ He now use the second statement in Lemma 4. .2. Let D of
that lemma be a meridional subdisk Did C D1 n Tkal.
Then d and e of the lemma are subdisks of Dfia. the

K _ .. lema. the upper (as pictured in Figure 40.) component A
of (rml - (d u e)) must be such that A u via links

‘ Tkaz. The construction of the example now requires that
D’; intersect‘ R or S in order to miss Tkan. Let Did
denote the meridional subdisk in D2 n Tkal that has a
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meridional subdisk in Tkalz. Assume that Dfia is closer
to R than Din is to R. Then, since Did and Di“ are
disjoint, it must be that Did intersects R rather than S.

R Now suppose that there is a g2 6 HT such that for
every T containing gz the meridional disk closer (or

.closest) to R intersects g2. Then. the other meridional‘
disks at any stage must ultimately not intersect toroidal ’
components containing g2.‘ let us now assume that such
an element g2 lies in Tkall. Thege must be a first
stage, m (m >'k + 1). such that Dka n Nm has a meridional
disk in the toroidal component containing g2. but

‘ D:¢ n Nh+i does not. Repeating the above argument. a
subdish of Did must intersect R or 8. Now, if more than‘
minimal sets of subdisks of Di“ and Did exist between
stages k and m. we can assume that the choice we make
of suhdisks to use in these stages is such that those
of Din are farther from R than those of Did are from
R. Hence. a subdisk of 0:“ must intersect S rather than
R. we have now shown that it Dan intersects R. then i
at some stage Dia must intersect S. at the stage

immediately after this intersection with S. there must
be at least two subdisks of Di“ in the toroidal component
not containing 92. we can now repeat our whole argument
with this pair replacing the original pair in Thai. This
sort of analysis leads to the conclusion that there is



i _ l09
a nested sequence E‘. D1. D2. D3,... of disks such
that each lies in the interior or the previous, and
(Int Di) - Di+1 contains a point below plane 5 if i is
odd and above plane R if i is even. It is not possible
for there to be such a sequence in a disk. This

_ contradiction implies that Lemma 4.1 is true. fl
' we assume that our example is not correct: that

is. assume that in E3/C there does exist disk D‘ that
is e-homeomorphic to the disk D and is the image of a
disk D; C E3.'_We can assume that Bing's approximation
Theorem [7] has been used to make D; be locally
polyhedral off H*. It can be made to be in general
position with respect to Ed Mi for each i.

lemma 4.3. For each g 6 H. g intersects Dg.
, Proof. The proof is a generalization of that of

lemma 4.1. we need to generalize the concept of a disk
‘ being meridional in a component of an element of the

.'. defining sequence. Based on Figure 31. the central
. _ component of Hi for i > 1 can be taken to be a

cube-with-8-handles. For simplicity of a 2-dimensional
drawing. we will use a cube-with-l2-handles for the‘
central component in each M1 for i >‘l. In Figure 41. .
the central components are shown for M1 and Hi+1.
only-two o£_the four tori linking the cube-with-l2-
handles of.Mi+1 are shown. Instead of the method of
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proof used below. it would be possible to work with
iterations of the left-hand and riaht-hand manifolds
shmm in Figure 31. The problems encountered in such
an argument would be very analogous to those dealt

V with below.
 . A disk D is said to be meridional in

H1 if and only if Bd D is homotopic in Ed M1 to the
. boundary of C n H1. A disk D is said to he meridional

in a cube-with-l2-handles Qnal 1 H1 if
(1) Bd Diis a simple closed curve in Ed anal. and
(2) For quadrant j = 1. 2. 3. or 4. there is a -

meridional (as defined above for a torus. allowing
. ‘it to contain subdisks which are trivial in Ed Mi) '

. subdisk in any torus Saul that satisfies the .
‘ following: '

(a) Sgal is isotopic in Qnal to the torus that is
shown in Figure 42 for j u l and in Figure 43 for
j a 4. For j c 2 and 3. tori in analogous
positions are used. (This condition implies

_ that sgn links rgaz.)
(b) sgal contains Qnalll, Tialz. and misses Tfialz

for k I j. (This condition implies that part,
but not all of own lies in sin.)

(c) Saul is in general position with respect to D:.
The component anal £ M1 is said to contain a gull set
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' g§_mg5;gi9ng;_gi§3§ of D; if D; n Qnal contains subdisks
satisfying the above definition for each j = 1. 2. 3.

. and 4. For M1 the five mutually exclusive subdisks
of ng n M1 are said to form two full sets of meridional
Qigfig. one set consists of the-sinq1e?”central" disk
and the other set is the other four disks.

we begin the proof of Lemma 4.3 by assuming that ‘
there exists gl 6 H that does not intersect ng. Let
g1 B ifig Ri.'where each Ri is a component of the element

A Mi of the defining sequence. There must exist some
first integer i such that for j = i the following are
true. but for j = i + 1, they are not true.
.(l) If Rj is a torus. it contains a meridional subdisk

V ' of 0;.
v (2) If Bi is a cube-with-12-handles it contains

a full set of meridional subdisks of D3.
A There are the following possibilities: ‘

' Case 1: Ri+1 is a torus that links a torus.
; Case 2: Ri+1 is a cube-with-l2-handles. . a

case 3: Ri+1 is a torus that links a cube-vith—12~
'_ A" handles.

A we dispense with case'l easily--this reduces to
Vi— ' lemma 4.1. - A

A In cases 2 and 3. Ri is a cube-with-12-handles. '
1 since. for i > 1. no simple closed curve in R1 links —
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Ed D3. for each meridional subdish in Ri there must be
‘ another with its boundary isotopic in Ed R1 to the

boundary of the given meridional subdisk. Thus.
meridional subdisks occur in pairs.

In case 2. let Ri+1 be denoted by Onal. By
assumption. this does not have a full set of meridional
subdisks. Therefore. there must be an integer a 8 l.
2. 3. or 4 such that for j = a. anal does not have a

_ meridional subdisk. But since on“ has a full set of
_ meridional subdisks. it has a meridional subdisk for
j I a. Hence. any torus sga contains a pair of
meridional subdisks of De. but no torus sial contains
a meridional subdisk of ng. In a torus Sga it would be
useful if Tgaz were linked to a torus Saul. Then. by
lemma 4.2. Tzaz would have to contain four meridional
disks of 0;. Since the decomposition. inside '1-fmz is
(2. l) toroidal. lemma 4.1 would lead to a contradiction.
This method does not work immediately because there is

» no szal contained in any 8:“. Consider the Saul and .
S3“ shown in Figure 44. we will add to Saul n_s:a a
cylinder L so that we get a torus gfial that is linked '
with Tgaz in the interior of a slightly enlarged S3“.
we will show that the fact that sgal does not contain a

_ A meridional subdisk implies that we can arrange sets so
that the new torus ggal does not contain a meridional
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subdisk contained in one of the meridional disks of _
5:“. First. we note that because there is no meridie
onal subdisk of D; in Saul. we can move Dé so that it
still satisfies all requirements on D: and also
totally misses Saul. Then there is a disk W (Figure 44)
such that I
(1) w n sfml -= 8d w,
(2) Bd W is a longitudinal simple closed curve in Saul,

and '
(3) w n De‘ - :1.
how we find the desired cylinder L near win Bd 5:“.
This completes Case 2.

In Case 3, let Ri+1 8 Tgaz and let Sga and Ssal be
any tori satisfying the definitions. The torus 5:“
contains two meridional disks of D; and Tzaz contains
none. we will show that this implies that there are
four meridional subdisks in S:a1. This is not immediate.
because S:a1 is not contained in 5:“. In order to get i
such a condition. we will alter s:a and Tzaz. Denote
the altered tori by §:a and ézaz. respectiwely.V (See
Figure 45.) (we will also push subsets_of D; - H0 in
such a way that the set still satisfies the definition
of Dg.) The new tori will have the following properties:
(1) $2“ :2 sin U 5312. ‘
(2) sgal and ifiaz are linked in §:a.
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I (3) §:a and_T:a are in general position with respect
‘ to Dg, and. _

. (4) If 6 is a meridional subdisk of 3:“ n Dg. then there
is a meridional subdisk 3 of 5:“ such that 3 has

._ no meridional subdisks in fgaz and b n H‘ = 3 n H’.
The steps in constructing these altered tori area

' (a) Near the knitting. a Cylinder R c E3_- D3 is chosen
‘ ' that will be used to replace a cylinder K of the torus

Sza. and thereby'remove a loop of knitting. The
cylinders K and K have the same ends, and Bd R is in
general position with respect to Dg.
(b) If there is any meridional disk of D; in szu that

' has its boundary in K n Bd 5:“. then push Dg - Hg in
V the neighborhood of the boundary in such a way that

a (i) the intersections of D; with Tzaz and SEQ1 are
unaltered. ~

‘ (ii)no meridional disk has its boundary in
_ i K n Bd sza. .

(iii) ng is not pushed into R. and '
. _ (iv) D; is in general position with respect to all

: y manifolds in the construction.
’(c) Make the substitution of 12 for K. Substitute for

._ K n D; its homeomorphic copy in i. thereby forming an .
altered disk ng. Similarly. substitute a copy of _
K h Tgaz in R, thereby forming the new torus izaz.
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Alter slightly for general position. if necessary.
This construction implies that Tzaz does not contain a
meridional subdisk of 0;.

Now note the knitting protrusion (Figure 45) on
On“ in the bth guadrant and not contained in S:a.
(d) If there is a meridional subdisk 6 of S:a n D;

_ such that Ed 6 intersect the protrusion. then in Bd S2“
push Bd 6 off the protrusion. Do this in such a way
that D; remains a disk with desired general position
properties and the intersections with Szal and T:&2
are unaltered.

» (e) Add the protrusion. As illustrated. fill in the '
hole through which the knitting loop K extended. The
resulting torus is §:;. It has two meridional disks
that do not have meridional subdisks in T:;2. so there
.mst be four meridional subdisks of D: in szal.

' He can repeat this argument in successive stages. '
By arguments similar to those in the proof of Lemma 4.1.
only one of the four meridional disks in Szal can
intersect go. This implies that there must at some "
stage he a torus with four meridional subdisks. Use
of lemma 4.1 then leads to a contradiction. Hence, Case
3 cannot occur. and lemma 4.3 is proven. ' fl

flotation. Let 6 be the component of c n ml that
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. intersects go.
Recall that e was chosen so that P-1NE(P(cj)) lies

- 4in r_J. and P »1N( (P(cj)) misses Bd M1 - igorj. (p. 92)
The simple closed curve denoted by co is now Bd 5. Its .

i , j regular neighborhood in a particular triangulation of
T E3 - H0 is ro. Hence. to is a solid torus that misses

11*. and contains co. (See Figure 46.)

. _ . ‘ . :
N ,, 1.: l. c 5 , .

I ' Y -1 2 re---- gt
...IO.....’ :

T V Z
‘ Figure 46 _

’ fitation. let 156' denote the meridional subdisk of
D6‘ in M1-‘ such that Bd 15; t: r0. -I-‘or later use. note
that 5 U 156' U ro separates E3. ‘ ‘

’ , . Lemma 4,4._I-‘or any g 6 H. g intersects fie’ if and
. A only if it intersects 5. .

A Proof. Note that g intersects C is equivalent to
» g 6 H n 011. Suppose that there is an element g1 of
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- H n 011 that does not intersect 5;. lemma 4.3 then Q
implies that g1 intersects Dé. Now suppose that g1
intersects the component of D; n M1 that is a meri-
dional disk lying in the kth quadrant. Call this
component fik. By arguments similar to those of

. Lemma 4.3. we find that for every g 6 H n 011. it is
true that g intersects fik. For each quadrant m-- 1. 2.

- 3. or 4 consider a simple closed curve that contains
go and passes through the handle of H1 that is vertical

_ in Figure 34 and lies in the mth quadrant. Notice that
Bd 5; links each of these. This implies that 5; must
intersect some element of g lying in 01‘ U T22. We
have just shown that all elements of 011 n H miss fig.
Therefore. 5; must intersect an element in H n TT2.
Repeating the argument of lemma 4.1. we find that fig

V must intersect all elements in H n T?2. Hence. the
Component DP of D: n H1 in the mth quadrant intersects
no elements in H n T$2. Therefore. D” must intersect

. those elements in H n 011. Again using the method - A
of lemma 4.3. we find that D” intersects every g E
011 FIR.‘ Since this is true for m = l. 2. 3. and 4.
we have four intersections with each g E H n 011. This
contradicts the_assumption that p(ng) is a disk. There-

‘ fore. g intersects 5 implies that g intersects fig.
Now suppose that there is an element g2 that inter-
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sects I3; and misses 5. 'l‘hen g2 S! H n Q11. Let 13:2 be .
- the component of M2 containing g2. By the argument of

Lemma 4.1 it can be shown that 13; intersects every
q 6 H n 'l'.“;2. Then the component DR of D; n M1 in the.
kth quadrant must intersect all elements of H n 011.‘ p
This in turn implies that 15; must intersect all elements .
of H n T22 for each ‘m = l. 2, 3. and 4, and leads
to the same. contradictions as above. Therefore, g
intersects 13,; implies that g intersects C. U

flotat;o_r_1. Recall that H consists of a countable
collection of Cantor sets of arcs knit in a specific
manner described above. Let Q consist of go -plus I
exactly one element from each of these Cantor sets of
arcs. Notice that Q is the union of two countable
sets, each of which is knit from pl 6 go to pz 6 go.
Associated with the set 0 there is a decomposition of
E3 with Q as the set of nondegenerate elements. Let
us call this decomposition G4. let Pa a E3 -o E3/Ga .

_I_.£mma 4,5. ' If there exists a disk De’. then
Pa_(Dg) is also a disk. '

Proof. For each g 6 H. g :1 Def is a connected set
that does not separate De‘ and Cl Hr e: ];nt De‘. Hence,

p the same is true for each g 64. and C140 c Int Dé.
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ais an upper semicontinuous decomposition. A theorem

of Laurence C. Siebenmann [28] gives us that the
I decomposition {g n D; Ig GL2} is shrinkable using

McAuley's definition [22], and one of McAu1ey's
theorems [22] can be used to show that DE‘ mod this

I decomposition of D5‘ is a disk. But this is r;1(n€-). so
we have shown that it is a disk.‘ I]

It is instructive at this point to see why this
countable knit set CL does not suffice for the example.

i The requirement that two points be e-close in the image
space is equivalent to the requirement that they lie
in the same component of an element of the defining
sequence at an appropriate stage. There are disks that ‘

_ _ agree with the 2-complex C except inside a central
component of the defining sequence. let the disk 2
shown in Figure 47 be such a disk. Let it be chosen
so that there his one gl 6 Ct such that g1 intersects -
Z in 3 points as shown in Figure 48. . we can-now .
remove one of these intersections by making the bubble
on 2 shown.i_n Figure 49. It can be very close to g1.
The second bubb1e’shown in Figure 50 removes a second
intersection. with these changes in 21 we now have a
disk whose image is a disk e-homeomorphic to D. or
course, in the knit _Cantor set construction that we
chose to make. such bubbles would intersect nondegenerate
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. 1

Figure 49 I .

, 3. .

I i ' Figure 50 ‘



127

elements. '
Defjnit ion. we will say that there are four

ggadrants of E3. denoted for i = 1. 2. 3, and 4 by
Di, where Qi is the set resulting from crossing the
z-axis with the ith quadrant of the x-y plane.

Let pa and ps be the endpoints of go lying in planes
R and S. respectively. Let ql and q2 he points in go
between 01 and p2 and such that the order of these
points in go is pR. p2. q2. q1. pl. ps. Let W2 be the
open half space of 83 above the z-coordinate of qz and
W1 be the open half space of E3 below the z-coordinate
of €11.

' Lemma 4.6. The existence of the disks D; and 138'
implies the existence of disks E and E with the following '
properties: A

. (1) 2‘: c Int E. .
(2) Bd = Ed E‘.
(3) The Pa-images, of E and E are disks.

_ (4) 1-: is locally polyhedral off go. ,
(5) For any A e a. A n 1);; 9: implies that A n E is a

single point contained in A n De’.
Proof. Construction of the disks 1-: and it‘ depends

on the use of the following set of toroidal components
For each Ag‘ 6 Q- {go} lying in Oi there is the torus
'1‘: containing AJi- used in the definition of Ag. (we are
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i now using Tfi as a simpler notation for Tfiaz when nu
‘ consists of j diqits. each of which is a one.) These

tori are mutually exclusive. The disk D; intersects
each T§ in two disjoint meridional disks 6a and 6$ of A

_ ‘ Tfi. One of these meridional disks, Ga, contains a subset
of A} and the other one. 6b, misses 4} completely.

The disk 5b can be approximated by a polyhedral disk
that is within 1/éj of 6b, agrees with 6b on 8d T}._and
misses afi. This approximation is done using Bing's
statement quoted on p. 78 of this thesis. The disk 6a V
can also be approximated within 1/25 of 6a by a disk
that agrees with 6a on ad 7%. Furthermore, the approxi-
mation can be chosen so that it intersects a* in exactly
one-point p and p lies in Aé n Dz. we find this approxi-
mation in the following manner. we can assume that T
the above form of Bing's Approximation Theorem has been
used to make 6a be locally polyhedral off A§. To the
element A; add a line segment at each end in such a
manner that _ -

g (i) these segments, a1 and a2, lie in Int T§. .
i (ii) al and a2 miss the approximation of 6b.

_ (iii) neither al nor a2 intersects D; except possibly
in a point of A; n Dz, and .

(iv) in the latter case in (iii). Choose 31 and A2 50
that they lie on opposite sides of 6a.
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. Now let 3 be a polyhedral 3-cell such that

(1) [T33] n [N1/2j,1(AJi. n 53)] 2 9 :: Int 3 :> A: n De‘.
« (ii) 8 misses the approximated disk 6b,

(iii) 3 is in general position with respect to Ga, and
_ (iv) Bd 8 is pierced by a1 U A; U a2 in exactly two

points. x1 and x2, and these points lie in differ-
ent components of '1‘; - (Ga U 6b). (It can be shown

I by an argument similar to the proof of Lemma 4.3
’ that if there are two components of Ag’ - D6‘, then

i _ they lie in different components of T§- (ba U 6b).) ‘
Hith these conditions, the set 6a n Ba 3 consists of a
finite number of simple closed curves. net Jo bethe one

- of these that bounds a disk r in 6a containing no other
one of this set of simple closed curves and containing
the set Ag’. (See Figure 51.) Now in B there is a '
polyhedral disk s such that '
(1) s :> A: n De‘. I
(ii)Bds=Bdr.and _
(iii) a Iiisses 6a - r. A? - D6‘, and .Int (a1 U a2).
Replacing r by s. we get a polyhedral approximation that

. is the desired closeness and agrees with 6a on ad 1%.
.we wish now to change the intersection from the entire

. ' set Ag‘ n De’ to a single point in this set. we do this
. ‘ with a piecewise linear homeomorphism that moves only

points in a small neighborhood N of A; n De’. This ’ ‘
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homeomorphism is the one obtained by first taking Nns to .
.’. the flat disk containing the line segment shown in

Figure S2. performing the rotating homeomorphism indi-
cated by the dotted lines, and then mapping back into
T35. We now have the desired approximation for 5a. ‘It

i is pierced by A1.‘ in a point of A1: n _D'. i I» J J e /-1.J

6‘°:..
' 1 ,3.“/106J \

= I
. ' /1’

. 0 .
I .0 B _

Figure S1 _

':‘:>“"""\_ ’ 7' \ \_ '. \'L.’—'-'3."Figure 52 ‘._-v-"‘ ;

By making the above approximations in each T35. we
get E and E‘. 5 U

lemma 4.7. For each quadrant Oi, either
(a) There exists an are (1.1 in I? satisfying: »
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(i) One endpoint is in (Ed E) H Int Oi.
(ii) The other endpoint is pl 6 go if i = l or 3

- and pz 6 go if i = 2 or 4.
(iii) Near go the arc ai is contained in N1 if ’

V - i = 1 or 3 and W2 if i = 2 or 4.
(iv) ai C (Int Oi) U W1 or (Int Qi) U W2.

or. I
(b) In Qi the disk E can be altered so that it satisfies

(1) - (5) above and also . ‘ .‘ i
(6) For any‘). 6'0, the endpoints of A lie in the

‘ I . closure of’ the unbounded component of E3 - ((5 U i U ro).
Proof. By defining a positive orientation of the

simple closed curve Ed 5, it is possible to define the
sides of C and E as upper and lower sides. If
C n A; # E n 3;. then either the component of A;
between C and E (a) pierces one of C and E from the
upper side and the other from the lower side. or (b)
pierces both from their lower or both from their upper

I sides. Now consider the construction shown in Figure
53. The disks Da and Db are the meridional subdisks
that we have just constructed from meridional subdisks
of Dé. The nondegenerate element A; intersects D3.
The dotted lines indicate a construction that inter-
changes subdisks in the interiors of Da and Db in such i
a way that the new meridional disk bounded by Ed Db
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' ; Figure 53
now intersects A; in one point and the nev meridional -
subdisk bounded by ad Da now misses 0*. Observe that

‘_if property (6) in the conclusion of this lemma were
not true tor_A;. then performing this construction

_ would make property (6) be true for that Ag.
I >1! this construction vere made in an infinite

. - 4 numher.of tori. the resultant set might not hela disk.
i ‘we vill now show that if it were necessary to perform

the construction an infinite number of times, then the
_' ' original set 3 contains the are a1 and thus satisfies ‘ .
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condition (a). - ' i
_ "Let Q‘; be the nontoroidal component that contains

T: two stages later. Let D1 C D; be the central
meridional disk of On“. It intersects T§. let D11 be
the central meridional disk of Onal and D1? be the
meridional subdisk of Qnal in quadrant 01. It is D12
that intersects T1. In T% let D c D c D be the1 3 12;; 12 1
meridional subdisks that contain A3. (The boundaries
of these subdisks of D; were not changed in constructing
E.) with respect to go extended to gas, orientations V
of Bd D1 and Ed D11 are the same as the orientation of
Ed 6. This can be shown in a manner similar to Lemma

- 4.4. similarly, it can be shown that with respect to
the extended A: the orientations of Ba D1 and ad D12
must also be the same as that of Ed C. It is possible
that the orientation of Bd Dlzk with respect to the

' extended A; is not the same as the orientation of Bd 6.
Now there is a homeomorphism that takes D12 to a flat
disk but doesn't move the extended Aj near :00. It gives '
us Figure 54. This shows that D12 must contain points
above plane R and below plane S. . '

Now. let us suppose that we are working in quadrant
01. If we need the infinite sequence of constructions
to reverse orientations. then there is an infinite
.sequence of points x1. x2. x3,... such that each xn lies
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in Int Q and below plane 8. The limiting point for
this sequence is the point ps. which is in H1. If we
needed the infinite sequence of constructions. then ,
ps also lies in B. Each of the points xn in the above
sequence lies in W1 n 3. Since E is a disk. it is
locally connected. Therefore, there is an arc Ba from
ps to one of the points xn and such that Ba lies in
W1 n E. ‘Fran xn to a point in (Ed §) n (Int 01) there
is another are Bb in Int Q‘. The union of Ba and 8b
is the desired arc al. In the other quadrants. similar
arcs can be found. For later use. if it happens that
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the arc a3 intersects a1. then the intersection is in
- Hirifi. Replace the subarc of a3 between this point and

ps by the corresponding subarc of a1. It is not
I possible for a1 or a3 to intersect a2 or a4. This

completes lemma 4.7. ' fl

. Let us assume that in each quadrant Q1 conclusion
(a) holds or that E has been altered to satisfy
conclusion (b). ‘

Fax and Artin [10]. in defining their wild arcs,
described arcs in a cylinder and then copied this
cylinder into each of an infinite number of sections

' of an ellipsoid of revolution. we will provide a
similar description of the knit portion of CL» In x
Figure 55 a cube is shown containing arcs. In Figure
56 a pyramid is divided into an infinite number of
frusta and the point p2. Each frustun is a homeo-
‘norphic copy of the cube in Figure 55. They are

. joined in such a way that we have the sequence of ‘
arcs knit to p2 shown in Figure 56. Similarly. a
pyramid can be used to form a set of arcs knit from
pl. Such a pair of pyramids with their bases identi-
fied define knitting from a point pl to a point p2. y
Let 1:1 and 1:2 bepiecewige linear copies E3 of this
defining pair of pyramids. we can orient «I and «Z
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_ in E3 in such a way that they contain our knitting.
In Figure 57 we show nl and C. we can assume that a1
and M1 are such that «I c E1 : E3 and that «I U go -
contains a simple closed curve that passes through
the "front" handle of M1. (Figure 35) Similarly.
flz lies in the "back" handle.

we will be concerned with the location of frustum
faces that have their interiors in Int H1 and Int N2.

Lemma 4.8. If in a quadrant Qi conclusion (b) of
lemma 4.7 holds. then no frustum face in Int nl or Int «Z
in Q1 lies in a bounded component of E3 - (5 U f U ro).

Proof. we first show that there is such a face
of nl in the unbounded component of E3 - (5 U §) in
each of quadrants Q1 and Q1 or «Z for Q2 and 03. In
each quadrant there is the A11: 6 C1 that does not
intersect 5. There is a face fi containing points of
Ai. lemma 4.4 implies that 3% does not intersect
E. the endpoints of A: lie in the closure of the
unbounded component of E3 - (5 U E). Hence. Ai does.
also. Now. with f: n A: in the unbounded component,
we need only make replacements of subsets of E that
may intersect f: in order to have the whole face ti
in the unbounded component.

Now suppose that one of two faces f; and f: lies in
the unbounded component and the other lies in a bounded
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3 .. .¢°mP°nen"‘- Of 1'3 -' (C U E U 1'0). In proving this lemma we
need be concerned with only those elements ofC7 that
intersect the faces £5; and ff; and the finite set of _
faces between them in 11 (where 17 denotes 1:1 or 172,

I appropriately). let the elements of Qthat intersect
these faces be called A1, A2....,.=g‘. as shown in. Figure

59, y ' -
In a copy of Figure 52 we label the arcs uv, wx.

and yz a_s shown. (Figure 58) In Int‘ uv arbitrarily I

~ choose two subarcs. These are L1 and. L2 in the figure.

U1‘ ..x—————-L. \,  
ufirx - i

i Rf ‘ /‘T .1 ‘* "'. _ A g

' Figure 58

Copying this cube into each frustum of 11 between _f;

and fl); gives us the light arcs as copies of L1 and L2

in Figure 62. We wish to show that in each frustum we _

can push the copy of 1.1 so that it contains a point in

. — the copy of wx and similarly to push the copy of L2 so

‘ that it contains_a point in the Copy of yz. In these

pushes we do not wish to add other intersections with
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nondeqenerate elements or intersections with the disks.

‘ This will make the altered i§lAi be homeomorphic to
- the set-in Piqure 63- V
~ _ In Figure 58we have added arcs in the boundary of

the cube. This gives us three linked simple closed
curves. ' .

' s | .
- - ' a ll

  I I 4
/U’i~._“~_‘_j::7‘*~,“4

. . __ J i I’‘ ' ' ‘ t.....:...>..1:_ . -3 a -‘

- ; . . Figure 59 .
Let this figure be the copy of the cube 2 in a parti- I
cular frustum Y. we can assume that E is in general
position with respect to ad Y. Then 3 n Bd Y consists
of simple closed curves and E n Y is punched disks. If
in Y one of these punched disks separates uv from wx or
v2. then we will need to make alterations inside Y. we
will change E and E to disks that we will call E1 and 151.
we require that E1 and fil satisfy conditions (1) - (6)
except that the intersection point with an element A E
.Q is no longer necessarily in A H Dé. Note that it is
true that §2(E1) and §;(§1) are disks. we will find
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. that if a frustu: face in Int fl lies in a bounded’
component of 33 _ (5 U ii U to). then g2(El) is not a
disk. This contradiction will prove the lemma for the
original §.

Suppose that in § n Pd Y there is a simple closed
curve J1 such that J1 bounds a disk in Ed Y containing

I exactly one of the points u. v. V, x, y. or z. Then
for the Ai containing that point it is possible to push’
in the neighborhood of Ai and remove this intersection
of E with Ed Y. In this manner all such intersections of
ET'vith faces of frusta can be removed and we then know
that any remaining intersections bound disks in Ed Y
containing more than one point of the set u. v. w. x,
Y. and 2. we have removed intersections of the sort
shown in Figure 59.

‘. . G§EEE§:::E3SS:”” .

‘ 1H r

" Figure 60
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We now have the sets 21 and §l. The only remaining
manner in which a punched disk contained in E1 can
separate Y into two components such that one component

contains uv is indicated in Figure 61.

- , I6 I’ I

Figure 61 .

Now. the linking of the simple closed curves in Figure 59
requires that _a point of each we and yz liesin the
component containing uv. Pushing £721 a bit inside Y now
allows the desired alterations. : ‘

,-Figure 62 is homeomorphic to the grid in Figure 61.
Notice the positions of points bm. ‘bu, cm. and Cno The ’
disk 5 intersects each Ai E Qfor 1 _<_ i 5 K in one

V — - point, which lies in the heavy part of the arc
. aibibl-_+1ci+1cidiei. The points ai and ei are the

_ endpoints of a nondegenerate element. Recall that
they lie in the unbounded component of E3 - (5 U E1 u _;-O).
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Suppose that one face. fm or fn. lies in the unbounded
component and the other face lies in a bounded component.

First. suppose that f lies in a bounded component
X. Then the arc alblbm intersects 151,. In Figure 52
notice that points or sets that we know lie in the
unbounded component are encircled in a solid line. and
those that we know lie in a bounded component are
encirled in a dotted line. The intersection of alblbm
is the only allowed intersection of £1 with A1. Hence.
as shown in Figure 63, b2 and c2 of A1 lie in K.
Therefore. azbz intersects 131 and b3 and c3 must lie
in K. Continuing across. as shown in-Figure 64. we

' find that bn and cn lie in a bounded component. This
proves the lemma in the case that ti lies in a bounded
component.

Now. suppose that fl’; lies in a bounded component L.
we then have Figure 65. As shown in Figure 65, a,;_1bn
intersects 1'-2'1. If ak_1bk_1 intersects E1, then ak_2bk_1

_ must intersect E1. (‘Figure 66) If. for each i such’ that
2 5 i 5 R - 1. the segment aibi intersects fil, then we I

I have Figure 67. Notice that since E1 intersects azbz.
it must be that c2 lies in L. we now have a contradic-
tion in that it appears that fil must intersect both
bnbz and cncz, which lie in the same nondegenerate
element. Now if. for some i. the aeglant bi_1bi
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' intersects fil, then we have Figure 68. Since b1_1bi
intersects fil. the segment cici_1 cannot. (Figure 69)
Therefore. bi_1ci_1 must intersect fil. as shown in
Figure 70. Continuing across, for j < i-1, the nonde-
generate element Aj intersects fil in bjcj and. hence,
cannot intersect E1 in any other segment. we have now
Figure 71. Since bzcz intersects fil. the segment czcm
must not intersect 51. This contradicts the assumption
that ffi lies in L. and proves Lemma 4.8. U

Lgmma 4,9. ‘In each quadrant Oi there is an are at.
as defined in lemma 4.7.

- Proof. If there is no such are in a quadrant Oi.
then near go in oi the disk E lies entirely above the
half space H1 in Q1 or 03, or entirely below the half
space H2 in Q2 or 04. at this then implies that there
is a face of a frustum in a bounded component of
E3 - (C U 3). This contradiction proves the lemma. D

we can now complete the proof of our knit example.
The set go U i§1‘ai separates E into four sets whose

’ closures are disks. Each has the segment qlqz of go
in its boundary. Four such disks can not he subdisks
of a disk. -This contradiction proves that there can
be no disk Hg in our example. fl
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’ Remarks concerning properties 0‘ the decomposition,

. At the beginning of this chapter we stated five
properties of the decomposition. we now comment about
each. .

(1) E3/C is homeomorphic to 23.
Theorem (Bing filfl). suppose G is a monotone upper

semi-continuous decomposition of E3. and H is the sum -
of the non-degenerate elements of G. Then the decompo-
sition space of G is topologically E3 if each component
of H is an element of G. and for each open set U
containing H and each s > 0. there is_a homeomorphism he
of 83 onto itself which is fixed on E3 - U and takes _
each component of H onto an 6 set.

we will apply this to our decomposition. Let
an open set U containing H* and an e > 0 be given.

7 By the argument on p. 53 of this thesis. there is an
element Mi of the defining sequence such that Mi c U.
There is a homeomorphism hl that takes the nontoroidal
component of Mi to diameter < 6. This. of course.

I , may.stretch other components of Mi. Each other
Component is a torus and in each of these tori the
decomposition is (2.1) toroidal. In [6] Bing prqves

‘ ' . that there exists a homeomorphism .he that takes each
' nondegenerate element of a (2.1) toroidal decomposition

. to diameter less than e and is fixed or! the torus.
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_Hence, there is a homeomorphism hz that is fixed
off the stretched toroidal components,of Mi and takes
each nondeqenerate element in them to diameter less -
than 6. Therefore. hzhl is our desired homeomorphism.
This proves that E3/C is homeomorphic to E3 in our

' example. _ I
(2) Each g 6 H issa tame arc.
This is obviously true for go. Recall Fort's

work [33] refered to earlier. If we assume that
defining manifolds for a (2,1) toroidal decomposition
are specified in a similarly nice manner, then each‘

_ nondegenerate element of that decomposition is poly- .
hedral. In the knit decomposition of our example
consider each toroidal component T that is linked to
a nontoroidal component. The nicely specified
manifolds for the above (2.1) decomposition can be ‘
piecewise linearly mapped into T. Hence, each
nondegenerate element can be polyhedral. This implies
that it is a tame arc.

' (3) H is continuous and closed. '
. This follows from the fact that each element of H

spans the pair of planes R and S. >Hence, H* is equal
to Cl H*, which is closed. Also. the spanning implies
that no nondeqenerate element properly contains the
limiting set of other nondegenerate elements. This
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implies that H is continuous.
(4) P(H) is a Cantor set. i T
This follows because more than one component of _

the defining sequence is imbedded in each one at the
previous stage. and H‘ is equal to Cl H*.

(5) H is not countable and is not definable by
i 3-cells.

‘ This follows from Theorems 3.1. 3.2. and 4.1.

Cgncernigg a Qgestiog asked by Armentrout. In
[2] Armentrout asks (Question 8): Suppose G is a point-
like decomposition of 33. If S is a 2-sphere in E3/C.

‘ does there exist a 2-sphere S‘ in B3 such that P[S'] is
a 2-sphere homeomorphically close to S? I conjecture
that the answer is negative, and that the following

_examp1e is a counterexample. '
Analogous to the example we have defined and proven

, for the similar statement concerning a disk, we will
defin an upper semicontinuous_decomposition of £3, a
2-complex that is not a sphere in E3 but projects onto
a sphere S in the decomposition space. and an e > O.
we claim that there is no 2-sphere S‘ c B3 such that its
image P(S) is e-homeomorphic to S.

Notice first that it is not possible in E3 to take
two copies of the disk counterexample. connect the
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bondaries of the two copies of the 2-complex C. and
have a counterexample for this sphere question. The

- knitting of the nondegenerate elements prevents this. '
The example that we are about to construct changes the

_ knitting so that we can do something similar to adding
two copies of C.

we first define a 2-complex K, whose image will
be the 2-sphere. Start with the 2-complex C that we
defined for the disk example. Its center-line is the
segment of the z-axis from O to 1. Let C’ be the _
reflection of C in the horizontal plane at z = -2.
These 2-complexes C and e’ are shown in Figure 75

‘ The points p3 and p4 in C’ are reflections of p1 and
p2, respectively. In Figure 76 four vertical T-shaped

. surfaces are added to C U C’. The resulting 2-complex V
"is K. Notice that K is not a manifold on the z-axis.
but K - (z-axis) is homeomorphic to a 2-sphere minus
two points. -

we now define a decomposition of E3 into points ~
and four knit Cantor sets. Each of the four knit

— Cantor sets is a copy of the set H that Vas defined in
. the disk example. Each of the quadrants 01. Q2. Q3.

. and Q4 of E3 (as quadrants were defined in the disk
' example) contains a copy of § knit from a point in C T
t or C‘ to a point in the other. Figure 74 shows an
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element of the defining segment of H and its orien-
tation with respect to K. One limiting element of
each knit Cantor set is the segment go defined by
-1 5 z 3 2 and the other limiting element is gs
defined by -6 5 z 5 -3. In 01 and Q3 the knitting
is from pl to p33 and in O2 and 04 it is from p4 to
D2. Recall the pairs of pyramids W1 and «2 that were
used in the disk example proof (Figure 57). For this
example analogous pairs of pyramids are shown in
Figure 78. Figure 79 shows some of the nondegenerate -
elements that lie in 01. In 03 the knit Cantor set
from pl to p3 is the reflection through the z-axis of

' the construction in 01. In 02 and 04 we orient 3 in
such a way that the knitting is from p4 6 C’ to pz 6 C.

- For the latter two quadrants notice that the knitting
‘lies in the bounded component of E3 - K. whereas in
Q1 and 03 the knitting lies in the unbounded component
of E3 - K. Though the knitting lies in these components.
every nondegenerate~e1ement except go and g; pierces K. I

_ The definition of e for this example is analogous
I to the definition of e in the disk example.

_ . I conjecture that there is_a proof of this example '
« analogous to the proof of the disk example.



155

. Q ‘' ‘ -L‘ 3- _...a .. - -_I...-- *-1 5. _- ~- ..L.-.--- a.- '4 :-'1‘-:2‘-.=;= 7.‘,
’ \

\
\~“ ‘ i

I
I

. l _
_ .;,-:33 ..:'.':°.:.:-go}: , I

{'4 0' ' 00,...
O O ‘.o'/’.’ i‘\ '0...

‘oil .\ ‘
lg.’ ‘..0": : \ . \ . .

3'? I I ‘ I ' I?F. \ I \ . 0
' !’Q' _. I ‘\oo o a S

. 0 1 £ o I\\”: , ,' .. . . :'\ '13:?‘ 8.
?‘\‘ 1 ' ' V fa?’ .\ E\\ \s.‘..-....., '

00 § §§n0 ‘J ‘S . 4 I ‘
~ \ \‘i....’<....—-f/ ;’ I

2 :¢\ § I ‘I ’ . - - -‘%" ~—:3z:-I .,
Q

- ' 9~ \



. 156

A related example. The following definition
is made by Armentrout, Lininger, and Meyer [S]:

' Definition.‘ If G is any monotone decomposition of
R3, let HG denote the union of the nondegenerate elements
of G. and let PG denote the projection map from R3 onto the
decomposition space R3/C associated with G. suppose
that F_and G are monotone decompositions of R3 such
that each of Cl (PF[HF]) and Cl (Pb[HG]) is compact

V and 0-dimensional. Then F and G are eggivalent
V decompositions of R3 if and only if there is a

homeomorphism h from R3/F onto R3/B such that
h[c1 (1=F[xP])] = c1 (pG[HG]). , ‘

__ For our knit decomposition G of Theorem 4.1. there
‘ is an equivalent decomposition F that has only a count-

able number of nondeqenerate elements: The method of
producing this countable decomposition is due to Bing
[9 J. Let ME, ME. Mg.-H be the defining sequence for
P. we will require that each M: be homeomorphic,to Mi
of the decomposition 6. Furthermore: the imbeddifig °f
M? in H? is the same as the imbedding of M_ in H._ .i i-l_ e . 1 1 1
Recall the definition of ‘ran on p.121. The sYmb°1 N1
denotes a positive integer consisting of n digits. each
of union is a one or a two. Let ('rP)xJ;a correspond for

. F to Tia for d. fine now require that diam (TF)ia< 1/ix.
_ where k’is the number of digits two in nu. Suppose now
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that the disks in C n Tia are required to lie in a set
of diameter less than 1/23 It is then possible in E3 to
require that (TF)j n C = Tj n C. That F has only ana na
countable number of nondeqenerate elements follows from
analogy with Bing's example [9]. Essentially, this argu-
ment is that a nondegenerate component of Cl H must lie
in the intersection of a sequence of defining sequence
components with at most a finite number of twos in any
subscript. There are a countable number of such sequences.

Zhggggg (Armentrout. Lininger, and Meyer [5]). ‘
Suppose that F and G are monotone decompositions of
R3 such that Cl PFEHF3 and C1 PbEHG7 are compact
0-dimensional sets. Suppose that P has a defining
sequence M1. M2. M3.--- and there exists a sequence
f1. f2. f3."° of homeomorphisms from R3 onto R3
such that (1) for each i, fi4_1[ (R3 - Int xi) 3..
fi ' (R3 - Int Mi). and (2) flfxl], £2512], £3[.v.3].-°'
is a defining sequence'for G. Then F and G are
equivalent. " ‘~

This theorem is satisfied by the F and G that we
have defined. Hence, they are equivalent,and wehavethe
homeomorphism h of the definition.

with the condition we put on (TF)ia n C,the disk
D = RG(C) = h(PF(C)). of course. C is not a disk, but
p1_,(c) is ‘a disk. ‘ _ ’
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A The decomposition F satisfies Theorem 3.2. Hence, '

there must be a P-liftable disk near PF(C). ‘
We have shown by this pair of decompositions that

equivalent decompositions may differ in the property
of the existence of a P-liftable disks near any given
disk. .

_ Concluding remarks. The following definition is
from Michael [25].

Definition. A collection G of closed point sets
. filling a metric space is said to be ecui—LCm provided

that it is true that, if y is a point of an element go
of G and 6 is a positive number. there is a positive -
number 5 such that if g is an element of G, then any
mapping of a k-sphere (k 5 m) onto a subset of '_
g n S(y,6) is homotopic to a constant on a subset of
9 n S(y.e). '

-Observe that a knit Cantor set is equi-18°. we
now make new definitions. which are not satisfied by a
knit Cantor set at a point p2 to which the set is knit-

Definition. A collection G of closed point sets
in E3 is said to be egg;-locallv connected provided _
that, if y is a point of an element go of G and e is a
positive number. there is a topologicai 3-cell B ‘
contained in the g-neighborhood of y such that if g is
an eiement of G, then g n Int B is connected.
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' Definition. A collection G of closed point sets -
in E3 is said to be stronolv ecui-1oCa11y;conneCted.
provided that, if y'is a point of an element go of G ‘
and E is a positive number, there is a topological
3-cell 8 contained in the e-neighborhood of y such that

. if g is an element of G, then g n Int B and g n B are
connected.‘ I -

Definition. A ccnlection G of closed point sets in
E3 is said to be egui—1ocallg connected and egui-
semi-connected provided that, if y is a point of an _
element go of G and e is a positive number, there is a
topological 3-cell 8 contained in the e-neighborhood of
y such that if g is an element of G. then g n Int‘B is V
connected and g n Ext 8 has no more than two components.

Question. Is the following true?
\ ' let G be an upper semicontinuous decomposition of _

B3 with nondegenerate elements H. Furthermore. suppose
that H is a continuous, strongly equi-locally connected
collection and that P(H) is 0-dimensional in E3/C.
Then. given a disk D c E3/C and a positive number e,

. there is a disk De that is e-homeanorphic to D and is
the image or a disk under the projection mapping P. _

_ Q2§§§;9g§L Is the above true if we substitute one
of the other three definitions of equi-local connected-
ness?V Can the condition that P(H) be O:dimensional be
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~ ‘ dropped from the hypothesis?
Notice that Bing's dogbove space [8] is an example

that satisfies the hypotheses of the above statement.
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‘ ADDENDUM

_ a statement (made on p. 129). If there are two
components of A? - Dé, then they lie in different

‘components of Tfi — (éa U ab). _
Proof. We will prove the analogous statement

H for any q E H Contained in Tfi: If there are two
‘ components of q - Dé, then they lie in different -

components of T§ - Dé. Note that g — D; can have at
most two components. '

Suppose that the statementis not true; i.e..
suppose that there exists a nondeqenerate element ‘
g c‘T§ such that two components of g - 3; lie in a
comoonent Kjl of T; - Dé. we first will show that
for any toroidal component T; c T; the fact that'both
components of g - Dé lie in the same component of
T; - D; implies that both components of g - D; lie in
the sam component of ti - Dé. The disk D; can be

I appraimated by a disk 1 that agrees with D; in T; and
on Bding. and is polyhedral off Té. Note that
Ed 1.= Ed D; is trivial in E3 - T§. The disk X can be
completed to a 2-sphere S that intersects T? only in
D; n Ti. Each component of T; - D; or T; - DE lies in

1 either the interior or the exterior of S. Hence, if
g - D; lies in one component of T§ - Dg. it lies in .
Int S or Ext S. and this implies that it lies in one
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1 .component of T - D’.m 6
~ let a and b denote the endpoints of g. They both

lie in the component K. of T% - D‘. LetJ1 3 6
Y1: min {d(D£, a U b), d(a,b)}. Since 5 is a continu-
ous collection. there is a distance Y2 such that for

4- -* ‘. } J '.,..l..any gk § H such that gk c Lj n NY2(g), the endpoints
of gk lie in NY (a U b). In NY (g) there is a toroidal. 1 2component Tfi of the defining sequence. All endpoints
of nondegenerate elements in T: lie in NY (a U b).

1 :This implies that all nondegenerate elements in T; lie
in the closure of one component of Tfi - Dé.

- u r' n ' ~ 4Consider the two to-i Lkul and Tkaz imoedded -n
Tfi. As the center of TR“, we can take a polyhedral
simple closed curve J1 that is the union of the
following four arcs: a nondegenerate element ga c Tka,l,
a nondegenerate element gb : Tkalz. and polyhedral arcs
.31 and 32 lying in tzmn n :\.='Y1(a) and whiz n NYl(b),
respectively, and each joining an endpoint of ga with '
an endpoint of gb. There is an analogous simple closed
curve J in T . Both J and J lie in the closure2 kq12 _ l 2‘ 1 .of a component Kkl of TR Dg. Let Jo be a Slmple
closed curve linking Ti. If Kkl were known to be tame,
then we could_state that Jo is shrinkable in
E3 - (J1 U J2). There is a polyhedral approximation ‘
5 of D; that agrees with D; n T; and misses J1 U J2.
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Now the closure of each component of T: — 5 is a tame
2-cell. Both J1 and J2 are contained in the closure
of one component of T: - 5. This implies that the
simple closed curve Jo linking T: can be shrunk to a
point in E3 4 (J1 U J2). This contradicts Lemma 3,
p. 99, and proves our statement. fl

.Prof. Harry Berkowitz suggested that it may not
be easy to_prove the existence of the disk s (p. 129,
line 16). He suggested that instead of the method
implied on pp. 129-130 I do the following: In the
boundary of a regular neighborhood of 6a n A§, find a
disk 6 that intersects 6a only in Ed 6 and contains — U
one point of al U A; U a2. Replace the subdisk of 6a
bounded by Ed 6 by the disk 6. Then, push a subdisk
of 6 in a tubular neighborhood of al U A; U a2 to make
the intersection with al U A; U a2 lie in 6a n A§.
Details.of a method to find the disk 6 follow.

The 3—cell B is a regular neighborhood of Afi n 6a,
but it may not contain the desired disk 6 in its
boundary. We will alter B in such a way that it will
still be a polyhedral regular neighborhood of A§ H 6a
and will also contain a disk satisfying the require-
ments on 6. ' 6

} let a denote the arc a1 U A? U a2. Denote the ‘
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. finite set of simple closed curves in Bd B n 6a by
a ‘y: {J1. J2. °", Jn}. These simple closed curves lie

in the annulus Ga - a and also lie in the annulus
(Bd B) - a. Note that if J E‘; is trivial in one of
these annuli. then it is trivial in 3 - a, and, hence,
it is trivial in the other annulus. we will first ,

’ remove these trivial simple close: curves frcm the
intersection by altering Ed 3. '

let J1 E‘? be trivial in the annuli and bound a
disk di : Ga - a such that dl contains no other element
of 3. This simple closed curve J, also bounds a diskQ

L

el in (Ed B) - R. (see Figure $0.) In Bd 3 replace
. el by d1. This gives us an altered 3-cell, which we ,

continue to call B. In (the collar of B) - c and in
the neighborhood of dl, push dl slightly off 68 in such

* a direction that the number of elements is‘; is n - l
or fewer. . '. E7‘ °<  J 115 I ‘

. ‘, -
ff ,' I /'-"'"""‘~‘I us,» - l‘ 8 ’ I . ‘ , I’ _.Q ' , J ‘*4’ J‘ I |",-."’

I

.1 aK 5 g .
, Figure 80 ‘ ' —
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’ V Repeat this construction until all simple
closed curves in } are removed. The statement proved

.above (p. 163) implies that there are an odd number

of elements remaining in 9. Suppose that 32 and J3
bound a subannulus in (Ed 8) - a that contains no
other element of 5. Replace this annulus by the annulus

.that they bound in 6a - u. Push the replacement _
slightly off 6a in (the collar of 3) - a in such a
direction as to decrease the number of elements in

q 3. This will remove an even number of elements from
. 3. Repeating this construction. we are finally left ‘

with only one element J in 5. Either disk in Ed 3
bounded by J now satisfies the requirements on 6.

Concernind the proof c? Ierma 4.7 (pp. 130-135).
It is also possible for an endpoint of 3% to not lie
in the closure of the unbounded component of
£3 - (5 U § U ro) because the meridional disks Da and
Db extend as shovn in Figure 81. or farther. It is
then possible to replace Da and Db by the meridional
disks indicated in Figure 82.

If this situation occurs in a particular torus Tfi,
then Da U Db has points above R and below 5. Hence.

. as on pp. 133-134. if this occurs in an infinite number
of tori in the quadrant Qi. then ai exists.
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<\  
 5.4.-L\; / ,4 >53

\/"I / /E

A ’ _ Figure 81 I H

V? I/' // 5

f/  
' Figure 82 I
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Page 54. line 3 shou;d read:
(Bd c)nc1 z>(:~z)=¢... _

V Page 56. line 20-23. The stecement that Cl (D - C)
is also a ccmpec: manifold mey not be ::ue. It is ‘

‘possible that D - C ccnzains an infinize number of sets
that each intersect 3:3 3. Since there is‘ E. finite
distance between E: C and Cl P(E), only a fi;;te number
of these comtonents can contain paints of ?{H). Le: 5

- be the unien of_C and those components of 3 - C that ‘
_ contaid no points of Pia). Now, 5 and D - 5 are sets ’

that satisfy the hypotheses of Theorem 2.2. ' »
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