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INTRODUCTION

A generalizﬁtion of the concept of lifting of an

In the standard definition a

n-cell is studied.

1ift of an n-cell is another n-cell that maps homeomor-

phically onto the given n-cell under the projection
mapping. The generalization is defined as follows: A

set X®' ‘is said to be a P-1lift of a set X if X* is

homeomorphic to X and X® projects onto X. Notice that
a point in X may be the image of a nondegenerate set in

X*, Methods of upper semicontinuous decomposition are

used throughout the thesis.
Conditions under which P-1lifts exist are investi-
gated, It is not always true that when X and Y each
P-1ift that X d Y will P-1lift. Many such examples are
given. Additional conditions are im?osed to make X U Y
p-1ift. One such theorem states: Suppose that A and
B are compact manifolds that each P-1lift; A U B is a disk
DcE3/G:; ANBNPH) =g; and (A UB) N P(H) is

O-dimensional. Then A U.B P-lifts.

It is easy to construct a decomposition G of E3 such
that there is a disk D c E3/C that is not the image of
any disk in 23. This implies that the disk D does not
P-1ift. Consider, for example, the set D*' one gets from
rotating the following around the z-axiss

€l {y|y = sin 1/, 0 <x < 1}. This set D* is not a
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disk because it is not locally connected on the segment
s={z]|0 <z <1}, If we use the decomposition of E3
in which s is the only nondegenerate element, then the
image of this set D* is a disk D, but D*® does not
contain any disk that projects onto D. This condition
is not true for all disks homeomorphically close to D,
There are disks that agree with D' except very close to
8 and do project onto disks. In the thesis hypotheses
are studied that assure that even when a set does not
P-1ift, there is a homeomorphic copy close to it that
does P-1ift,

An example will be given of a disk D in a decompo-
sition space such that for a particular € > O there is
no disk D, that is e-homeomorphic to D and P-lifts.

The decomposition space has the following properties:

(1) 53)6 is homeomorphic to E33 (2) each g €H is a

tame arc; (3) H is continuous and closed; (4) P(H) is

a Cantor set; and (5) H is. not countable and is not
definable by 3-cells. The decomposition space is a
modification of i totoidal decomposition. A construction
. called knitting is used. This resembles a single stitch
of ordinary knitting' that progresses through a

Countable number of bundles of nondegenerate elements.

The proof of th“is example will constitute a major part

of the thesis. It is conjectured that this example would
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not exist if the space satisfied conditions (1) - (5) and
the following new definition: A collection G of closed

point sets in E3.is said to be equi-locally connected

provided that, if y is a point of an element g, of G
and € is a positive number, there is a topological
3-cell B contained in the e-neighborhood of y such that
if g is an element of G, then g N Int B is connected.

Another example closely related to the above one
does not have the property of containing a disk such
that novdisk close to it P-lifts. This pair of examples
is particularly interesting because their decomposition
Spaces are “equivalent® in the terminology of Armentrout,
Liningef. and Meyer.

The author conjectures that another related example
provides a negative answer to a question asked bf
Armentrout: Subpose G is a point-like’ decomposition

of 83. If S is a 2-sphere in 53/c. does there exist a

2-sphere S' in E3

such that P[s'] is a 2-sphere homeo-

morphically close to S?
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CHAPTER I

"THE CONCEPT OF A P=LIFT

The standard definition of lifting applies this
term to a mapping.
Definition. Suppose that P is a continuous map of a
space X onto a space Y and that f is a continuous map
of a space Z into the space Y. There is said to be a

lifting of the map f if there exists a map gs Z-X such
that £ = Pge.

X
37 |e
b4 i—f-)Y

McAuley [23] uses the term lifting in connection with a
space1
Definition. Suppose that Z is an n-cell and that f is
a homeomorphism of Z into Y. If there exists a lifting
g of £, then g is also called a lifting of the n-cell
£(z).
The emphasis here is on the n-cell D = £(2) C Y.

Although this is called a lifting of an n=-cell, D,

whenever it occurs, it implies that every homeomorphism

hs z °0tO p has a lifting.




Hence, it is a concept concerning mappings--i.e.,
members of this set of homeomorphisms, For any given h
that 1ifts, let gy, be its 1ifting. The mapping P
restricted to the space D' = g; (Z) must be a homeo-

morphism. Of course, gh(z) and D are both n-cells,

B < X
e
z->Dbc Y
Our interest in this thesis is in the question of
the existence of part of the last diagrams

P X

Jpic e

D Y

We will not require that P|D* be a homeomorphism.
Notice that, as in the case of lifting, D' is not
necessarily unique., If the diagram exists with a

particular D', then we have two cases:

(1) PlD' is a homeomorphism. In this case, D' is a

1ire.
(2) P|D* is not a homeomorphism. Now, D* is not a
. 1ift of p.
In the second case, we enlarge the diagram to the
following ones




D'< X
(N L
D<Y

g and h are homeomorphisms. The other maps are not
necessarily homeomorphisms., Now the question becomess
Given a homeomorphism hs Z- Y, does l:here exist a
homeomorphism gs Z- X such that Pg(Z) = h(z) ?

If the answer is yes, then the space D' exists and is
g(Z). Notice that Pg = h for maps is a stronger
statement; it means that for any z € 2, Pg(z) = h(z).
For the following definition we do not assume that D
and D* are n-cens. but we do require that they are
homeomorphic spaces,

Definition. If g exists in the above diagram, then ve
say that g is a pP=1ift of the map h, that D* is a

P-lift of the space D, and that D P=ljifts. The term is
chosen to suggest the importance of the natural projec=-

tion in the concept. 1In the diagram, D and D* are not
connected by a homeomorphism as in McAuley's diagram,
but rather by a map, which is the projection map P if

Y = X/6. Also, notice that, given an arbitrary

homeomorphism h, the map f that is in the diagrammatic

position of a map that lifts is the composition of h and




P. of course, we can not find f until we know that g
exists,

We' could have chosed to call this concept a
pseudolifting. We prefer not to because in previous
terminology a lifting is always a mapping. We wish to
apply our new term also to the space D', It seems
natural to emphasize spaces over maps in this concept
because Pg(Z) = h(zZ) is an identity on spaces,

Another alternate terminology for this concept is
to say that D' is a projecting copy of D and that D
has a projecting copy. To fully describe the concept,
we need to say that D* ig an epi-projecting copy. This
is rather cumbersome. Without the epi=-, the reader is
apt to forget that we wish to require that D' project

onto D.

Notation. Throughout this thesis, the prime
notation will always indicate a P—lift.ii.e., given a
set X c E3/G, X* will denote a P-1ift of X.

For any P-1lift X® of X and decomposition G of Ea,
X is natufally decomposed by G, We call this decompo-
sition Gyse Gye = {g nx° | g € G}. The corresponding
set of nondegenerate elements is Hyo = {g n x*|g€c
and g N X' is nondegenerate,}

When a manifold is contained in a larger set, Bd




will denote the manifold boundary. Int will denote the
manifold minus iﬁs boundary. If M is a manifold
imbedded in a larger set S, then Fr M will denote the
vset theoretic boundary of M with respect to S; i.e.,
Cl MncC1l(s-M).

“If H is a.set whose elements are point sets, fhen
H* will denote the union of all points that lie in

elements of H,

The e-neighborhood of a set S will be denoted by

N, (s).

The symbol d(x,y) will denote the Euclidean
distance between the pbints X and y. For sets X and Y
the symbol d(x.Y)-vill denote the greatest lower bound
of the set {d(x,y) | x €X, y € v}].

For definitions concerning upper semi-cont inuous

decompositions, see Steve Armentrout [2].

Remarks. It is easy to construct a decomposition
G of E> such that there is a disk D C E>/G that is not
the image of any éisk in E3, This implies that the disk
D does not P-lift. Consider, for example, the set D°
one gets from rotating the following around the z-axiss
Cl {y|y = sin 1/x, 0 < x < 1}. This is not a disk

because it is not locally connected on the segment
3

s={z10<2z<1}. If we use the decomposition of E




in which s is the only nondegenerate element, then the
image of this set D' is a disk D, but D' does not
contain any disk that projects onto D. This condition
is not true for all disks homeomorphically close éo D.
There are disks that agree with D®* except very close
to s and do project onto disks. In this thesis we will
prove an example in which there is a disk D in a
decomposition space E3/C such that for a particular
€ > 0 there is no disk D, that is e-homeomorphic to D
and P-lifts. Also, theorems will be proven giving some
conditions that guarantee that given a disk D E3/C
and an € > 0 there is a disk e-homeomorphic to D that
does P-lift. The following is such a theorem.

Theorem_ 1. Suppose Ea/b is homeomorphic to E3
and that H is countable. Given a disk D in Ea/b and
€ > 0. Then there is a disk Df such that
(1) Dg is € -homeomorphic to D.
(2) D§ is tame.
(3) D, P-lifts to Df’.
(4) Dt' is tame.

Proof. We will use Bing‘®s Approximation Theorem
[7]). which states: For each 2-manifold M in a triangu-
lated 3-manifold-with-boundaty and each non-negative

continuous function f defined on M, there is a 2-

manifold M° and a‘homgomorphism h of M onto M° such




that d(x, h(x)) < £(x), (x €M), and M° is locally
polyhedral at h(x) if F(x) > O,

Since the decomposition space is B3. the given
disk D is contained in a polyhedral 3-ball. We use this
3-ball for the triangulated 3-manifold-with-boundary in
Bing's hypothesis., For the continuous function we use
f(x) = €/2 for all x € D. Hence, there is a polyhedral
disk Dp which is €/2-homeomorphic to D.

We now will show that in a neighborhood of Dp there
is a set homeomorphic to DpX [0,1]. since Dp is a
polyhedral disk, it can be extended to a polyhedral
sphere S. The sphere S has a piecewisé linear collar
on each side. By definition, a collar is a closed
neighborhood N of S in S U (either complementary
domain of S) such that there is a homeomorphism
e s+ s X [0,1] onto N and e(p X {0}) = p for each p € s.
o Notice that D, X {s;} and
Dp X {32] are disjoint disks in Dp)( [0,1] for any
8;, 85 € [0,1] and sy # s,. Hence, O(Dpx [81]) and
O(Dpx [32]) are disjoint disks. since 6(p X {0}) = p

Hence, O(DPX {o}) = p

for each p € Dp. there is some § such that

d(e(p X {8}), p) < €/2 for each s € [0,6]. This gives
us 6(p, X [0,8]) c Ne/z(Dp)' For s € [0,8],
8(p, X {s}) < Ne/2(Dp). Let Dy = 6(D, X {s}). Each D_

is e/2-homeomorphic to D,. We now have




c={ Dsl s € [0.6]}. which is an uncountable collection

of disjoint diské. each e-homeomorphic to Dp.

For every s € [0,6) the disk Dg is tame because it
is collarable. At most a countable number of members
of C can contain points of the countable set P(H).
Hence, we have an uncountable subcollection C, cCof
tame disks that contain no points of P(H). Observe
that if a compact set contains no points of P(H), then
Plisa homeomorphism on that set. This implies that
each disk in C, P-lifts. It remains to be shown that
the P-1lift of each element of C, is tame.

Theorem (Armentrout [3]). Suppose that M is a
3-manifold with boundary and G is a cellular decomposi-
tion of M such tﬂat M/G is a 3-manifold with boundary.
Suppose K is a 2-manifold with boundary in M such that
K misses H. Then P(K) is tame in M/G if and only if K
is tame in M.

We will apply tﬂis theorem to our example. For
M/G use a 3-ball, B, containing Ci in its interior and
" such that its boundary misses P(H). For M use P-l(B).
Let K be any member of the collection Cye We still
need to know that G is a.cellular decomposition. This
we get by citing the following:

Theorem (Kwun [21]). 1f E/6 is homeomorphic to

33 and H is countable, then each element of H is




cellular,

We can now use the conclusion of Armentrout's theorem.

Every member of the collection C, P-lifts to a tame set.

Hence, any member of <, satisfies the requirements for

of. 0




CHAPTER II

CONDITIONS UNDER WHICH THE UNION OF TWO SETS P-LIFTS

_ Theorem 2,1. Suppose that A and B are compact

manifolds (with boundary), A U B is a disk in 53/c, and

AN BN P(H) = g, Suppose that A has a particular

P-1ift A such that

(1) P|a* is monotone,

(2) Any imbedding js A* <E? has the pi‘operty that for
any g GFHA.. j(g ) does not separate any component

of j(A') nor E2 and

»

(3) H* n B4 A* = ¢,

Also, suppose that B has a particular P-lift B*

satisfying similar conditions. Then A U B P-lifts.,
Proof. We must show the existence of the

following P-1lift diagram, where (A U B)" is a copy of

A UB and ¢ and h are homeomorphisms.

(AuB)' <
lqmuv

(AvB)*  ° aus

B >

(4 ve)"

‘The following diagrams do exist because A' and B* are

P=1lifts.
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/ lflhc'sy P }/ ‘,l'.,}i 517&
pa T A

A" B”

We define (A U B)*® to be A' U B' for the particular
A® and B* given in the hypothesis. Then, by the
definition of P-1ift, the natural procjection takes
(A U B)* onto A U B,

We will define (A U B)* in such a way that it is
homeomorphic to (A U B)®., Then it will be necessary to
show that (A U B)" is homeomorphic to A U B,

We first wish to consider the set that maps onto
A N B in each of the two given P-1lift diagrams above.
Since A and B are compact, AN B N P(H) = & implies that
P'l is a homeomorphism on A N B. Hence, A N B lifts by
_McAuley's definition of 1lift. Since no other points in
E3 map onto A N B by P, this 1ift is the only possible
preimage of A N B. Therefore, it must be the P-lift of
this set in each of the given diagrams. Therefore, the
-subset A N B of A gives us the following restricted
diagram, in which (A n B); and (AN B)} are the appro-
priate subsets from the diagram for A. -



Ums); c A < £

lP](nns); l"\“' J'P

3
A > (ans) ADB <= A < &%
.l,‘a’h

A D (A n8)4

T“There i:s a similar diagram for A N B considered as a
subset of B, By the above argument, we know that the
subsets (A N B)i of A*' and (A N B)§ of B*' are identical,

We are ready to _define (A U B)". 1In the disjoint

union of the sets A" and B", identify points of

» $ : " -1
(A n B)} with points of (An B)B by xp = OB , X, for

x, €E(an B)x and x, € (A n B)s. Give this set the
obvious topology:s A set U is open in the new space if
U N A" is open in A" and U N B” is open in B". The
set (A U B)” is defined to be this new space. (It is
the adjunction space A" U,_, B".)

We must now show that (A U B)" is homeomorphic
' to A U B, We know that the subsets A", B", and
(A n B)" are homeomorphic to' A, B, and A N B,

respectively, but these homeomorphisms do not

necessarilir agree on (A 0 B)". The monotone
hypothesis has not been \used yet. Note the

counterexamples (given after this set of theorems)




if this hypothesis is omitted.

We define GA' to be the set { g N A'|g € G}.
By the definition of a decomposition space, A'/GA, is
A. By the definition of P-1lift, A®' is homeomorphic to
A. Hence, A* is homeomorphic to A'/GA,.

Now we will prove that no element of H, ., separates

A'. Suppose there is a g € HA' such that g does

Separate A'. TIet A7 U AS = A' - g, where A' and A! are
1 2 1 2

separated sets. The sets Ai and Aé are closed in

A®* - g by the definition of separated. Let A = P(Ai)
and A, = P(A3). Then A, and A, are closed in A - P(g),
since the natural map is closed. Hence, if Al Ua, is
connected, then AN “2 #8. Llet p € Al n A,. Then

P l(p) n Al # ¢ and P l(p) n Aj # ¥, and, hence, P l(p)
is an element of HA. that is not connecf.ed. This
contradicts the hypothesis. Hence, it must be that A,
and Az are separated sets such that A, UA, =2a - P(g).
Now, since A U B is a disk, P(g) must have a neighbor-
hood N in A U B homeomorphic to the plane or to the
Closed upper half plane. The set N - P(g) =

NQ (Al U A, U B) is connected. Since N can have an
arbitrarily small diameter, P(g) must be a limit point
of B. Since B is closed, this implies that P(g) € B.
Since g vas chosen as an element of Hyes» P(g) €A n B,
This implies that P(g) N A N B # &, vhich contradicts




the hypothesis that A 1 B i\ P(H) = @, Hence, no

element of HA' separates A°',

Since A is contained in a disk, it is embeddable
in E2, By the definition of P-1lift, A®' and A" are
homeomorphic to A. Hence, there is an imbedding
ial A"-Ez. By our above work, for each g € G,
ia¢°1(g N A') does not separate i, (A"); by hypothesis
g N A* is connected, so its copy iaO'l(g nAa') is
connected. Since ia¢'1 is an imbedding of A' into EZ2,
no nondegenerate element intersects the boundary of
ia¢-1(g nas) = i (A"). Hence, certainly no nondegen-
erate element separates E2. Therefore, ia¢‘1(g nar*)
does not separate E2. We now define a decomposition of
E2 such that the elements are points of E2 - ia(A”) and
the sets ia¢'1(g N A'). since this decomposition is
Closely related to G,, of A", let us call it ,..

Analogous statements can be made for B* and B", and

- 2
finally a decomposition G of E .,

B"
We now quote Moore's Theorem: [26]s If.G is an
upper semicontinuous decomposition of the Euclidean
plane g2 into compact éontinua such that no element of
G separates E2, then the decomposition space associated
with G is homeomorphic to E2, our decompositions éA"

and 6, of E? satisfy these hypotheses, Therefore,

EzléAuand Ez/éB“are homeomorphic to EZ2,
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In [22] McAuley defines shrinkable in the following

manner, _
Definition. Suppose that G is a u.s.c. collection
£illing up a metric space M and that H is the
collection of all non-degenerate elements of G, We
say that H is shripkable in M if and only if for
each open covéring U of H, ¢ > 0, and a homeomorphism
h of M onto M; there exists a homeomorphism f. of M
onto M such that
(1) £, =h on M - U*, and
(2) for each g in H

(a) diam fe(g) < €, and )

(b) there exists D in U such that h(D) o

h(g) v r.(g).

The following recent result of Siebenmann [28] is

stated here in the 2-dimensional case without boundary.
Theorem. Suppose that P: X-X/G where X and X/G
are 2-manifolds without boundary and P is a CE map.
-Then G is shrinkable (McaAuley).
Here, a CE map is a cell-ljke map, which means that
it is a map f1 X~ Y such that for each point y € Y,
£71(y) is a compactum that can be imbedded in some
euclidean space as a cellular set.

We wish to use this theorem for our decomposi-

tions xz/EA, and 22/68.. In E2, if a set S is a




16

compact continuum that: doesn't separate Ez. then S is
Ccellular. The proof of this well-known fact easily
follows from an arqument in Whyburn [29 » p. 170].
Since both our decomposition spaces are homeomorphic

to Ez. we satisfy Siebenmann's hypothesis that X and

X/G are 2-manifolds. We now know that Ez/éA,, and .

Ez/éB.. are shrinkable.

We wish now to apply the followings

Theorem (McAuley [22]). Suppose that G is a
u.s.c, decomposition of a complete metric space
M. Furthermore, H (the collection of all non-
degenerate elements of G) is shrinkable and M is
locally compact at each point of H*. Then the
decomposition space is homeomorphic to M.

We will use shiinkability of each of EZ/EA.,

to get shrinkability of (A U B)"/G(AUB)"'

where G( AUB)" is the decomposition induced by
the decomposition of (A U B)'. Let € > 0 be given.

Let €U be an open’'covering in (A U B)" of H(AUB)"'

let Vv = {a component of [U - (A n B)" - Bd A" - Bd B"]
U € U}, Let CVA"={ve¢V|vnA";£m and

Vg = {VE V|V B" #@}. Notice that Ve, 0 evE =

@, because elements of these covers are connected sets

and (A N B)" separates (A U B)". ‘VA" is an open cover

in A" of H,,. Let 1,9V, = {1,(V) |ve “V,.}. This
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is an open cover of A .+ the nondegenerate elements of

A
EZIG.A.. o Since this decomposition has been shown to

be shrinkable, given & > 0, there is a homeomorphism

fan 32-82 such that

2

(1) £y is the identity on E“ - iacv-,,. and

A
(2) for each g € Hyw

(a) diam fa(g) < §, and
(b) there is a ia(v) € 1ach" such that

AR R NG RER
Define £ _ = i "}
A" a

(1) on f_» we know that fam is the identity on

fa l iaA". Since we have condition

A" - Vi o Since i, is an imbedding, we can take it

to be the identity on the set on which it acts. Hence,

we can take § above to be the given €. We now have that

(2) for each g € HA"

(a) diam fA"(g) < €, and

(b) there is a V € €V« Such that fA,,(V) =)
fh,,(q) U gq. '

On B” there is an analogous shrinking homeomorphism

fawe We can now define a homeomorphism
f s (AUB)"-(A U B)"
(AUB) (AUuB)*-(AUB) by
. . fA" on A"
A - y
(AuB) £, on B"

The homeomorphism £ has properties on (A U B)"

(auB)"

" with covering U analogous to those stated above for -



with covering ch"' Hence, is shrinkable., .

Haus)»
We are now ready to apply McAuley's theorem, For M

in it we use (A U B)". The set M is then a complete
metric space and is locally compact, Hence,

(AuB)'/G is homeomorphic to (A U B)", where

(AUuB)”

co g " _
G(AUB)" is the decomposition of (A U B)" with nonde

generate elements H

AuUB)" °*

Now by the hom;ou:orr):hism ¢ we carry this over to
the space (A U B)® and find that (A U B)*/ G(auB)®
is homeomorphic to (A U B)'. (Notice that we chose
to work with the decomposition of (A U B)" instead of
(A U B)*, because (A U B)®' c 33 and the shrinking in an

open cover of H may move nondegenerate elements

(Aus)’*
out of (A U B)* .) By the definition of the decomposi-
tion G(AUB)" the set A U B is homeomorphic to

[
(AU B/ Ciays)

(A U B)*, which we wished to know for the P-1lift diagram.

« Hence, A U B is homeomorphic to

Also, A U B is homeomorphic to (A U B)", giving us h in
the diagram. D

The conditions in the hypothesis of Theorem 2.1

on particular P-lifts A®' and B' may make the theorem
hard to apply. We will prove some lemmas to replace
hypotheses ‘about A* and B' with hypotheses about A, B,

and the decomposition G.




Lemma_2,1. Suppose that A is a compact manifold
contained in a disk D < Ea/b and that A has a P-liff
A'. Also, suppose that A N P(H) is O-dimensional.
Then P|A* is monotone.

"Proof.' Suppose that P|A's A' <A is not monotone,
Then there is an element g of G such that g N A® is
not connected. Let s and t be components of g N A°
(not necessarily all of g N A'). For each positive
integer n, consider the 1/n neighborhood of P(g). In
AN NI/H(P(Q)) let N, denote the component containing
P(g). 1If, for every n, s and t lie in the same combo-
nent of P'I(Nn). then s and t are connected., (We use
here that A is compact implies that A' is compact, and
hence, that in A* the limiting set of connected sets
is connected.) Since this contradicts our assumption,

" s and t must lie in different components. Let U, and

U, be the components of P'I(Nn ) containing s and t,
o

respectively.

The set_Nno is an open (with respect to the disk)
subset of a disk. Hence, it is a 2-manifold. Hurewicz
and wallman EB. p. 48] prove that any n-manifold cannot
be disconnected by a subset of dimension less than or
equal ton - 2, Therefore, Nho - P(H) is connected.
The map P~! js a homeomorphism on this set. Hence,

-1 - or
P (Nno P(H)) is connected. Therefore, Ug U,




contains no point of P'l(Nno = P(H)). Suppose Ug

contains no point of this set, and therefore, that
Us C He*,

We note that a compact manifold can have only a
finite number of components. Hence, A' has a finite
number of components. let C be the component of A*
containing Uge If C is not also the component of A*
containing Ut’ then P(A) = A has fewer components than
A® and this contradicts the P-1ift requirement that A
be homeomorphic to A'. Hence, vt c C and Ug is not al1
of C. The set U8 is open in C and s is compact, so s is
not all of Uge The facts that Ug is connected and s is
@ component of g N A®* imply that Ug = sé&gnar,
Therefore, 1-’(Us = 8) Z P(g) = P(s). But P(Us - 8) U P(s8)
= P(Us). Hence, P(Ug) is not degenerate. The set Ug
is connected, so P(Ug) is connected. Now, since .
P(Us)_c P(H), the set P(Us) i‘s O-dimensional. We now
have a contradiction of the fact that any connected
O-dimensional set is degenerate and this proves our

lemma.

lemma 2,2. Suppose that A and B are closed sets,
A U B is a disk in E3/G. the set A P-lifts, and |
AN BN PH) = g, Also, suppose that for a particular
A* the map P|A' is monotone and that each g €EH,, is a
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2

dendron. Then, for any imbedding js A'-E® and any .

g € "A" the image j(g) does not separate E2 or any
component of j(A').

Proof. First, we show that, for any g € Hpoo
the set g does not separate any component of A°,
Suppose there is a g that does separate a component C
of A®’, Also, suppose that P(g) does not separate P(C).
Since g separates C, there are disjoint sets S;, and S,
c C = g such that S; and S, are each closed with respect
to C - g. sSince P is a closed map, P(S;) and P(sz) are
each closed in l;(c) = P(g). Therefore, if they are not
a separation of P(C) - P(g), they must have a common
point, say x. Now P~}(x) is not connected. This
contradicts the hypothesis that P|A' is monotone. _
Therefore, not both assumptions at the beginning of t};ne
paragraph are valid and we suppose that P(g) does’
separate P(C). -
. Now A U B is a disk and one point can not separate
a disk. Therefore, P(g) does not separate A U B,
Hence, P(g) is the limit point of a sequence of points
Xyo XgpooerX 000 such that for each i, the point xy is
in (A U B) - P(C). 1If, for infinitely many i, the
-point x; is in B, then P(g) € B. Since P(g) € é. and
g is nondegenerate, we have P(g) € A n B n P(H), which

contradicts a hypothesis. Therefore, we can assume
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- that for every i, the point Xy €A - P(C). But
P(xi) € A* - C for every i contradicts the assumption
that C is a component of A' and, hence, separated from
A' = C., Therefore, g does not separate any component
of A* and j(g) does not separate any component of j(A®).
It remains to be shown that j(g) does not separate
Ez. The set j(g) is a dendron or a point, because it
is a connected subset of a dendron. Hence, it cannot

separate the space, and we are through. U

lemma 2,3. Suppose that A is a compact manifold
contained in a disk D c E3/C. A has a P¥1ift. ahd
(Bd A) n P(H) = @, Furthermore, assume that P|A® is
monotone for every P-lift A', Then, for any imbedding
Is A'-Ez and any g € Hpus j(g) does not separate any
component of j(A') or E2, Then, also, H* N Bd A* = g,

Proof. Observe that each component of Bd A is a
simple closed curve. This is shown as follows: Since
A is a compact 2-manifold, its boundary is a compact
1-manifold. A compact l-manifold is an arc or a simple
Closed curve. Since an arc can not be a boundary
Component of a compact 2-manifold, each component of
Bd A must be a simple closed curve. Notice that
(Bd A) N P(H) = @ implies that P~Y| (Bd A) is a

honeomoiphism. 80 each component of Bd A lifts to a
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simple closed curve.

We first show that P~1(Bd A) < Bd A' for any A°.
Suppose not. Then let x € Bd A be a point such that
P"1(x) € BAd A'. Let J be the component of Bd A contain-
ing x. lLet c~be the component of A' containing P.I(J).
Since P.I(J) has a point not in'Bd A', the simple closed
curve P~1(J) separates C into disjoint, open sets ¢, '
and C, that have P"1(x) in their boundaries. Now
P(c; uc,) =p[c, uc, urlw) - Pl)] =
Plc, uc, U P )] - 3. The set P[c, UC, U P )]
is connected. The simple closed curve J is in the
boundary of this connected set, so it cannot separate
it. Therefore, P[c, uC, U Pla)] -7 is connected
a_nd. hence, P(cl v Cz) is connected. Of cwrse; c,uc,
is not connected. Since P is a closed map and C; and C,
are each closed in €, U Gy, the sets P(C,) and P(C,)
must each be closed in P(C, U C,). Therefore,

P(C,) v P(Cz) being connected implies that there exists
a point y € P(Cl) n p(cz). Then P"l(y) nc, and

P"l(y) n C, must both be nonempty. This means that
P-l(y) is not connected and contradicts the hypothesis
that P|A* is monotone. Therefore, P 1(Bd A) > Bd A',

' Next we show that P~1(BA A) C Bd A*. Since A is a
compact manifold, Bd A has a finite number of components,

By the P=1ift hypothesis, Bd A' must have the same
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number of components.. Since each component of Bd A
is a simple‘close& curve that 1lifts into Bd A*, these
simple closed curves must be all of Bd A’, and there
can be no point in Bd A* - P"1(Bd A). We now have that
Bd A* = P"1(B4 a).

Since P"1[(Bd A) n P(H)] > P~1(Bd A) n H* =
Bd A* N H*, the hypothesis that (Bd A) n P(H) = &
implies that Bd A* n HK* = @, which is one of the conclu-
sions of this lemma. A

Now we will show that, for any imbedding js A* _32'
and any g € HA" j(g) does not separate any component
of j(A'). Suppose that j(g,) does for some gy € Hpeo
Then from Bd A®* N H* = @, it follows that go € Int A°,
Let K be the comi:onent of A* containing goe Because A
has only finitely many components and is homeomorphic
to A', P can not map two components of A' into one
component of A. Therefore, P(K) is all of the component
of A containing P(g,). Since g, separates K, we can »
set K- g, ®= S UT, vhere S and T are disjoint sets
each closed in K - d,. Since P is a closed map, either
P(S) and P(T) have a point in common or they are separ-
ated. Suppose y € P(S) n P(T). Then P"l(y) ns # 9@
and P 1(y) n T ¥ @, which contradicts the monotoneity
of P, Hence, P(S) and P(T) are separated in P(K) =
P(g,), and P(S) U P(T) U P(g,) = P(K). Since P(g,) €
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Int A, ve now have the open set Int P(K) separated by
a point, Because Int P(K) is homeomorphic to an open
subset of the plane, we have a contradiction, and hence,
j(go) does not separate any component of j(A') for any
go € Hpoo

If, for some g, € Hae, j(go) separates E2 but not
any component of j(A'), then j(go) is in Bd j(a*).
This implies that P(gy) € Bd A, which contradicts the
hypothesis, thereby completing the proof of theb lemma, (]

We can combine Theorem 2.1 with Lemmas 2.1, 2.2,
and 2.3 in various ways. 1In Chaptér III we will use:

Theorem 2,2, Suppose that A and .B are compact
‘manifolds that each P-1lift; A U B is a disk DcE3/G;
AnBn P(H) = g3 (AUB)N P(H) is O-dimensional,

Then A U B P-lifts,

amples he necessi some h
hypotheses of theorems and lemmas in Chapter II.
Example (1). If "A is a closed set™ is omitted
from the hypotheses of Theorems 2,1 and 2.2, we have
the following counterexample,  which is shown in Figure 1.
Let [si} be the sequence of nested topological

2-spheres:
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Figure 1

i = {(x,y,2) I Ix| £1/2 +1/i, |y|s1/2 + 1/i, |z|= 1/i}
U {(x,y,2) | |x]< /2 + 1/4,|v|= 1/2 + V/4, |z]< /i)
U {(x,y,2) l Ixl= 1/2 + 1/i,)y|< /2 + /4, |z|< V/i).
From the top face of each $; remove the interior of a
disk, Di' with diameter 1/10, If i is odd, remove

Int D:l from the ieft third of the top face of S If

i.
i is even, remove Int Dy from the right third. Let
.gi,' Si = Int D;. Let 9 be the limiting disk

{(x,v,2) |IXI.<_ 1/2,|y|< 1/2, z = 0}. Let the




nondegenerate elements of our decomposition be

H = {g., g3, g2sec.}. Now, in E3, there is a copy,
C, of the set ({sin 1/x|0 < x <1}X[0,1] such
that C N H* = F and the limiting set of C is in 9oe
Since C is homeomorphic to a disk minus.a boundary
point and P is a homeomorphism on C, P(C) U P(go)

is a disk in E3/G. For our counterexample, we use

A =P(C) and B = P(go). Then A U B does not P-l1lift,

though each of A and B does.

Example (2). Suppose that (Bd A) n (Bd B)
contains a nondegenerate element, but we violate no
other hypothesis in Theorems 2.1 and 2.2. Then the
following counterexample exists.

Figure 2a shows a 2-complex C in E3. The only
nondegenerate element in C is a segment ab. The image
P(C) is a disk in the decomposition space. The heavy
lines  in the figure project onto the boudary of the disk
D. Pigure 2b shows the choice we make for A' and B°.
Then A = P(A*) and B = P(B') is our counterexample.

It is interesting to observe some other properties
of this example. The sets A and B are disks. Their
intersection is an arc in the boundary of each. The
set F (A n B) is T-shaped and contains the P-1lift of

A N B as a proper subset,

.




.Figure 2a

Figure 2b
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Example (3). We get the following counterexample
if from Theorems 2.1 and 2.2 we delete that A U B is a
disk, A is a manifold, and P(H) is O-dimensional, or
that there is a particular A® such that PIA' is mono-
tone. 1In this example there is a related counterexample
for Lemma 2.1,

In E3 let the nondegenerate elements be a set of
semicircles in the y = O plane: (See Figure 3)
{s(r) l 0<r <1}, vheée each set S(r) is the semicircile
{(x,z) Ilz >0, x2 +22 = r2}. We now choose A' to be

the union of two arcss

o

- A' = {(x,y,2) ||x|5 2, y=0, z=0}u

{(x,y,2) !x =0, y=0, -1 <z <0}
Let B® be the arc [(x.y.z)l 0<x<1, z=-=x, y =0},
Notice that since A is T-shaped and the nondegenerate
elements project onto its interior, no subset of A' can
be a P-1lift--a subset could not both be homeomorphic to
" the T and project onto A. '

H.—

7~ “\\\\ A

-\
l,l/ill/ \\ \1 \\l - A'
. -_
E;, P +-----£3

Figure 3
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Example 4. If we delete the manifold requirement
on A, we get this counterexample of Theorem 2,2, For

Theorem 2.1, this example also deletes the conditions

concerning separation of e by j(g) and H» 0 Bd A* = g,

Both conclusions of Lemma 2,3 are false when “manifold"”
is deleted. The only deleted hypothesis for Lemma 2.2
is the dendron condition and the conclusion is then
false here,

(See Figure 4) Let S be a bounded sequence of
disjoint disks in E3/G. Let D be a disk such that
SC Int D Let A = C1(D - S) and B be a disk (with no
holes punched out) such that SCc Bc D £ B, NowA-B £ &,
our decomposition has exactly one nondegenerate element,
namely, gg. The point P(gy) is in A - B, and g, is
the boundary of a di.sk in s. We now have that A®* U B'®
not homeomorphic to A U B, because A U B is a disk, and
A' U B®* has one hole punched out. Both A®* and B' are
unique P-1ifts, so A U B does not P-lift.

Examples concerned with the method of proof.

Consider the following two statements.
I. A and B each P-1lift., Then A U B P-lifts.
II. A' and B' are given P-lifts of A and B. Then
A®* U B" is a P-1ift of A U B,
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The proof of Theorem 2.1 consists of showing that with
additional hypotheses, statement II is true,

" Theorem 2.2 is an example of statement I. Obviously,
(not II) does not imply (not I). We have seen examples
where I is not true. Our next examples are cases
where II is not true, but I is true. These show for

the method of proof the necessity of certain hypotheses,

Example 5., First, we have a simple example
illustrating that (not II) does not imply (not If;
The upper space is a disk D. The only nondegenerate
element is a segment s in its interior. Llet

A=P(D-5s ), B=P(s), and B' be any point in s,

let A' be D - s, Now A* U B' is not a P-1lift, although

the set A U B does have all of D as a P=1lift.

D




Example 6. If in the proof of Theorem 2.1 we
do. not use an A' satisfying P|A' is monotone, then
we get the following counterexample to A' U B* is
a P-1ift of A U B, Notice that in this example, the
choice of the right half of the given disk A‘' is
itself a P-1ift whose projection does have the monotone
property. Hence, A U B does P-1ift to this subset oy
A* U B',

(See Figure 6). InE> let,

A' = {(x, vy, z) | |x| £1, |y| <1, z = 0} and
B* = {(x, y, z) [x =0, |y| <1, -1 <z <0}.

Let the set of nondegenerate elements H be the set of

semicircles { s(y, r)l ly] £1, 0 £r £1}, where

S(y, r) = {(x, y, z) | z2>o0, x2 + 22 = r?}.

Then the nondegenerate elements of the decomposition
of A® are the pairs of points

{(=x, v, 0), (x, y, 0)) | 0 <x < 1,fy| <1},
Now A and B are each a disk inEalG and AN B is an
arc :I.n the boundary of each. Obviously, A®' U B*

is not a P-1ift of A U B, since it is not ho:x;eomorphic

to A U B,

Example 7., If from the hypothesis of Lemma 2,1
we delete the requirement that A be a compact manifold,

we get the following counterexample to-the conclusion.




Figure 7
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This example can be used to show that not every A' U B*
is a P-1ift of A U B,

A is an infinite bounded sequence of disjoint
disks. Let D be a disk such that A c Int D. Then let
B =Cl (D - A). In the upper space there is only
one nondegenerate element--a disk, whose image is in
the interior of one of the disks in A, This set A is
the counterexample of Lemma 2.1, Note that if we
choose the particular P-1lift of A®' that includes the
nondegenerate element, then A' U B' is not a P-lift

of A UB., (See Figure 7.)

Example 8. In the proof of Theorem 2.1, we showed
that a P-1ift diagram for A has a P-1lift diagram
restricted to the subset A N B, In general, if Xc Y
and Y P-1ifts, it is not necessarily true that X P-l1lifts.,
Consider the following example. let a segment s be
the only nondegenerate element. lLet s be in the
interior of a disk D. let t € D be a sin 1/x curve
with s its 1limiting set. Then P(s U t) is an arc in
P(D). Though P(D) does P-1ift to D, the subset P(s U t)
does not P-lift. For this example, there does not |
exist a P-1ift diagram restricted to the subset

P(s U t). (see Figure 8):




Remarks.

Observe that, in Example 2, (A N B)* £ A* n B,
‘This leads us to ask:
Question., Does substitution of (A N B)®' = A' N B*

for AN B N P(H) = # in Theorem 2.1 result in a valid

theorem?

As one considers possible useful notions, he is
lixely to consider concepts of minimal or of unique
P-1lifts. Examples 6 and 7 are ones in which minimal
P-1ift would be useful. One can define A’ to be a
minimal P-1ift of A if, for any x € A*, A' - x is not
a P-1ift. In (7), the minimal P-lifts are unique.
Monotoneity is the needed property in (6) and (7).

In the following example, we have an infinite number
of different minimal P-1ifts, but only one is monotone.
Hence, we see that using an arbitrary minimal P-1ift A°®

will not guarantee that P|A* is monotone.




Example 9. Let the nondegenerate elements in E3
be those of example (6)., Here, for the set A we use
two arcs whose union is a letter T, and such that there

exists the P-1lift shown in the following figure,

Note that this P-1lift is minimal, but not monotone.
Following are two other minimal P-1ifts of A. The

one shown at the right is the minimal P-1ift that is

Pigure 9B

The concept of unique P-1ift does not guarantee




that the sum of two such P-1lifts will be the P-1lift
of the union of the images. We see this from a
slight change in Example (3). Now let the nondegenerate
elements be the appropriate pairs of points instead of
the semicircles. Here, unique P-1lift does not give
us monotone,

. One also might hope that the existencekof unique
P-1lifts for each of A and B would guarantee some
" niceness on their common boundary. This is

either, as we see in the following.

Example 10. A°® is a disk and B' is an arc, disjoint
from A'., The only nondegenerate element is an arc,
which intersects the interior of each of A®* and B®' in

a segment of eachs A U B does not P-lift.

BI
Al

lP
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Example 11. 1In all the theorems and lemmas either
P|A* and P|B' are assumed to be monotone or proved to
be, Hence, the following example is interesting. 1In
it, the existence of the P-lift depends on the fact
that the decomposition A®' is not monotone. 1In this
example, we consider a set A and its P-1lift A°,

The set A' is contained in E2, Each nondegenerate
element is a circle plus a point disjoint from the
circle. There is a bounded, countable set of such
elements, as shown. The P-1lift A® is the union of
these nondegenerate elements and an arc, as shown.
Notice that the existence of the P-1ift for A depends

on the inclusion of the subarc @ in the figure. If

P(a) is not included in A, we observe that A - P(a) ¥

A®NA* s P 1[A - P(a)], where ® denotes homeomorphic,

Hence, A - P(a) does not P-l1lift.

‘9’) ?(9,) P(ﬂi)

Figure 11




CHAPTER III
DECOMPOSITIONS IN WHICH THERE EXISTS A P-LIFTABLE
DISK HOMEOMORPHICALLY CLOSE TO ANY GIVEN DISK

Theorem 3.1. Suppose that 83/6 is homeomorphic to
E3. H is countable, D is a disk in Ea/G-, and C is a
compact manifold in D. Furthermore, suppose that
(i) (Bd C U Bd D) n P(H) = g,
(ii) D - C has a finite number of components, and

(iii) C P-lifts. -

% . 3 1
Then, given € > 0, there is a disk De such that

(1) D:' is e-homeomorphic to D,
(2) The e-homeomorphism is the identity on C, and
(3) D} P-1ifes.

Proof. In l'-:3/G we use Bing's Approximation Theorem
[’7] to approxiq\ate D. For each x € D, let f(x) for this
t:heor_ep: be min {e/2, d(x,C)}. We get a disk D, that is
€/2 homeomorphic to D and is locally polyhedral on
I.)a = C. We will now show that this implies that there
is a locally finite triangulation (possibly infinite)
for D, - C. (Hudson [18] proves this, but we include a
pProof here because we wish to use properties developed
for the particular-triangulation in this proof.)

Let « > 0. Iet Al a C1(D, - N,(C)). (See Figure
12.) since Al c D, = C, for every x € Al there exists
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an open set Uy containing x such that Cl Uy is a
polyhedral., Since Al is compact, the covering
{Ux |x € Al} of it has a finite subcovering

{u,, Ugseees Unll'. Let T; be the triangulation of

Cl Uj. The triangulations T;, Tosreces Tnl induce
a common triangulation T! of {C1 Ups C1 Upeee, C1 U, e
Hence, there is a complex Bl such that

(a) IBll > al,

(b) IB]‘I N Ngs2(C) = @. We may have to subdivide
simplices of T to be able to satisfy this. - Next,
let a2 = c1[D, - Ny p(C)]. Note that a2 > |Bl|.

We can find a complex Bz such that

(a) |B2| > a2,

(b) [B%| n Nysu(C) =4, and

(c) in the complex B2 the triangulation of |81| is

a subdivision of Bl. Using IntlBllas one set in the
covering of a2 will insure this condition. Let
Alaca (Dé - Ng/,i-1(C)), i > 3. suppose that

Bi"1 nas been found. We obtain a complex Bl such that
(a) lBiI > ai,

(b) IBil n 'Na/zi =4,

! the triangulation of a4

i-1

(c) in the complex B

vis a subdivision of B
i

» and
(d) in the complex B" the triangulation of lBi'zl

is the same as the triangulation of [81.2| in the



complex 81”1, we obtain this condition by subdividing

only simplices intersecting Al-l - Ai'z.
(e) No simplex in lBi]-lBi'll has diameter greater
than 1/21. This is not necessary for the present

argument3 it is for later use.

Let Ti be the triangulation of Bi. Let T =

{0 | there exists an i such that o € Tt and lo] clsi‘ll }.

Observe that, given p € D, - C, there exists ar; integer
i > 1 such that @/,j-1 < d(p,C) and hence, p el Bi-ll.
This implies that for every p € D, = C there exists a
éimplex 0 €ET such that p € |a| . After the ith stage
the simplex ¢ € Bl such tnat p € ]a] is not subdivided,
and after the i + 1 stage, no simplex A such that

lal n |A] # 0 is subdivided. Therefore, the inter-
section properties (i.e., if, for any

gy € Bi+1 l

o| n |o,] # 0, then 6 n o, is a common
face) for ¢ € Bi*l are aiso the‘ intersection properties
for 0 €ET. This implies that T is a locally finite
triangulation of D - C. .

Let v,, Vareees Viseeo be the vertices of the
triangulation T on D, - C. By moving these vertices
slightly, we are going to obtain a new complex close

to D, = C and missing P(H).

First, we adjust Vie Near v; we will choose a

new vertex and call it v;. This v; will be chosen




so that:
(1) dlvy, vi) < /2,
(2) For any p € segment [v;, vi], the cone of p over

Lk vy is a disk that is bounded by Lk v;. Call this
disk Epe (If vy = p, then E; = St v,.)
(3) (D, - st vy) n Ep = 4.
(4) Eyi N P(H) = 4.

We will find a segment ["1’ r] such that if p
is‘ any point in this segment, then p satisfies (1),
(2), and (3). Then ve will choose v] € [v,, r] so that
it also satisfies (4).

We easily satisfy (1) by requiring that
r € Nesp(vy).

Concerning (2), consider Figures 13 and 14,
Vny* vnz....vnk are the vertices in Lk v;. 1In
. an'd v lie in

n3
is slightly behind the

Figure 13 (a)vsupApose that vnl. v,.l2

the plane of the paper, and vy

paper. Figure 13 (b) shows the cone over the same

Vi .vnz' and v,.. from a point q above the paper.

n3
If we vere to choose v; to be q, (2) would not be
satisfied. In figure 14, we assume all vertices

lie in a plane. If we were to choose v, to be q in

1
this case, (2) would not be satisfied., We postpone »
stating the condition on r that will a‘ssure.us that

v satisfies (2).



. Figure 14




Now consider Figure 15,

Figure 15
Not all vertices of St v, are shown. vj is not a
vertex of St vy, but it is a vertex of St St Vie
If v were chosen to be g, then condition (3) would
be violated,
We now state the condition on r that will assure

that v, satisfies (2) and does not violate (3} in the

1
above manner. Let V be the set of vertices of St St Vie
V is a finite set, because T is a triangulation.

There is a finite set P of planes {P;, Pp,ees, Pnj

such that each contains 3 vertices of V, and there

is a finite set L of lines [Ll, Loseces Lm} such that
each contains 2 vertices of Ve Let d =

min { l_nei.npd(vl. P;), Lx.neinl‘d(vl, L;)}. Choosing

Py i
Vlﬁ Pi Vlg Li

r € Nd("l) and in general position with respect to the

‘vertices in V assures that (2) will be satisfied and
that (st st vy =St vy)n Ep = @, The last condition
is part of (3). For (3) we must also avoid intersections
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of Ep with points outside St St vie This we do more
easily: et d = d(st vye D = St St vi). We now

require that r € Na(vl).

We now know that if we choose vi b0 B W point
in [vy, r], it will satisfy (1), (2), and (3). Since
r is in general position with respect to the points in
the set V, for any Py, P, € [v,, r], it must be true
that <v“i' vnj. P> N <v"i' vnj. py) = <v"i' vnj> for
- any simplex <v"i' vnj) in Lk v;. (See Figure 16)
Only countably many of the disjoint sets Sp =
. |<vni' Vi 5° p)l - l(vni. vnj)l can contain points of the
countable set P(H). There are uncountably many points
p in [v,, r]. Therefore, there exist uncountably

many points p; € [v,, r] such that s i 0 P(H) = &,

P
Since there are only a finite number of vertices in

Ix vy, there exj.sts v; € ["1' r] such that (4) is

satisfied.-
x .h
. Pi
.
9 Pa
a;‘. . '\r.
&

Figure 16
In the complex D = C, we now substitute E"i for
St vj. Since we have condition (3) satisfied and the

two disks Evi and st vi are €/2-homeomorphic under a



homeomorphism that can be taken to be the identity on
their common boundary, D, is €/2-homeomorphic to the new
set D3 - St vy + E"i' This set D, = St v; + E"i is a
disk; call it Dy3. D,; O C because C N St vy = 4.

Day - € is a complex with vertices vy, Vy,eees Visees o
Let us now adjust v, to v,. For (1) now use

d(vy, v3) < €/4. We get a disk D,, homeomorphic to Dy,
(We postpone discussion of the closeness of this

homeomorphism.) Now, we repeat the argument starting

with the statement that D,, = C is a complex with
vertices vy, V3, Viieee, Vjseee o oo The inductive

step is: Suppose that - C is a complex with

Da(j-l)

j-lr vjp--o Mjust Vj to Vjo

For (1) use d(vj. v}) < €/,j+l. ... We can now define

vertices vJ, vi..... v

D! = C U lim (D_. - C). We will show that:
€ -» 00 aJ

() D:- = C is polyhedral.

(ii) D} - C misses P(H).

(iii) D:' is €/2-homeomorphic to D, by a homeomorphism
vhich is the identity on C.

To know that D:' - C is polyhedral, we must know
that there is a set of simplices such that every point
of D:' = C lies in the underlying space of some simplex.
and that the simplices have the intersection properties
of a triangulation. Our proof here is analogous to

. the earlier proof that T is a triangulation. In that




proof we noted that, given a simplex, there is a stage
after which this simplex is not changed. Here, there
is also a stage after which a simplex is not changed
. again.
- . - . . . 1 -
Suppose that (vi, Vj' vk) is a simplex in D, C.
Suppose that k > j > i. Then we know that v; was
chosen so that it is not a point of P(H), that v3 was
chosen so that the segment [vg. vi] misses P(H), and
> - L d - L4 L d
that v, was chosen so that(<vy, v3, vl [vj' vi]
misses P(H). Therefore, D;‘ - C misses P(H).
The argument above showing that D, is e/2-

homeomorphic to D53 can now be used to show that

N +1_ . .
Daj is G/zj V'homeomorph:.c to Dy(j-1)+ Let us

' call this homeomorphism fj * Dy(j-1) = Daj .
Let hJ- = {J"fj-f secefP £, o Then hj $ D, - Daj
and hy is a homeomorphism. Let h =Jl_i.m”hj. We
claim that R is an €/2-homeomorphism of D, onto
D3,
That h is 1-1 is immediate. The definitions of h
and D, imply that h is onto D}.
Next, we check the continuity of h. Suppose
X € C. since this implies that fj(x) = x for all j,
we have that h(x) = x. Hence, h is the identity

on C and h is continuous on Int, C. ‘Consider next
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x € D, - C. This implies that x has a closed neighbor-
hood N missing C. In the notation of the beginning
of the proof, there is an i, such that x € N plo™2 |
since B0 nhas only a finite number of vertices, there
is an integer m such that hp(x) = hm+j(") for all
j >0, x € N, Hence, h(x) = h,(x) for all x € N,
Since h;, is a homeomorphism on Dy, h is continuous
in Int N. This gives continuity cf h on Dy = C. We
now check continuity of h on BdD C. Given x € Bdp C
and Y > 0, we will show that there exists 6 > 0
such that for any y satisfying d(x, y) < 6, it is
true that d(h(x), h(y)) < Y. We note that condition
(e) stated before the definition of the triangulation
T implies that if x is in BdpC, then x is a limit point
of the set of vertices of T. Since, by definition fj’
does not move any point more than €/2j+1 we can choose
j such that e¢/2j+1 < Y/3. Observe that, if
x Gvi. 5 Yk then h(x) € vi, 5. Vg » and this
implies, ‘since each homeomorphism is piecewise linear,
that .
d(x, h(x)) < min {d(vy, vi), a(vy, v}), d(vy, vig)l.
Choose a neighborhood N of x € Bd C such that
180 {vy, Vreees vj} = Z. Then f£j.) is the identity
n N and d(x, h(x)) < ¢/23+1 for x € N. Hence, if we

choose y € N n Ny,3(x), then d(y, h(y)) < ¥/3. Now



d(h(x), h(y)) < da(h(x), x) + d(x, y) + d(y, h(y))
< v/3 + Y3 + V3 =v

Therefore, we choose 8 > 0 such that Ng(x)c ﬁnNY/3(x).
This implies that h is continuous for x € Bdp C.

Finally, to know that h is a homeomorphism, we must
still check that h~l is continuous. The arguments are
similar to the above ones. If h~1(x) € Intp C, we have
continuity because h~l jis the identity. If
h(x) € D - C, we find a neighborhood of h(x) such
that h™! is the inverse of the composition of a
finite number of homeomorphisms in this neighborhood.
If h(x) € Bdp C we again use an "e-5" argument.
Condition (e) again makes it possible to find a neighbor-
hood, each of whose points is moved less than 1/3 of
the given "e". We will not carry through the details,
since they are very much like the above argument,

We now have shown that h is a homeomorphism on
D and on C1(D - C). That it is an e€/2-homeomorphism
follows from the observation that if no vertex moves
more than €/2, then no point does. This completes
the proof that D, is ¢/2-homeomorphic to D}. under a

homeomorphism that does not move any. point of C.

We will use Theorem 2.2 to show that Dé P-lifts.

C and C1 (D} = C) are the sets A and B, iespectively.

of Theorem 2.2. It is given that C is.a compact




manifold. Since C is compact and D - C has a finite
number of componehts. Frp C has a finite number of
components. Each component of Bd C is a simple closed
curve. (This is shown in Lemma 2.3.) Hence, Bd (D - C)
has a finite number of components, each of which is a
simple closed curve. This plus the fact that Cl1 (D - C)
is contained in a disk implies that it is itself a
compact manifold. Since h is a homeomorphism of

Cl1 (D - C), we now have that C1 (D% - C) is a compact
manifold. C P-1lifts by hypothesis. Since

[ca(p} - c)] n P(H) = @, the set C1(D} - C) lifts.
Hence, it certainly P-lifts., Bd(D} - C)=Bd C U Bd D.

Therefore, using hypothesis (i), we have that

[Ba ¢ u Bd(c1(D - C))] n P(H) = 7.

Hypothesis (ii) implies that C, Cl(D% - C) and their
complements each have only a finite number of components.
Since H is countable, P(H) is O-dimensional. We have
satisfied the hypotheses of Theorem 2.2, so it gives
us the conclusion that Dg P-lifts.,

Definition. (Armentrout [27, [4]) M1, My, My,*** is
a defining sequence for a decomposition G if and only
if M;, My, M3,... is a sequence of compact 3-manifolds-
viﬁh-boundary in E3 such that:

(1) For each positive integer i, Mj4; € Int Mj, and




(2) g is a non-degenerate element of G if and only if
g is a non-degenerate component of iﬁlMi’
Suppose that g € H and U is an open neighborhood
containing g. We will show that then, for some i, and
jo' there is a manifoid Biojo that is the joth

component of the manifold M; of the defining sequence
: o

and satisfies g < Bj C U. Suppose not. The facts

3
oJo
that g is contained in iﬁlMi and g is connected imply
that for every i there is a ji such that g Bjj.e

i

If for no i, C U, then for each i there is a point

B: .
lji I,
x; € Biji - U. Since the seguence {xi}i=k is contained
in the compact set My, it must converge to some point
x € M. Since x; is an element of the manifold Bij

containing g, there is an arc a; < Bij such that

-]
x5 n‘ai £ @ and a; Ng ##. The sequence [ai}i=1

has a convergent subsequence. Call it again {o. 3.
Its 1limit @ is such that x € @ and a N g # @. Since
g is connected, x € g. Therefore, x € U, Since U
is open, there must be some i; such that xil € U.
This is a contradiction of the definition of xil.
and j, such that Biojo c u.
= @ this also implies

Therefore, there exist io

Notice that since H* N B4 B; .
. 1530
that P(H) is O-dimensional when H has a defining

sequence.




Theorem 3.2. Suppose that H is definable by
3-cells, D is a disk in Ea/G. and C is a compact manifold
in D such that (Bd C) n P(H) = @ and C P-1ifts. Then,
given e > 0, there is a disk Dé such that
(1) D} is €-homeomorphic to D,

(2) The e-homeomorphism is the identity on C, and
(3) bt p-1ifts.

Proof. Near D - C we will find a set homeomorphic
to D - C and contained in the nonsingular points. It
will 1ift. We will use Theorem 2.2 to add this set to
C to get the desired set D}.

We first show that the assumption that H is
definable by 3-cells implies that E3/G is homeomorphic
to E3. We will use a result of O. G. Harrold [15]s

3 such that each

~If G is a monotone decomposition of S
point 6£ Cl P(H) has arbitrarily small neighborhoods

in 53/B with boundaries that are 2-spheres disjoint
from C1 P(H), then S3/G is a 3-sphere. We let P(g) be
a point in Cl1 P(H), and W be an arbitrarily small open
set containing P(g). P~1(W) is then an'open set
containing g. Therefore, there is some component Bj

of some defining manifold such that g Bsg c P~ l(w).
But now the fact that H is definable by 3-cells implies

that Bd Bj is a 2-sphere. Since Bd Bj misses Cl1l H¥,
g g

P(Bd ng) is a 2-sphere.that misses Cl1 P(H) and satisfies




55

Harrold's hypothesis. Hence, his conclusion gives
us that E3/C is homeomorphic to E3.

Hp.c denotes the subset of H that projects into
D = C. Let<U be an open cover of Cl P(Hp.c) such that
for each P(g) € C1 P(Hp-c), there is a Uy €U satisfying
Ug © Nes2(P(g)) and C N C1 Uy = #. Then, for each
Ug € v, P'l(Ug) is an open set and contains g. There
is a component Bg of some defining manifold Mig such

g
open cover of Cl Hp*c. There is a finite subcover

that g < 6, < P"}(U). {Int B, g € C1 Hp ¢} is an

because C1 Hp*c is compact. (It is contained in the
first defining mamifold, which is bounded.) Suppose
that {Int Bgy» Int Bg,,..., Int ng) is a minimal finite

* -
subcover of Cl1 Hp*.. Then B = [Bgl. By seees ng] is

a set of 3-cells. Each is a component zf some defining
manifold. Hence, if i # j, then either Bgi and ng
are disjoint or one contains the other. 1In the latter
case, the subcovering was not minimal. Therefore, B

is a set of disjoint 3-cells. Since Bd Bj is a 2-sphere,
P(Bd Bj) is also a 2-sphere. With the hypothesis that
23/c is homeomorphic to E3, we now have that P(Bd Bj)
bounds a 3-cell, namely, P(Bj). Hence,

{P(Bj)l J =1,ees, K} is a set of disjoint 3-cells

that cover Cl P(Hp_¢) and lie in U. It is in the

union of these 3-cells and D that we will find our



new disk, D:.

Consider one 3-cell AjE[P(Bj)!j=1,...,k}. Since
J
Arbitrarily

Aj N Cl1 P(K) < Int Aj, there is a polyhedral 3-cell A

such that Aj c Int Aj and A; 0 C1 P(H) © A;.
choose a point x € (Int Ag) - D. Let @ = d(x, DUBd Aj).
The set Cl Ng/p(x) is a tame 3-cell inside the tame

3-cell A3. Hence, there is a homeomorphism hj'

3 3 -
E"/G-E>/G such that hj(Aj) = Cl Nd/z(x) and, for any

J
z € P(H) n Aj, DN hj(z) = g. Therefore,

y € E3/G - Int a,, hj(y) = y. Notice that for each

(hj'l(D)) Nz =4g. Of course, h}l is the identity on

D - Aj. It is an e-homeomorphism, since the diameter

of Aj is less than €.

Let h = hkfhk_l°...°hl. It is an e-homeomorphism,
Since P(HD_C) c gAj,we now have that Ci(h~1(D - ¢) n
P(H) = # and hence, that C1 h™3(D - C) 1ifts, By

our choice of the cover €, Int h~ (D - C) does not

intersect C and h™1l is the identity on Bd C. Therefore,
cucinip- C) is a disk. We will now use Theorem
2.2 to show that D} = C U C1 h™1(D - C) P-lifts. We
note that D being a disk and C a compact manifold

imply that Cl1 (D - C) is also a compact manifold. Our
decomposition is O-dimensional because it is definable
by manifolds. We have satisfied all hypotheses of '

Theorem 2.2 and, hence, it gives us the conclusion




that D} p-lifts.

* Theorem 3.3, Suppose that H is monotone, Cl1 P(H)
is O-dimensional, and that Cl H* is l-dimensional., Let
M C E3/C be a compact 2-manifold with or without boundary
and leg the collection of nondegenerate elements that
project into M be continuous. Suppose that, for any
€ > 0, there is a manifold M} that P-lifts, is e;homeo—
morphic to M, and satisfies the containments:
¥l n P(#) € M n P(H). Then we conclude that, for any
€ > 0, there is another manifold M, that P-lifts, is
e-homeomorphic to M, and also satisfies the equality:

Me N P(H) =M n P(H).

Proof. Let € > 0 be given. Then for €/2 there
exists a manifold M}/z with the hypothesized properties,
For simplicity of notation, let us call this manifold
Kog. Since Ky is €/2-homeomorphic to M, let hs M-Kg be

the €/2-homeomorphism. For each p € M N P(H), let

Bp = Nc s2(p). Note that h(p) € Bp. In E3 we plan to

construct a new manifold ¥ in K§ U P’l(g By). From
K3 we will make fingers that reach out and pick up
points that we wish to add in order to satisfy the
equalit§ in the conclusion of the theorem. Except
their end points, fingers will be entirely in the

degenerate points, Each finger will be made by using




a disk in the boundary of a thickened arc toreplace a
disk of degenerate points. When we add a finger, we
will have a homeomorphism between the old and new
manifolds. We will describe a construction such that
we will be able to prove that the composition of an
“infinite sequence of the homeomorphisms is itself an
€ /2-homeomorphism. Then this €/2-homeomorphism
composed with the ¢/2-homeomorphism h will give us
our desired ¢-homeomorphism.

First we show that arcs for the finger construction
exist., At the (i + 1)th stage we will be working in
an open connected neighborhood Uj+; that intersects
both K} and P"2(M n P(H)), where K{ is the manifold
made at the ith stage. Note that since K! is a compact

2-manifold and Uj+; is open in E3, Ki{ N Uj4 is

2-dimensional. We want an arc a from a degenerate

point in K] to a point in P~1(M n P(H)). & must satisfy:
Int @ € Uj4y - Ki = C1 H*, By hypothesis Cl H* is
l-dimensi;:mal. Uj4y is an open connected subset of

33 and therefore, no l-dimensional set can separate

it. (Hurewicz and Wallman p. 48 |[19]) Hence, U; g~ ClE*is
connected. Since Uj,; = Cl H* is again an open

connected subset of E3, if it is separated by K{,

each subset of K! separating Uj4j = Cl H* must be a

2-dimensional subset. (We have again used the statement




from Kurewicz and Wallman.) Hence, each component of
Uj41 = K} - C1 H* contains a 2-dimensional subset of
Ki in its boundary. We now cite a theorem in Hocking
and Young [17 ] that states that in a locally connected
and locally arcwise-connected space S, the set of all

points on the boundary of an open set U that are acces-

sible from U is dense in the boundary of U. E3 is a

space satisfying these hypotheses. Hence, accessible
points in the boundary of Uj,; = K] = Cl H* are dense
in the boundary. Since Cl H* is l-dimensional, it is
not dense in any 2-dimensional subset of Ki. so there
must be arcwise accessible points in K{ - Cl H+,

We said that we wanted an arc to a point in
P (M n P(H)) - K{. We will settle for a bit less--
we will only recuire that the arc end at a points x
close to ?'I(M n P(H)) - K], say within 1/2(i+5),
Use x €[(C1 U;) n Ny, (545) (M 0 P(H))]- K{, where
x is a point in the arcwise connected interior of the
set or x is an arcwise accessible‘point of (Bd Ui)-Ki.
(The existence of our final construction, since it will
pick up a point in each g ¢ P~1(M n P(H)), will show
that in each g some point is actually accessible. We
chbose now to settle for the arc above rather than
proving the accessibility of the desired points.)

We now have an arc @ from x to an arcwise acces-




sible point in Kj = Cl H*. (See Figu:"e 17.) There
is a disk D in Kj - Cl H* such that & N K{ is a point,
s, in Int D. (lLater we shall specify how small this
disk should be.) Now, by covering each point of «
by an appropriately small open neighborhood, we can
fatten @.to obtain an open ball A satisfying:

(1) (k{ - D) nClaA =g,

(2) Int @ c Int A,

(3) Bd AN H* = x or &, and

(4) Dc B4 A.

—— x£N, [P"uvm o)

Figure 17
We use C1 ((Bd A) - D) to replace the disk D. This

is the finger. We call D its base and x its tip. We




okttain a new manifold Kj+ that is B-homeomorphic to
K; for some 8 depending on the diameter of P(Uj,;).
Let hjy1 ¢ Kj = Kju.

Our description so far has assumed that one
finger is being added at the ith stage. We shall
actually add a finite number of disjoint fingers
at the ith stage. Each finger at the jth stage
will have its base in exactly one finger of the
i-1 stage. Thus, as stages progress, a finger will
grow cut in a tree-like fashion. Each finger will
have a “territory” in which it is permitted to
grow., New fingers growing out of a parent finger,
vhich was formed at the ith stage, will have their
tips 1/,i+2 cense in a particular subset S of
PiMn 2(H)) - kg that lies in the territory of
the parent. (Later we will specify the subset S.)

The base of a finger will 1lie in a set V such that

(hjy hy_p °-° h, hl)-l(v) has diameter less than

1/:ﬁ+ﬂ. The set diameter of the new finger itself
will be less than 1/2&*ﬁ. :
Next, we define the territory of a new finger,
Let LA be the territory of the parent finger. Let
the tips of the new fingers being formed at the
(i+1)th stage be the points xI, xz..... x®, These

points are 1/2&"'2) dense in S. From our restriction




of set diameter of a finger, the territory Tj of the
jth of these new fingers is contained in

Uj =W; N Nl/z(i+1) (x3). 1f j1 # Jz» it is quite
possible for Uj1 n sz A @, or for there to exist g € H
such that g N g1 AP andg N ui2 #A #. We must make
he tarritories TIL, and sz be separated and satisfy
P(le) n P(sz) = #. Remember that our purpose is

to be able to pick up a point in every nondegenerate

n .
element of the set S. This means that jUIP(TJ) must

cover P(S). P(S) is a O-dimensional set and is covered
by {P(Uj)}. but the later is not an open cover.

At the moment let us work only in a subset of
Cl H* and a subset of P(Cl H). We have hypothesized
that Hy, the set of nondegenerate elements that project
into M, is continuous. For éach j., the lower semi-
continuity of Hy implies that from the open with respect
to 23 set Uj we get the open with respect to Cl'HM' set
@-{x&g‘gnuj£m9601%L vl is an inverse
set, so P(Vj) must be open with respect to P(C1 HM)'
(Notice that P(vi)=p(ud) n p(c1 Hy).) {P(V])} is an
open with respect to P(ClHy)cover of the desired set
of points P(S). Now using the O-dimensionality of P(S),
we can get a refining cover {xj} of disjoint sets such
that xJ c P(Vi), ;5 is open and closed with respect to

P(C1 Hy). (If for some j, the finger tip xJ & c1 HY,




ﬁhen it is possible that Xj = @. 1In this case, the
corresponding finger will have no territof} and never
grow more. Delete it.) P-1(xJ) is closed with respect
to C1 Hy*. Returning now to the space E3, we see that
this implies that P'l(xj) is closed with respect to ESJ.
The finite number of closed sets in {P"1(xJ)} can be
covered by disjoint open with respect to E3 sets Hj.

Now the sets Uj n w5 are almost the desired territory
sets. They do contain all necessary points for adding,
they are separated and open with respect to E3. and each
still contains its original finger tip xj. It is
possible that Uj n wJ is not connected or does not
intersect Kj. These shortcomings can be corrected by
adding tubular neighborhoods B8 of connected arcs in

Uj = Cl H*, These may have to lie in tunnels, Y,

bored through some other Uj1 n wjl. but the O-dimensiona-

lity of P(C1 H) allows this. We now have the sets

(v) n wj) -y + B for appropriate sets y and 8, For

each j this is the territory Tj. We have now defined
the construction so that we will be able to prove that
the ultimate set Ke is a manifold homeomorphic to Kg.
"We must élso be able to show that the image P(K3)
is a manifold and is €/2-homeomorphic to P(Ko). -The
closeness is cared for by starting the éonstruction

with an i large enough that 1/2(i+l) jg less than the




Lebesgue number of some particular finite open covering

of Hy* by sets of the form P'I(Bp), where B, is the set

defined in the first paragraph of this proof. Conéerning
" the other condition, we would know that P(KS.) is a

manifold if we knew that no more than one point in any

g is added. For this, we want two things. Suppose

X € g, is a finger tip. Then we needs (1) No Q?int

Y € go is also a finger tip, and (2) The points {xk}

from the sets {g, }, where {gk}ago. must satisfy

{xk}~x. Both these we will satisfy be deleting from

the set P~1(M n P(CL H)) - K] the set

g-[gn deg(x)f]l g € H and d = d(g,x)}. (see

FIgure 18.) The remaining subset is the set S that

we have been using. It is {g N N2dg(x)l g € H and

and dg = d(g, x)}. Deletion is done only within the

territory of finger tip x. Continuity of C1 Hy*

assures us that for any sequence [gk}“go there exists

a sequence {yk}—x. where y, € g,.. Hence, this deletion

does assure that (2) is satisfied., Notice that this

) 22
T

3 ONag

B }“'3

Figure 18
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deletion of poiﬁts from Cl Hf does not alter the
continuity of the:remaining subset ,
We now prove that the composition

(eeohg hy hy) = f1 Ki=Ks is a homeomorphism. Consider
first the continuity of f. We can rewrite f as
£1*1e. vhere £3*1 = ..hj,ong,; and £y =hihg j.eang.
Let €¢; > 0 be given. There exists an integer k such
that 2/,x < €1/4., Then

o

1 | . i :
15¢ 211 <z ¢ Now, 1/21 is the maximum diameter

of the territory for forming fingers at the ith stage.
Since the infinite composition £i*l never moves a point
out of a territory it is once in, this summation shows
that d(p, £5*1(p)) < €1/4 fOF any p € £ (K5).

Rewritten, d(f, (x), fk*lfk(x)) < €144 for any x € K;. ©On
the other hand, consider f,. It is a homeomorphism
because it is the composition of a finite number of
homeomorphisms. Hence, given €/2, theie isa 6 >0

such that if d(x,y) < & then d(f, (x), £, (y)). < V2
Putting the above statements together, we find that

if x, ¥ € K} such that d(x, y) < §é, then a(e(x), £(y))

= a(ek* e (x), £%*1le () < a(£¥* e (x), £ (x)) +
a(e* e, (v), £,(¥)) + dlf(x), £,(y)) <

€1/4 * €174 * €1/2 = €1/2. Hence, £ is continuous.



That £ is 1-1 follows from the use of territories
for growth. Territories are separated sets. This
ensures us that limit points of different territories
are distinct,

1

We now show the continuity of £~1i K& = Kg.

Let €, > 0 be given and x € K, « There are three

casess

(1) x & C1 He,

(2) x € C1 H* and x € only finitely many fingers, and
(3) x € C1 H* and x € infinitely many fingers.

Case (1): Since x is a point and Cl H* is closed,
d(x, Cl1 H*) > 0. There is an i such that

d(x, C1 H*) > 1/21'.-2. At the ith stage, each

finger tip lies in N 1(c1 H*) and the terri-

1/,i-
tories of finger tips/)Z\:ve diameter < 1/21.
Therefore, x does not lie in the territory of any
finger tip after stage i-1. Therefore, hijshje1s eeo &
are the identity. hj_j hj_s...h; h; is a homeomor-
phism. We now use '

vy= min (d(x, C1 H*), €3) to determine § such that

if d(x, y) < 8§, where x, y € K!, then '
d((hi ... )" (x), (hj_j...h)"Y(y)) <y. This
allows us now to state that if x, y € K3 such that
d(x, y) < &, then a(£~Y(x), £~1(y)) < Y £ €3. We have

continuity for case (1).




Case (2) is very similar. If x is an element of
a sequence of i fingers, we again have the identity
for stages after i. In the argument for case (1) in
place of d(x, Cl H*) use the distance between x and the

territory of the nearest finger at the i+l stage,

Case (3)s For the given point x there is an
infinite sequence F;, Fp, F3,... of f ingers--one
at each stage--containing x. Given € > 0, choose
an integer i such that 1/21-1 < e. Let the finger
F; at the ith stage have the territory T;. This
territory is by definition an open set. Therefore,

d(x, Bd Ti) > 0. We now use § = d(x, Bd Tj). If

d(x, y) < & for x, y €EK» , then y € F; and

therefore y came from the same finger base as x

did at the i-1 stage. This base by the construction
comes from a set in Kg of diameter < 1/2i'1 =e,
Therefore d{f~1(x), £~1(y)) < €. We have continuity
in case (3). f now is a homeomorphism and we have

completed the proof of the theorem. 0

Remark 1. In Theorem 3.3 it may be necessary to
hypothesize that the collection of nondegenerate
elements that project into M- is continuous. Without
this hypothesis, I conjecture that the following is a

counterexample.




We again base an example on a 2-disk whose
preimage is not a manifold on one nondegenerate
element. (Compare with Example (2), p. 27)

For our example we use a 2-complex C in l’-:3. It

is shown in Figure 19. The line segment ab is a

Figure 19
subset of the points in a nondegenerate element g,.
Each of the squares abcd, abef, abgh, and abij has
nondegenerate vertical segments in its interior, as
shown in Figure 20. There are a countable number of
these segments, whose length goes to zero as the distance
from ab goes to zero. Limit points .of the set of

segments in each .square are dense in ab. Fighte 21

-

shows the element doe It is a dendron which has an

infinite mmbex"ot' branch points dense in a vertical




Py
Figure 20

segment s con;aining a and b in its interior. The
pointsva and b are not branch points. At each branch
point there are an infinite number of segments intersec-
ting s and lying in a horizontal plane.

The image P(C) = M is a disk because the
position takes segment ab to a point and each

to a triangle. In the image space Cl P(H) is

sional because H* = Cl H* and H is countable.
g

NN
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o
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Figure 21




domain Cl H* is l-dimensional because it is the
countable sum of closed l-dimensional sets. The

set of nondegeneraté elements that project into M is
the whole set H and it is not continuous on 9oe By
Theorem 3, there is a P-1lift M}' satisfying the
hypotheses of Theorem 2.3,

Now suppose that there exists Mesétistying the
equality in the conclusion of Theorem 2.3. Certainly
ab c M¢?, because a dense set of points of ab are in
4 and it is closed. Let p be any branch point in
the interior of ab., I conjecture that there do not
exist a neighborhood N of p and a disk D contéininq
p in its interior such that for g €EH, g N N £ &
implies that g N D £ # and such that P(D) is a disk.
The following makes this conjecture seem plausible..

Any such disk D must contain a point from each g N N

that lies in the intersection of a square with N,

Since D is‘a disk, it certainly can't contain a
neighborhood of p in each of the four squares. It
could pick up points of a closed O-dimensional subset
of H* by spiraling in as illustrated in horizontal
cross section in Figure 22, The sticklers on 9o

make such a spiraling be not locally connected if the
spiral misses do ©On each revolution. On the other hand,

if a stickler were intersected then, since it lies in




Gor P(D) would not be a disk.

Figure 22

Remark_2. In Theorem 3.3 we hypothesized that
Cl H* is 1-dimensional. This, of course, implies
that no element is 2-dimensional. If 2-dimensional
elements were allowed, we would have a counterexample.
(see Example (1), p. 25.) Now let A U B be a given
manifold M. By Theorem 3.1 there is a manifold Mé '
satisfying the hypotheses of Theorem 3.3. (A manifold
satisfying the requirements for M& is A = Ng/p (B).)
Fairly obviously, any continuum connecting Mg. and a
point 15 the limiting set, but missing all other
nondegenerate elements, will not be locally connected,
Hence, in this example, the equality in the conclusion

of Theorem 3.3 cannot be satisfied for a disk.




Corollary 1, Suppose that EalG is homeomorphic
to 533 H is countable; H = Cl H; and that for each
g €H, dim g = 1. Let D be a disk contained in E/G
and let the collection of nondegenerate elements
that project into D be continuous. Then, for any
e > 0, there is another disk D¢ that P-lifts, is
e-homeomorphic to D, and satisfies the equality
D, N P(H) =D A P(H).

Proof. H is countable and H = C1 H imply
that C1 P(H) is O-dimensional. Since the union of
a countable number of closed n-dimensional sets is
n-dimensional, Cl H* is l-dimensional. Now
Theorem 1 gives us, for any € >0, a disk D:'
that P-1ifts, and is e-homeomorphic to D. The
method of proof of Theorem 1 is to find a new
disk that misses P(H). Hence, this disk D:'
certainly satisfies the containment

D! n P(H) € D N P(H). We have the hypotheses of

72

Theorem 3.3 satisfied, so it now gives us our desired .

conclusion.

Remark. D¢ and D¢ are not necessarily tame,

The finger construction can result in a Fox-Artin [14]

type wild sphere. I conjecture that with controlling

directions of arcs and fingers, it is possible to

.



construct a tame D.

Corollary 2. Suppose that H is definable by
3-cells and Cl H* is l-dimensional. Let D be a‘disk
in E3/G and let the collection of nondegenerate
elements that project into D be continuous. Then,
given € > 0, there is a disk D¢ such that:

(1) D¢is e-homeomorphic to D,
(2) D¢ P-1ifts, and,
(3) D n P(H) = D¢ N P(H).

Proof. The decomposition satisfies Theorem 3,2
with C = g, By Theorem 3.2 there exists a disk D¢
that satisfies (1) and (2). Because H is definable
by 3-cells, H is monotone and Cl1 P(H) is O-dimensional.
Hence, Theorem 3.3 is satisfied. From it, we get

our conclusion.

An _example of a disk D that P-lifts and such that,
for some e > 0, there is no disk De that is

e-homeomorphic to D and 1lifts. In Theorems 3.1 and 3.2,
if we use C = ¥, then the D} that we find in our method

of proof actually lifts, rather than only P-lifting. In
Theorem 3.3, we modified the P-lift of the disk to

pick up exactly one point in each nondegenerate element

whose image intersected the original D, Here again




we have the rather special situation in which we state
that there is a P-lift because we have shown that a
true 1ift exists. We are led to wonder whether, when
there is a disk D that P-1lifts, there is always, for
any ¢ > 0, another disk D¢, which is e-homeomorphic to
D and actually lifts. The following.example shows this
not to be true.

‘Of course, oﬁt example must not satisfy all the
hypotheses of Theorem 3.1 or 3.2. 1In this example
_E3/G will not be homeomorphic to E3 and H will not be
definable by 3-cells. The only nondegenerate element

of G will be a 6-curve. The P-lift D* will be chosen

to contain only the middle arc of the 6. Then there
will exist an € > 0 such that there can be no D¢ that
is e-homeomorphic to D and has a true lift.
Let the notation abc denote an arc with endpoints

a and ¢ and an interior point b, If abc and adc are

arcs such that abc N adc = {a, c}, then let abcda

denote the simple closed curve that is the union of

the arcs.

In Ez let abc, adc, and aec be three arcs whose

union is a 6=-curve such that d lies in the bounded
component of E2 - abcea. (see Figure 23.,) We can
choose these three arcs so that abcea is a circle and

adc is a line segment. Let bfe be a polygonal arc



in the unbounded component of E2 - abcea such that a

lies in the bounded component of E2 - efbce,

Let J; denote the simple closed curve baefb, and J,
denote the simple closed curve bcefb. Now, in E3

let J, be a polygonal simple closed curve that links

by Bing®'s linking definition in [7] J; and J, and such
that J, bounds a disx D* satisfying D* N (J; U JapUadc) =
adc, We can choose J, such that D* is in a plane.

Now any disk with J, as its boundary must intersect
both -"1 and Jy.

Let the 6-curve (abc U adc U aec) be the only
nondegenerate element in our decomposition. Call it
6. In E3. let Uy be an open tubular neighborhood of
® such that Uy is the interiof of a solid double torus

that misses J,. Let J3 and Jg be simple closed poly-

hedral curves such that J, links aecda and aecba

(See l-‘iqure 24, ). and J4 links abcda and aecba. These
can be chOSen so that they miss efb, Uy, "and the disk

D*. IlLet UJ be an open tubular neighborhood of J, such




Figure 24

that Uy misses (Ug U efb U J3 U J,).

We will require that e be chosen sufficiently

small thats

(1) Ne(P(8)) < P(Uyg)
(2) N (D) misses P(J3 U J,)
(3) “e‘?‘“o)) < B(U; )

Suppose there does exist a disk D, that lifts and

such that hi D - D, is an e-homeomorphism in 33/6. Then in

B3 there is a homotopy taking Bd D* onto Bd De" Call the

homotopy A. For any x € Bd D the point h(x) is in N (x).

This implies that the homotopy A can be taken to be in

P'I(N‘ (Bd D)). Hence, by (3) and the definition of

UJO. the image in E3/G of A misses P(Uo U efb U 0’3 uJdg).

By our choice of e, Bd D¢ 1inks Jy and J3. The

condition that D¢ is a 1ift implies that D¢ contains

at most one boint of 8. Therefore, D¢ intersects arc

efdb and does not contain both points e and b, If it

contains one, suppose it is e. Since D, is e€e-homeo-

morphic to D, the disk D¢ is contained in P~1(N¢ (D)).



Let us apply Bing's Approximation Theorem [71 to
the disk D¢. Use for his function f(x) the minimum of
d(x, 6) and d(x, Bd P"IN [h~1P(x)T). The 1atter
distance is positive, because the e-neighborhood is
open and contains x. Use of this distance assures us
that the image of the new disk will still be e-homeo-
morphic to D. To assure that we add no new intersections
of the disk and 6, the distance d(x, ) is used. Now
the theorem gives us a disk Sg that is locally poly-
hedral everywhere except possibly on the point-e ancd
such that 5{ satisfies all conditions we have stated
for D¢. For simplicity of notation, let us assume that
the original D? was already locally polyhedral except
possibly on the point e,

Consider a 2-sphere S2 that is the boundary of a
cylinder with bottom B, top C, and sides the annulus
A, i.e., S = AUBUC. There is a map
$ s2- P"1(N (D)) such that §(c) = D¢, ¢(B) = D°,

#(A) is the homotopy A between Bd D' and Bd D¢,

“c U B is a homeomorphism, and ¢| B is piecewise

linear. sSince ¢(B U A) misses point e, we can choose
a polyhedr.al simple closed curve J in D¢ such that e
is contained in the interior of a disk E c D¢,
Bd E = J, and E misses ¢(B U A).

We now wish to change ¢(s?) to a 2-sphere that is




near ?(sz), agrees with it in neighborhoods of e and

adc, and is locally polyhedral except possibly at e,
For this we will use an extension of Dehn's Lemma,
Burgess and Cannon [11] quote and prove the following,
which they call Bing's extension of Dehn's Lemma.
If D is a polyhedral disk, £ is a map of D into a
triangulated 3-manifold M3. U is an open set in E3
containing f(Int D), and f is nonsingular in some
neighborhood of Bd D, then there is a homeomorphism f°
of D into £(Bd D) U U such that £' is locally piece-
wise linear except on Bd D,

In their proof they use Bing's Approximation Theorem

for surfaces [7], which is quoted on p. 6 of this thesis.
In the same paper, Bing adds: If we had supposed that

M is locally polyhedral at each point of a closed point
we could have chosen M° and h so that h is the identity
on N. Incorporating this stronger statement by Bing
into Burgess and Cannon's proof cited above, it can be
shown that [¢(sz)] - E can be approximated by a disk F
such that:

(1) F agrees with [¢(s?) = E] near arc adc and Bd E,

(2) F is a polyhedral,

(3) F 1ies in Us U P"X(N (D)), and

(4) F misses 6 = adc and Int E,

The union of thié new disk F and the disk ﬁ is the

2=gsphere that we wished to find near ¢(sz). The proper=
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ties of the 2-sphere E U F are that its
(1) contains the point e and the arc adc;
(2) is locally polyhedral off the point e
(3) 1lies in Ug U P 1(N¢(D)); and _
(4) is pierced by bae and bce at a and ¢, respectively.,
By the generalized Jordan theorem, E U F separates
E3 into two components--a bounded one C, and an
unbounded one C,;. We will show that the closure of C,
is a 3-cell. As a step toward this we use the following
theorem of Kinoshita [20]s Let A be an arc in s? ana
S be a locally polyhedral 2-sphere with one singularity
(with respect to being locally polyhedral) at p such
that (1) An S =p, and (2) A = p is contained in a
trivial (i.e., simply connected) complementary domain
of S. If A is tame, then S is also.
We will apply this using our tame arc ea for his
A, our E U F for his S, and our point e for his point
P. (If e is not in D¢, then we already have that E U F
is polyhedral and hence, tame.) If we knew that Cy
were trivial, then the theorem would now give us that ’
E U F is tame and therefore that Cp, U E U F is a 3-cell.
To get that Cp is trivial, we use a theorem of Harrold
and Moise [16 ] that states that if a 2-sphere in E3 is
locally polyhedrgl except at one point, then both

complementary domains are simply connected. Hence, we



have the conclusion that Cp, UE U F is a 3-cell.

Arcs bae and bce pierce disk F at a and c,
respectively, and intersect F in no other point. The
line seqment adc lies in F. No other points of 8
can lie in F. Since the point e is the only point of
® that can 1lie in E, it must be that the interiors of
arcs ae and ec do not lie in E U F. We wish to show
that one of the simple closed curves adcea and adcba
lies in C, UE U F. Case Is Suppose that b lies in
Che Then adcba lies in C, UE U F. Case II:+ Suppose
that b lies in C,+ Then ab and cb lie in C;. Then

viercing at a and c implies that ae and ce 1lie in Cpe

Therefore, adcea lies in Cb UE U F. Hence, both cases

imply that the 3-cell C, U E U F contains one of the
simple closed curves adcba and adcea.

Now suppose that adcea lies in C,, UE U F. The
simple closed curve adcea bounds a polyhedral 2-disk
such that Int 6 c Int Cpe By the definition of 1linking,

.J3 contains a point in Int 8 and, hence, in Int Cy,.
Since J4 does not intersect E U F, it must be that
J3 lies entirely in one component of E3 -'(E U F).
Because the 2-sphere E U F lies entirely in

Ug U P'l(Ne(D)) and J3 misses Ug U P'I(NQ(D)), there
is a ray missing Ug U P'l(hk(D)) and connecting J3

with infinity. Hence, Jy lies in Cae This contradicts




the fact that we earlier found a point of Jd3 in

Int Cb. Hence, if adcea lies in the closed 3-cell

C, VE UF, we have a contradiction. There is a

similar contradiction if adcba lies in C,L VE UF.

Hence, the claim concerning our example is proven.




CHAPTER Iv
A DECONMPOSITION SPACE CONTAINING A DISK THAT IS

NCT HOMEOMORPHICALLY CLOSE TO A P-LIFTABLE DISK

We have found properties of the decomposition

that guarantee that in a neighborhood of any disk D
in E3/G there is a P-liftable disk D¢, which is
¢ -homeomorphic to D.

It is instructive to compare the question of
the existence of a disk D with a result of Armentrout
in [37s ~Suppose that M is a 3-manifold with boundary
and G is a cellular decomposition of M such that M/G
is a 3-manifold with boundary. Suppose K is a
2-manifold with boundary in M sucfx that K misses Hg.
Then P[K] is tame in M/G if and only if K is tame in
M. For our use here, we will let M = E3 and K be a
disk. Note Armentrout's strong hypothesis that K
miss the nondegenerate elements; this will not be
satisfied in our example. Since tameness for a disk
is equivalent to bicollarability, this theorem implies
that if the disk K is bicollarable, then P[K] is.
Although such bicollared disks have uncountably many
disks on each side, we can certainly not assume that
such disks map or_:to aisks under P, We are concerned

in this thesis with a neighborhood property that is
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quite different from tameness.

We will describe a decomposition of E3. and then
specify an € >0 and a disk in the decomposition space.
The decomposition will have the following properties:
(1) B3 G is homeomorphic to E>,

(2) Each g € H is a tame arc,

(3) H is continuous and closed,

(4) P(H) is a Cantor set,

(5) H is not countable and is not definable by 3-cells.

A decomposition is called toroidal if it has a
defining sequence My» My, M3,... such that every
component of M; is a solid torus. It is called an
(m, n) toroidal decomposition if it is an iteration of
the embedding of m solid tori that essentially wrap n
times around. The example we will discuss is not
toroidal, but it is'almost a (2, 1) toroidal deco&po-
sition in the sense that there is a defining sequence

in which each M; is the union of one component that is

i
a cube-wiih-several-handles and other components that
are solid tori,

Before we describe our decomposigion space, we
will make some definitions.

Let gp1 and 9p, be two line segments that have
their endpoints in two parallel planes, I and II, and

are perpendicular to them,



Definition. The countably infinite set of arcs
{hjl-e<i< ©} U [gpl} u {gpz] between planes I and

II shown in Fiqure 75 is said to be knit from the point

Py to the point p,.

Although it is not necessary for this definition
that P; and p, be at different heights, they are so
shown in anticipation of a later step in the construc-
tion. Figure 26 illustrates a generalization of the '

knitting construction.

Definition. A Cantor set H of arcs is said to be

nit from a‘point p) to a point p, if B can be realized
by the following modification of a countably infinite

set of arcs knit from Py to pp. For each h;,let N(hi)
be a tubular neighborhood of hi' and let these be such
that the members of the set [gpl} U {gpz] v

{N(hi) | —» < i < »} are pairwise disjoint. 1In each
tubular neighborhood replace the arc h; by a Cantor
set H; of arcs, each one of which intersects I and II
in the same manner as h:;. We also say that a Cantor
set i of arcs is knit from a point Py to p, if there
exists a Cantor set H satisfying the above definition
and if, for each § € fl there is a § € I that is
contained in g, and for each § € H there is a § € Al

containing §.







Next we describe a Cantor set of arcs which we
will modify into a knit set. The first stage i? the
two disjoint tori pictured in Figure 27. We decompose
each by a (2, 1) toroidal decomposition, Figure 28
indicates the first embedding of two linked tori that
essentially wrap once around in each., Let P be a plane
that cuts each solid torus as indicated in the figure.

We can assume that the nondegenerate elements of these

two toroidal decompositions intersect P in a standard

Cantor set © of points in an interval line segment.
‘Figurezg shows this plane and some of the points with
their usual numerical representation in base 3.
In Figure 30 we have separatéd the tori on P. The

two copies of P are now labelled planes I and II.
Between I and II we indicate the Cantor set of straight
line segments connecting copies of € in I and II. For
this Cantor set of segments we substitute the knit
Cantor set of Figure 26 in the manner indicated in the
following table, in which [a,b] indicates the segments
containing points in € in this interval ‘and H; is a
Cantor set of arcs in Figure 26.
bR - 59 H_, H_, H, Hy
«+[.0002,.001] [.002,.01] [.02,.1] [.2,.21] [.22,.221]

H2 : coe
[+222,,2220] #**
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We have changed the collection of nondegenerate elements
described by the toroidal decomposition in such a
manner that they are knit between p; and P, With the
knitting inserted, the collection is no longer toroidail.
Figure 31 shows the second stage of a defining sequence

for this xnit Cantor set, H.

Map H into E> in such a way that the limiting

elements, which contain P, and p,.are identified and
the map is an embedding for all other elements. In
Figure 32, parts of some elements are shown. Notice
that P and.pz are mapped to different points in the
identification of the two nondegenerate elements.
Also in Figure 32 is the 2-complex C, which can be
specified by:

{(x,

{(x. v,

{(x, v, _

{(x, ¥y, 2) |1 £x <0, 0

{(x, y, 2) Ix=0, -1 <y £

{(x, y, 2) l-1<x<1, vy <z£<

The identified elements are the element - P9 which is
the segment of the z-axiss -1 < z < 2., The points P
and p, are z = 1/3 and z = 2/3, The set H* n C is
contained in the line segments {g,},

{(x, vy, z)lxsiy. 0<x<1, z =0}, and
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{(x, v, 2)] x ==y, -1<x<0, z = 1}.

Finally, we add nondegenerate elements in y < 0
in such a way that we have symmetry with respect to
the z-axis. All the nondegenerate elements are indicated
in Fiqure 33. They are the set H of nondegenerate
elements of the decomposition G for which we make the
claim in this paper. 1In E3/G, P(C) is a disk. It is
the disk D for the claim,

We must also specify the € for the claim. There
is a defining sequence of manifolds for this decomposi-
tion. The first stage M; is shown in Figure 34, Figure
35 shows the intersection of C with this manifold. The
set C N Bd M; has five components, each of which is a
simple closed curve. Call them cj with j = 0, 1, 2, 3,

- J—

and 4. There is an infinite triangulation of E
such that C = H* and Bd M, are complexes in this triangu-
lation. Néte that H* is closed and misses Bd Mj. Let

ry denote the regular neighborhood in this triangulation
of-cj. _For each j, the set r; is a solid torus that
misses H*, Notice that in each handle of M, there is

a simple closed curve that ﬁisses these tori. Choose

‘the value for € to be a positive distance such that for
each component of cj» the set P 1NE(P(Cj)) lies in ry.
and P NE(P(C ;)) misses (Bd M;) - 6 oFje  These conditions

for € imply that for any disk D¢ that projects onto a disk
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D. that is € -homeomorphic to D, it is true that D;{]Bd My
is cpntainpﬂ in the regular neighborhood of Cin Bd Ml.

This completes the description of the exémple.

Theorem 4.1. There is no P-liftable disk De that
is e-homeomorphic to D.

Proof. Fort [13] altered the defining manifolds for
Bing's dogbone spaée ﬁﬂ] to guarantee nice properies for

each nondegencrate element. One of these properties

is that each nondegenerate element lies between a pair
of parallel plares and has an endpoint in each plane.
The change is a homeomorphism of each defining manifold

and is such that the resulting decomposition is homeo-

morphic to Bing's original decomposition. It is possi-

ble to construct a (2,1) toroidal decomposition so that

it has this property. Let us assume, also, that for our

knit example that we have constructed its defining

sequence Ml, Mo, Ma."° in such a way t-ct 2ach g € H

lies between a pair of parallel planes R and S and has

an endpoint in each plane.
We first will prove a lemma for a toroidal

decomposition and then generalize it to our almost

toroidal example.

Definition. A disk D is said to be meridional

in a solid torus T if Bd D is a nontrivial simple

closed curve in Bd T and D is trivial in T. We will
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also say that a-subdisk D ¢ D¢ is a meridional subdisk

of D¢ in a toroidal component T of an element Mj of

the defining sequence if:

(a) Bd D is a simple closed curve J in Bd T,

(b) J bounds a meridional (as defined immediately
above) disk d in T, where d is not necessarily in

D¢, and, .

(c) The disk in D¢ bounded by J contains no subdisk

satisfying (a) and (b).

This latter definition allows us to call a disk
meridional even if in its interior it contains a subdisk
that protrudes outside T. Condition (c) is included so
that a set of nested subdisks each with boundary in
Bd T do not count as more than one.

There is an analogous definition of a trivial
subdisk of D¢ in a toroidal component T.

Lemma 4,;: Let N3, Ny, N3seee be the defihing
sequence for a (2, 1) toroidal decomposition Gp with
nondegenerate elements Hpe Let E* be a disk in E?
that projects onto a disk in E3/G,r. Assume that E°
is localily pol.yhedral off Hi. Suppose that D, and
D, are disjoint subdisks in E®' and that they are
meridional disks in the solid torus Nl' Then, for
any g € Hy, g N E* £ 0.

Notation. F;zr any positi\{e integer n, let T with
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a subscript of n digits, each of which is a one or two,
be a toroidal component of N_. As is conventional, the
kth digit‘of the subscript indicates the component of
Nk in which the given torus lies. Thus, T1227 € T122'
When we are concerned with the tori imbedded in a given
torus at the next stage or the next few stages, the
sub§cripts agree except in a small number of final
digits. A notation introduced by Casler [12 ] is then
convenient; We let ng denote a subscript of n digits,

and append dlgitg Fo na. Thus, Tnalz c Tnal c Tna'

For our knit example, we add to this notation a super-
script j =1, i. 3, of 4 that denotes which quadrant of
the 2-complex C is intersected by the torus Tga' To
denote the nontoroidal component, i.e., the component
containing the central element dor» We use the notation

Qna' wvhere na consists entirely of ones.

Proof of lemma 4.1, The defining sequence for the

given decomposition Gp is not unique. Let us choose

for it a (2,1) toroidal defining sequence such that each
element'of the sehuence is polyhedral an; in general
position with respect to E* - (Bd D, U Bd Dp).

Without loss of generality of the lemma, the defining
sequence can be so specified that there are two V

parallel planes R and S such that each plane contains



one end point of each nondegenerate element., We will

’ N LA

2" 3’
The proof of Lemma 4,1depends on the following lemma.

denote the chosen defining sequence by Nl' N

lemma 4,2, Suppose that a disk D is locally poly-
hedral off HEs in general position with respect to
Bd Nn for every positive integer n3 and that for some
torus 'rka. D is a meridional disk in Txa' Then
(1) For i equals either 1 or 2, D contains two disjoint
_subdisks d and e that are each meridional in Traj®
(2) 1£, for j £i, D n Tyqi; = #» then it is possible

J
to choose d and e to satisfy the followings Let A

be a component of Ty .; = (d Ue). Then A U D links
Tkaj‘ .

Proof of Lemma 4.2. The proof of (1) is a modifi-
cation of Bing's Theorems 1-4 in[ 9 ], in which he is
using a (2, 2) toroidal decomposition. The modifica-
tions of his theorems are here labeled Lemmas A - D,
respectively.

.gmma A. It..r D is a disk that is locally poly-
hedral off Hp and in general position with respect to
Bd Tka and J is a component of D N Bd Tka' then J
either bounds a disk on Bd Ty, or J circles Bd T,

once longitudinally and no times meridionally, or J

circles Bd Tyq ONCE meridionally and no times longitu-

dinally.




Proof, Bing's Theorem 1 is an analogous statement
for a polyhedral disk. For our locally polyhedral
disk there is an approximation by a polyhedral disk
that agrees with the given disk D in the neighborhood
of Bd T. Since this theorem concerns a single torus,
Bing's proof of it applies to our decomposition with

its different embedding. D

Lemma_B. The fundamental group of E3 - (Tkai

Tkuj) is a free group on two generators. A simple

closed curve that circles Bd T,, meridionally cannot

U

. 3 :
be shrunk to a point in E (Toeg ¥ Tka.j)'

Proof. We must modify Bing's proof of his analo~
gous theorem to fit our different embedding of Trai
and T, aj® Following his method, we draw Figure 36.

ki
Each arrow represents a loop that goes from the eye,
then along the arrow behind the torus, and back to the
eye., Certainly the fundamental group can be generated
by the four loops a, b, x, and y. At each of the points
vhere Ty .; and Tka j intersect in the perspective

drawing, we have a relationship of the generators.

Figure37 indicates the manner in which we get one of

these. ‘The two arrows represent homotopic curves in

3

- 2o i the
E (Tkai s ). One arrow is equivalent to

J
loop one gets by going from the eye, around x, to the
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eye, around b, and back to the eye., It is xb., The
other is the sum of loops a and x. Hence, we have
xb = ax. Similarly, we get this relationship again
at the other "front" perspective intersection and on
each of the "back" perspective intersection the
relationship bx = yb results, Solving these, we find
that b = x"lax and y = x"!axa~lx. Hence, our funda-
mental group is a free group generated by a and x.

In Figure 38 we show a simple closed curve J that
circles Bd Ty q Meridionally. It corresponds to ab ! =
ax"la=lx, since this is not trivial in the free group,
J can not be shrunk to a point in ES = (Tkai u Tkaj)'
This completes the proof of Lemma B. 0

Iemma C. If D is a disk that is locally polyhedral
off Hp and in general position with respect to the
defining sequence, and D is meridional in Tka’ then
either D N Bd Tkui contains a simple closed curQe that
circles Bd Tkai meridionally or D N Bd Tkaj contains a
simple closed curve that circles Bd Tkaj meridionally.

Proof. Bing®s proof of the analogous theorem
depends on his previous two theorems. Since Lemmas A
and B are true for our embedding, this theorem is true
for our embedding. ’ ﬂ

lemma D, If.D is a disk that is locally poly-
hedral off Hp and in general position with respect to
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Bd Tka® then D contains two mutually exclusive
subdisks such that each of the subdisks is meridional
in Txqj ©F ©ach of the subdisks is meridional in Tkaj'

Proof. Bing's proof of his analogous statement
depends on his previous three theorems., Since we have
the above three lemmas, this lemma is also true for
our exnbédding.

Continuation of proof of lemma 4,2, Lemma D is
statement (1) of Lemma 4.2

"To ptwé statement (2) we use the covering space
of Ty,+ Figure 39 shows the covering space ;ka and the
linked copies of Ty,; and Txaj embedded. in it,

Since Bd» D does not 1link Tkaj' thére is a poly-
hedral disk F in T x = Tead such that F N T at is a

ki kaj kaj

longitudinal simple closed curve in Bd Tkaj' the disk

F does not intersect the disk D, and F is in general

position with respect to Tra’ Tka.i

the copies of F in fka is shown in Figure 39. 1In view

of the linking of each copy of Tkaj with each of its

, and Tkaj" One of

tvo adjacent copies of Txqi* F intersect each of these

adjacent copies of T in a set containing a meridional

kai
disk of Tkai' Denote these meridional disks by f 1 in

the left copy of Tkni and £, in the right copy, as

shown in Figure 39. The disk £, in the covering space i‘ka

is copied in the torus Tyqe Hence, in every copy of
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Trai iD 'fka there is a copy of f,+ 1In the left copy of
Tka.i a copy of f2 is shown in Figure 39, Let B be an
arc in F cohnecting a point ry € f; with a point r, € £
In Tka let y be an arc in Txqj SUCh that the end points
of Y are r; and r, and Int y misses f, and f,. Let &

be a s;’milar arc in the other component of Tkai - (fl
U fz). Let J, and J, be simple closed curves that are
the unions ot; the images of 8 and y and of B and §,
respectiveiy. in the torus Tka‘ Each of Ja and Iy is

a longitudinal simple closed curve in Txqe Hence, each
must intersect D. At least one meridional disk of Tka.i
must contain a point of D N Ja' and at least one meridional
of Tka.i must.contéin a point of D N Jpe These are the
meridional disks that we choose for d and e in the
statement (2) of Lemma 2. Now, by our requirement that

d and e are in different components of Tyai ~ (£, U £3),
ve find that D U A (vhere A is defined in the lemma)
intersects F in the one meridional disk fi, but Dua
misses fy or v_i’ce versa. FHence, there is a simple
closed curve in D U A that links a longitudinal simple
closed curve in Tkaj‘ This implies that D U A is linked

Proof of lemma 4.1 continued. Assume that there is

some g; € Hyp that misses E'. Then, for some subscript



105

nai, there are tori Tha and Tnai containing g9, and such
that E® contains a meridional disk in Thq* Put does not
contain a meridional disk in Tnai' Assume that nai is
the subscript of the first toroidal component containing
g, for which this statement is true. Recall that the
torus T, contains the two given subdisks D, and Dy if
n > 1, then Thna contains at least two disjoint meridi-
onal subdisks of D, U D, because T . links neither

Bd D, nor Bd D). We use Lemma 4,2 to show that there
are at least four disjoint meridional subdisks of E°

in Tnaj' wvhere j # i. From these subdisks we choose

a set of exactly four that satisfy Lemma 4.2. Similarly,
at every subsequent stage we choose a minimal set of
subdisks satisfying Lemma 4.2 and contained in those
chosen at the previous stage.

We will show that, when four or more subdisks are
meridional in a toroidal component, each subdisk folds
in some manner so as to intersect some tori at later
.stages many times and others not at all., (In a related
manner, Bing [6] folds nondegenerate elements.)

For any integer h > n and any toroidal component of
N, 0 Tnaj that has at least four meridional subdisks of
E*, the following analysis applies. 1In a toroidal

1

component let D~ and D2 denote two of the meridional

subdisks that each have two subdisks in the same
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component at the next stage., We will show that one of

p! and p?

intersects plane R and the other intersects
plane S. If we suppose that for either R or S, this
intersection does not occur, then the subdisks can be
ordered using the following method. éuppose neither
Dl nor D2 intersects R. There is an oriented simple
closed curve J that. intersects R in 2 points and ‘pierces
eachmeridional disk once. Let a be the component of
J = R lying below R. The closure of a is an oriented
arc that intersects each meridional disk once. We
will say that the disk intersected first by a 1lies
Closest to R.

Now, there is no g € Hp that intersects both D1
and Dz. Let Tka.lz denote the first toroidal component
thathas no meridional disk in D', We can assume
without loss of generality that Txq12 Misses p! and
that Tka12 n D2 contains meridional disks. (Figure 40)

We now use the second statement in Lemma 4.2, Let D of

1
that lemma be a meridional subdisk Dllca. <D N Tk

1°
?hen d and e of the lemma are subdisks of Dlta’ ;}" the
lemma, the upper (as pictured in Figure 40 ) component A
of (Tka:l = (d U e)) must be such that A U Dlta links
chxz‘ The construction of the example now requires that
Dkla intersect R or S in order to miss Tkq12+ Let Dl::a

denote the meridional subdisk in D2 n T that has a

kal
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meridional subdisk in Tkalz' Assume that D;a is closer

to R than Dia is to R. Then, since Diu and Dia are

disjoint, it must be that D;a intersects R rather than S,
Now suppose that there is a 9, € Hy such that for
every T containing g, the meridional disk closer (or
.closest) to R intersects g,+ Then, the other meridional
disks at any stage must ultimately not intersect toroidal
components containing g, Let us now assume that such
an element g, lies in Tkall' There must be a first
stage, m (m > k + 1), such that Dka n Ny has a meridional

disk in the toroidal component containing gy but

Did n Nm+i does not. Repeating the above argument, a

subdisk of Dia must intersect R or S. Now, if more than
minimal sets of subdisks of D;a and D:a exist between
stages k and_m. we can assume that the choice we make

of éubdisks to use in these stages is such that those

of Dﬁa aré farther from R than those of D;d are from

R. Hence, a subdisk of Dia must intersect S rather than
R. We have now ghown that if D;a intersects R, then

‘at some stage D:a must intersect S. At the stage
immediately after this intersection with S, there must

be aé-least two subdisks of Dia in the toroidal component
not containing g,. We can now repeat our whole argument
with this pair replacing thé qriginal pair in Tnaj‘ This

sort of analysis leads to the conclusion that there is




a nested sequence E°*, Dl' D

that each lies in the interior or the previous, and

2 D3,... of disks such

(Int D,) - D;,, contains a point below plane S if i is

1
odd and above plane R if i is even. It is not possible

for there to be such a sequence in a disk. This

contradiction implies that Lemma 4,1 is true.

We assume that our example is not correct; that

is, assume that in E3/G there does exist disk D, that

is e-homeomorphic to the disk D and is the image of a

disk D! c 3. _We can assume that Bing's approximation

Theorem [7] has been used to make D! be locally

polyhedral off H*. It can be made to be in general

position with respect to Bd Mi for each i,

Lemma 4,3. For each g € H, g intersects D¢.

Proof. The proof is a generalization of that of

Lemma 4.1. We need to generalize the concept of a disk

being meridional in a component of an element of the

defining sequence. Based on Figure 31, the central

. component of M; for i > 1 can be taken to be a

cube-with-8-handles., For simplicity of a 2-dimensional

drawing, we Qiu use a cube-with-12-handles for the -

Central component in each M; for i > 1. In Figure 41,
the central components are shown for M; and M,,,.
Only-two of, the four tori linking the cube-with-12-

handles of M;,, are shown. Instead of the method of



szﬁig..

« &N
oo O
\.,

i
L 3 . s

~....-,v'
s,

» A .
Q.__',v

Figure 41




peL!

proof used below, it would be possible to work with
iterations of the left-hand and right-hand manifolds
shown in Figure 31, The problems encountered in such
an argument would be very analogous to those dealt
with below.

Definitions. A disk D is said to be meridional in
Ml. if and only if B4 D is homotopic in Bd M, to the
boundary of C n M. A disk D is said to be meridional
in a cube-with-12-handles Qa1 7 M, if
(1) BA D is a simple closed curve in Bd Q 4y 2nd
(2) For quadrant j =1, 2, 3, or 4, there is a -

meridional (as defined above for a torus, allowing

it to contain subdisks which are trivial in Bd ui)

subdisk in any torus S;?ml that satisfies the

followings

j : i
(a) sna]. is isotopic in Qnal to the torus ghat is

shown in Figure 42 for j = 1 and in Figure 43 for
j =4, For j = 2 and 3, tori in analogous
positions are used. (This condition implies
j ; j
that Spqy links Tnaz.)
3 J
snal contains Qnaln' Tnalz' and misses Tkna12
for k £ j. (This condition implies that part,
b
but not all of Qnau lies in sna.:l.')
(c) s'{ a1 is in general position with respect to De"

The component Q F M, is said to contain a full set

nal
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of meridional disks of D¢ if D N Q contains subdisks

nal
satisfying the above definition for each j=1, 2, 3,

and 4, For M; the five mutually exclusive subdisks

of D¢ N M; are said to form two full sets of meridional
disks. One set consists of the single: "central" disk
and the other set is the other four disks.

We begin the pi-oof of Lemma 4.3 by assuming that
there exists 9, € H that does not intersect D!, Let
2% in R.. where each R is a component of the element
Hi of the defining sequence. There must exist some
first integer i such that for j = i the following are
true, but for j = i + 1, they are not true.

(1) 1f Ry is a torus, it contains a meridional subdisk
of DZ.

(2) 1r .Rj' is a cube-with-12-handles it contains
a full set of meridional subdisks of D¢.

There are the following possibilitiess

Case 1: Riﬂ.' is a torus that links a torus.

Case 23 R;,; is a cube-with-12-handles.

Case 33 R:“_1 is a torus that links a cube-with—12-

handles.

We dispense with case’ 1 easily--this reduces to
Lemma 4.1.

In cases 2. and 3, R; is a cube-with-12-handles.

Since, for i > 1, no simple closed curve in Ri. links
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Bd D¢, for each meridional subdisk in R; there must be
another with its boundary isotopic in Bd Ri to the
boundary of the given meridional subdisk. Thus,
meridional subdisks occur in pairs.

By

In case 2, let R, be denoted by Q

i+l nal®
assumption, this does not have a full set of meridional
subdisks. Therefore, there must be an integer a = 1,
2, 3, or 4 such that for j = a, Qnal does not have a
meridional subdisk. But since Q,q has a full set of
meridional subdisks, it has a meridional subdisk for

j = a. Hence, any torus s:a contains a pair of
meridional subdisks of D¢, but no torus sa a1 contains

a meridional subdisk of D{. In a torus S3; it would be

useful if Ta a2 ¥ere linked to a torus st Then, by

nal®
Lemma 4.2, Thq2 Would have to contain four meridional
disks of Df. Since the decomposition inside Tmz is

(2, 1) toroidal, Lemma 4.1 would lead to a contradiction.
This method does not work immediately because there is
no s:al contained in any sa « Consider the Sa , and

Spq Shown in Figure 44. We will add to S3,; N [l
cylinder L so that we get a torus sa y that is linked
with T a2 in the interior of a sllghtly enlarged s

We will show that the fact that So does not contain a

nal
meridional subdisk implies that we can arrange sets so

that the new torus S:al does not contain a meridional






subdisk contained in one of the meridional disks of

S:a. First, we note that because there is no meridi-

. P a .
onal subdisk of D¢ in snal' we can move De so that it
still satisfies all requirements on D; and also
totally misses S:al' Then there is a disk W (Figure 44)
such that

a
(1) wns ., =Bdw,

(2) BA W is a 1ongitudinal simple closed curve in Saa1

and
(a)wnné-ﬂ.
ﬁow we find the desired cylinder L near W N Bd S:a'
This completes Case 2.

b b b 3
In Case 3, 1let Ri#l = Tnaz and let sna and snal be

b
na

contains two mgridional disks of Dé and T:az contains

none. We will show that this implies that there are
b

nal®
because s:al is not contained in S:a. In order to get

. s b b
such a condition, we will alter Sna and Tna

any tori satisfying the definitions. The torus S

four meridional subdisks in S This is not immediate,

2° Denote

» respectively. (See

.b .b
the altered tori by sna and Tnaz

Figure 45.) (We will also push subsets of D¢ = H* in

such a way that the set still satisfies the definition
of Df.) The new tori will have the following propertiess

- b .b
(1) S5 2 84y U TBy2s

b

b b . . a
(2) Spqy 3nd T2 are linked in Sna’




Figure 45
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(3) §:a and_'f‘:a are in general position with respect

to D¢, and,

(4) If 6 is a meridional subdisk of S:a N D¢, then there
is a meridional subdisk & of §:a such that & has

b
na2

The steps in constructing these altered tori are:

no meridional subdisks in T and & N H* = & n H+,
(a) Near the knitting, a cylinder K c E> =~ D¢ is chosen
that will be used to replace a cylinder K of the torus
S:a.' and thereby'remove a loop of knitting. The
cylinders K and K have the same ends, and Bd R is in
general position with respect to D¢.

(b) If there is any meridional disk of D¢ in s:‘l that
has its boundary in K n Bd S:a. then push D¢ _ ye jin

the neighborhood of the boundary in such a way that

(i) the intersections of D¢ with Tﬁaz and s:al are

unaltered,
(ii) no meridional disk has its boundary in
K N B4 S:a-
(iii) D¢ is not pushed into K, and
(iv) D¢ is in general position with respect to all
. manifolds in the construction.

(c) Make the substitution of K for K. Substitute for
K N D! its homeomorphic copy in K, thereby forming an
altered disk D¢. Similarly, substitute a copy of

b b

K A T ., in R, thereby forming the new torus 'f'na.z'



Alter slightly for general position, if necessary.
This construction implies that fﬁaz does not contain a

meridional subdisk of Dg.

Now note the knitting protrusion (Figure 45) on
) b

% na*
(d) If there is a meridional subdisk 6 of Sna n p¢

Qna in the bth quadrant and not contained in S

such that Bd & intersect the protrusion, then in Bd Sza

push Bd 6 off the protrusion. Do this in such a way
that D¢ remains a disk with desired general position

P ana T2

properties and the intersections with Shal na2

are unaltered.

(e) Add the protrusion. As illustrated, £ill in the
hole through which the knitting loop K extended. The
resulting torus is %:m' It has two meridional disks

that do not have meridional subdisks in fb so there

na2’
b
nal®

We can repeat this argument in successive stages.,

‘must be four meridional subdisks of Dé in S

By arguments similar to those in the proof of Lemma 4.1,
only one of the four meridional disks in Szal can
intersect g,. This implies that there must at some
stage be a torus with four meridional subdisks.. Use

of Lemma 4.1 then leads to a contradiction. Hence, Case

3 cannot occur, and Lemma 4.3 is proven. : U

Notatjon. Let & be the component of C N M, that




intersects >
Recall that € was chosen so that P-lNE(P(cj)) lies
-1 . 4
in T4 and P- N, (P(cj)) misses Bd M, - igorj- (p. 92)
The simple closed curve denoted by So is now Bd €. 1Its
regular neighborhood in a particular triangulation of

33 - H* is roe Hence, T, is a solid torus that misses

H*, and contains Co* (See Figure 46.)

fo

. G A ¢ e . e e S -
| TP S

T[>~

Figure 46 X ‘
Notation. Let ﬁe' denote the meridional subdisk of
D; in M, such that Bd 13" € r . ‘For later use, note
that ¢ v ﬁe' U r, separates E3.
Lemma 4.4. For any g € H, g intersects D! if and
only if it intersects . _
Proof. Note that g intersects & is equivalent to

g €E€EHAN Qll' Suppose that there is an element 9, of
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H N Q,, that does not intersect ﬁe'. Lemma 4.3 then

implies that 9, intersects Dé. Now suppose that 9,
intersects the component of De' n M, that is a meri-
dional disk lying in the kth quadrant. Call this
component Dk. By arguments similar to those of

Lemma 4.3, we find that for every g € H N Q4+ it is
true that o intersects Dk. For each quadrant m'- 1, 2,
3, or 4 consider a simple closed curve that contains
95 and passes through the handle of Ml that is vertical
in Figure 34 and lies in the mth quadrant. Notice that
Bd D¢ 1links each of these. This implies that D! must

« We

2
have just shown that all elements of Q,, N H miss Bg.

intersect some element of g lying in Qli v ‘1‘:‘

Therefore, D! must intersect an element in H N '1";2.
Repeating the argument of Lemma 4.1, we find that D¢
must intersect all elements in H N TTZ. Hence, the
component D" of D2 n H1 in the mth quadrant intersects
no elements in H N 'l":z. Therefore, D" must intersect
those elements in H N 011. Again using the method

of Lemma 4.3, we find that D" intersects every g €

Qn n HI.' Since this is true form =1, 2, 3, and 4,

we have four intérsections with each g EH N 011. This
contradicts the assumption that P(D{) is a disk. There-
fore, g intersects & implies that g intersects D?.

Now suppose that there is an element g2 that inter-




., . - k
sects D! and misses C. Then 9, ZHN 011. Let ‘1‘12 be
the component of Mz containing gy« By the argument of
Lemma 4,1 it can be shown that f); intersects every

3

g€HN T‘; Then the component D of D¢ N Ml in the

2*
kth quadrant must intersect all elements of H () 011.’
This in turn implies that ﬁs' must intersect all elements
of H N 1";2 for each m = 1, 2, 3, and 4, and leads

to the same, contradictions as al;)ove. Therefore, g

intersects D¢ implies that g intersects €,

Notation. Recall that H consists of a countable
collection of Cantor sets of arcs knit in a specific
manner described above., Let @ consist of g, Plus
exactly one element from each of these Cantor sets of
arcs. Notice that Q is the union of two countable
sets, each of which is knit from p; € g, to py; € g,.
Associated with the set @ there is a decompositibn of

3
E” with 2 as the set of nondegenerate elements. Let

us call this decomposition Gge let By E3 - 83/Ga .

lemma_4.5. If there exists a disk D¢, then
Pa_(De') is also a disk.

Proof, For each g €H, g N Def is a connected set
that does not separate D¢ and C1 H* c Int D!. Hence,

the same is true for each g €4, and C14Q* c Int D&«




Q is an upper semicontinuous decomposition. A theorem
of Laurence C. Siebenmann [28] gives us that the
decomposition {g N D¢ | g €Q} is shrinkable using
McAuley's definition [22], and one of McAuley's
theorems [22] can be used to show that D! mod this
decompo_sition of De' is a disk. But this is Pa (De’). s0

we have shown that it is a disk. 0

It is instructive at this point to see why this

countable knit set Q does not suffice for the example,
The requirement that two points be e-close in the image
space is equivalent to the requirement that they lie
in the same component of an element of the defining
sequence at an appropriate stage. There are disks that
agree with the 2-complex C except inside a central
componént of the defining sequence. Let the disk Z
shown in Figure 47 be such a disk. Let it be chosen
so that there is one g, € QA such that 9, intersects

Z in 3 points as shown in Figure 48, _ We can now
remove one ‘of these intersections by making the bubble
on Z shown_ i.n Figure 49. It can be very close to gy
The second bubble shown in Figure 50 removes a second
intersection. With these changes in z1 we now have a
disk whose image is a disk ¢-homeomorphic to D. Of
course, in the knit Cantor set construction that we

chose to make, such bubbles would intersect nondegenerate
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Figure 47

Pigure 48
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elements,

Definition. We will say that there are four
quadrants of }:3, denoted for i =1, 2, 3, and 4 by
Qi, where Qi is the set resulting from crossing the
z-axis with the ith quadrant of the X-y plane.

Let pg and Pg be the endpoints of 95 lying in planes
R and S, respectively. Let a; and q, be points in 90
between p; and P, and such that the order of these
points in Ts is Pge Py qz. q, Py ps. Let "2 be the
open half space of 83 above the z-coordinate of q, and
LY be the open half space of 1-33 below the z-coordinate
of q,.

lemma 4.6. The existence of the disks D" and ﬁe.
impl jes the existence of disks E and £ with the following
properties:

(1) £ c 1nt E.

(2) B4 ﬁe' = Bd E.

(3) The lz-imaqes, of E and E are disks.

(4) E is locally polyhedral off T

(5) For any A€ Q, A n D! # @ implies that AN E is a
single point contained in A n D¢ .

Proof. Construction of the disks E and E depends
on the use of the following set of toroidal components
For each A;:“ € Q- {g,} 1lying in @l there is the torus
i

j used in the definition of A;‘. (We are

'rj containing A




now using T§ as a simpler notation for TiaZ when na
consists of j digits, each of which is a one.) These
tor% are mutually exclusive. The disk D¢ intersects
each T§ in two disjoint meridional disks 5a and 65 of

4 T;. One of these meridional disks, 8., contains a subset
of A§ and the other one, 6b' misses g* completely.,

The disk ), can be approximated by a pélyhedral disk
that is within 1/25 of §,, agrees with 6, or Bd T?.,and
misses g*. This approximation is done using Bing's
statement quoted on p. 78 of this thesis. The disk 6a
can also be approximated within l/éj of 6, by a disk
that agrees with 85 on Bd T?. rthermore, the approxi-
mation can be chosen so tha: it intersects g* in exactliy
ore point p and p lies in A; ] Dé. We find this approxi-
mation.in the following maAner. We can assume that
the above form of Bing's Approximation Théorem has been

used to make 5a be locally polyhedral off A;. To the

elenent A; add a line segment at each end in such a

manner that
. i
(i) these segments, a, and a,, lie in Int Tj'

(ii) a, and a, miss the approximation of Bb'

(iii) neither a, nor a, intersects Dé except possibly
i
J
(iv) in the latter case in (iii), choose a, and a, so

in a point of A n D, and

that they lie on opposite sides of éa'
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Now let B be a polyhedral 3-cell such that

(i) ['rji] n [Nl/zjﬂ(a_% N6)]>B> Int BD A;‘ n o,
(ii) B misses the approximated disk &,

(iii) B is in general position with respect to 6a' ‘and
(iv) Bd B is pierced by a, v A;'
points, x; and X,» and these points lie in differ-

U a, in exactly two

ent components of T- - (6a U 6b). (It can be shown

J
by an argument similar to the proof of Lemma 4.3
that if there are two components of Aj‘ - De" then

they lie in different components of T}- (5 u8.).)
With these condi:tions, the set § N Bd B consists of a
finite number of simple closed curves. Let Jo be the one
of these ihat bounds a disk r in &, containing noother
one of this set of simple closed curves and containing
the set A;:'. (See Figure 51.) Now in B there is a .
polyhedral disk s such that ’
(i) s > A;' n o,
(ii) Bd s = Bd r , and
(i1i) s misses &, - r, A} - D;, and It (2, U a,).
Replacing r by s, we get a polyhedral approximation that
is the desired closeness and agrees with 63 on Bd T}'.
.We wish now to change the intexjsectior.-n from the entire
- set A;

with a piecewise linear homeomorphism that moves only

points in a small neighborhood N of A;' n De" This

n DE' to a single point in this set. We do this



homeomorphism is the one obtained by first taking NNs to
the flat disk containing the line segment shown in
Figure 52, performing the rctating homeomorphism indi-
cated by the dotted lines, and then mapping back into

T;. We now have the desired approximation for 63. It

is pierced by A; in a point of A§ n Dé.

O

Figure 51

i
J
get E and E. B 0

By making the above approximations .in each T, we

lemma 4.7. For each quadrant Q), either

(a) There exists an arc ¢  in B satisfyings




(i) One endpoint is in (Bd £) N Int oi.
(ii) The cther endpoint is 1 €goif i =1o0r3
and P, € .- 8 if 1 = 2 or 4.
(iii) Near g, the arc al is contained in Wy if
lor 3 and Wy if i = 2 or 4.

(iv) a* = (znt @%) U W, or (1nt @¥) u -
or, ,
(b) In i therdisk E can be altered so that it satisfies

(1) - (5) above and also

(6) For any A €0, the endpoints of A lie in the

Closure of the unbounded component of E> - (Cuiu ro).

Proof. 3By defining a positive orientation of the
simple closed curve 3d C, it is possible to define the
sides of C and E as upper and lower sides. If
cn A; AZEN a?. then either the component of A§
between C and = (a) pierces one of C and E froca the
upper side anc the other from the lower side, or (b)
pierces both from their lower or both from their upper
sides. Now consider the construction shown in Figure
53. The disks D, and Db are the meridional subdisks

that we have just constructed from meridional subdisks

of Dé. The nondegenerate element A; intersects D,.

The dotted lires indicate a construction that inter-
changes subdisks in the interiors of D, and Dy in such

a way that the new meridional disk bounded by Bd by




Figure 53
now intersects A;' in one point and the new meridional
subdisk bounded by Bd D, now misses Q*. Observe that

- if property (6) in the conclusion of this lemma were

i ®
not true for A;, then performing this construction

J
would make property (6) be true for that A;.
'If this copstmction were made in an infinite
_ numb.erA of tbri. the resultant set might not be a disk.
‘We will now vshow that if it were necessary to perform
the construction an infinite number of times, then the

original set E contains the arc al and thus satisfies




condition (a).
" Let Qn‘a be the nontoroidal component that contains

'l‘;' two stages later, Let Dl c De' be the central

395 . - i
al . se
meridion disk of Qna. It 1ntersec§s TJ Let Dll be

1 and D12 be the

meridional subdisk of Qnal in quadrant Qi. It is D

the central meridional disk of ona

12

that intersects T,. 1In Tl, let D CD <D be the
j j 12 12 1
meridional subdisks that contain Al. (The boundaries

3

of these subdisks of D¢ were not changed in constructing
E.) With respect to g, ©xtended to =, orientations

of Bd Dl and Bd D11 are the same as the orientation of
Bd €. This can be shown in a manner similar to Lemm:
4.4, similarly, it can be shown that with respect to
the extended A; -the orientations of Bd D, and Bd D12
must also be the same as that of Bd C, It is possibie
that the ox:ientation of Bd D12k with respect to the
extended A;- is not the same as the orientation of Bd @&.

Now there is a homeomorphism that takes Dlz to a flat

i .
disk but doesn't move the extended A 5 near *e, It gives

us Figure 54. This shows that D12 must contain points
above plane R and below plane S.

Now, let us suppose that we are working in quadrant
Ql. If we need the infinite sequence of constructions
to reverse orientations, then there is an infinite

.sequence of points xl. xz. x3"" sucﬁ that each xn lies
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Aextended
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Figure 54
in Int Q1 and below plane S. The limiting point for
this sequence is the point Pg» which is in Wl. If we
needed the infinite sequence of constructions, then
pg also lies in E. Each of the points x in the above
sequence lies in wl Q E. Since E is a disk, it is
locally conhected. Therefore, there is an arc Ba from
Pg to one of the points xn and such that Ba lies in
W, A E. From x to a point in (Bd E) N (Int Ql) there
is another arc By, in Int Q*'. The union of Ba and Bb
is the desired arc a?. In the other quadrants, similar

arcs can be found., For later use, if it happens that




. 1 " . y &
the arc a3 intersects a , then the intersection is in

3
er\E. Replace the subarc of a between this point and

Pg by the corresponding subarc of al. It is not
. 1 3 . .
possible for a or a to intersect az or a4. This

completes Lemma 4.7.

Let us assume that in each quadrant Qi conclusion‘
(a) holds or that E has been altered to satisfy
conclusion (b).

Fox and Artin [10], in defining their wild arcs,
described arcs in a cylinder and then copied this
cylinder into each of an infinite number of sections
of an ellipsoid of revolution. We will provide a
similar description of the knit portion of &, 1In
Figure 55 a cube is shown containing arcs. In Figure
56 a pyramid is divided into an infinite number of
frusta and the point p,. Each frustum is a homeo-
norph.ic'copy of the cube in Figure 55. They are
joined in such a way that we have the sequence of
arcs kn:'..t to P, shown in Figure 56. Similarly, a
pyramid can be used to form a set of arcs knit from
2% Such a pair of pyramids with their bases identi-
fied define knitting from a point P, to a point pz.

Let w; and w bepiecewise linear copies in ES of this

2
defining pair of pyramids. We can orient ﬂl and ,
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Figure 57
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in E3 in such a way that they contain our knittiﬁg.

In Figure 57 we show m, ané C. We can assume that Lty

i 1, S M
and Nl are such that TSN,
contains a simple closed curve that passes through

3
Z E and that ™ U q

the “"front" handle of Ml. (Figure 35) sSimilarly,
, lies in the "back" handle.
We will be concerned with the location of frustum

faces that have their interiors in Int ™ and Int Tye

lemma 4.8. 1If in a quadrant 0l conclusion (b) of
Lemma 4.7 holds, then no frustum face in Int m, or Int ﬂz
in Q@7 1lies in a bounded component of E3 -(Cutu ro)-

Proof. We first show that there is such a face

of m; in the unbounded component of g3 - (¢ UE) in
3

each of quadrants Q1 and Qﬁ or 7w, fcr Qz and Q . 1In

2
each quadrant there is the A; € A that does not

intersect €. There is a face fi containing points of
Ai. Lerma 4.4 implies that Ai does not intersect
E. Tpg endpoints of Ai lie in the closure of the
unbounded component of 23 - (S U E). EHence, Ai does

H 1
i i
also. Now, with f1 n Al in the unbounded component,
we need only make replacements of subsets of E that

i
b
in the unbounded component.

may intersect f, in order to have the whole face £

i i .
Now suppose that one of two faces fm and fn lies in

the unbounded component and the other lies in a bounded



3 - o
component of E.- (C UE U ro). In proving this lemma we

need be concerned with only those elements of & that
intersect the faces fé and fi and the finite set of
faces between them in m (where = denotes Ty OF Ty
appropriately). Let the elements of & that intersect

these faces be called A_, AZ....,AK. as shown in Figure
: 1 .

55,
In a copy of Figure 52 we label the arcs uv, wX,
and yz as shown. (Figure 58) In Int uv arbitrarily

choose two subarcs. Thesa are L, and'L2 in the figure,

Figure 58
Copying this cube into each frustum of w between f;
and f; gives us the light arcs as copies of L, and L2
in Figure 62, We wish to show that in each frustum we
can push the copy of Ll so that it contains a point in
the copy of wx and similarly to push the copy of L, so
that it contains a point in the copy of yz. 1In these

pushes we do not wish to add other intersections with
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nondegenerate elements cr intersections with the disks.
i ; . kK g
This will make the altered iglAi be homeomorphic to

the set in Fiqure 3.

In Figure 58we have added arcs in the boundary of
the cube., This gives us three linked simple closed

curves, \

|
W prossesssannns seneasy
\ o

Let this figure be the copy of the cube Z in a parti-
Cular frustum Y. We can assume that E is in general
position with respect to B& Y. Then E 1 2d Y consists
of simple closed curves and E N Y is punched disks. If
in Y one of these punched disks separates uv from wx or
vz, then we will need to make alterations inside Y. we
will change E and £ to disks that we will call E, and él'

We require that E, and él satisfy conditions (1) - (6)

1
except that the intersection point with an element A €

& is no longer necessarily in A 0 Dg. Note that it is

true that %(El) and %(El) are disks. We will find




that if a frustum face in Int 7 iies in a bourded

component of 23

- (Cu El v ro). then %(El) is not a

disk. This ccatradiction will prove the lemma for the
original E.

Suppose that in £ N Bd Y there is a simple closed
curve Jl such that Jl bounds a disk in Bd Y containing
exactly one of the points u, V, W, X, Y, OF z. Then
for the Ai containing that point it is possible to pus}_\'
in the neighborrhicod of Ai ané remove this intersection
of E with Bd Y. In this manner a1l such intersections of
E” with faces of frusta can be removed and we then know
that any remaining intersections bound disks in Bd Y
cont;aining more than one point of the set u, v, w, x,

Y. and z. We kave removed intersecticns of the sort

L~

=TS
H
==~

shown in Figure 55,

Figure 60




We now have the sets E, and £;. The only remaining
manner in which a punched disk contained in E; can
separate Y into two components such that one component

contains uv is indicated in Figure 61,

Now, the linking of the simple closed curves in Figure 59
requires that a point of each wx and yz iiesin the
component containing uv. Pushing ﬁl a bit inside Y now
allows the desired alterations.

/Figure 62 is homeomorphic to the grid in Figure 61.
Notice the positions of points bm. bn' € and © n* The
disk E intersects each A, € Qfor 1 £ i <k in one

- point, which lies in the heavy part of the arc
aibibi+1?i+1cidiei' The points ai and ei are the

endpoints of a nondegenerate element. Recall that

they lie in the unbounded component of B % (Cu él U _zo).




45 Ay k3 Aa A

"\‘_V(_,L-._., = _,k..'
([ ]

Pigute 62

Figure 63
Wy

4 ..




Suppose that one face, fm or fn. lies in the unbounded
component and the other face lies in a bounded component.

First, suppose that f; lies in a bounded component
K. Then the arc a b,b, intersects ﬁl'. In Figure g2
notice that points or sets that we know lie in the
unbounded component are encircled in a solid line. and
those that we know lie in a bounded component are
encirled in a dotted line. The intersection of alblbn
is the only allowed intersection of él with A . Hence,
as shown in Figure 63, b, and c, of A, lie in K.
Therefore, a,b, intersects él and by and c; must lie
in K. Continuing across, as shown in -Figure 64, we
find that bn and c, lie in a bounded component. This
proves the lemma in the case that f.il lies in a bounded
component .

Now, suppose that f:.; lies in a bounded component L.
We then have Figure 65. As shown in Figure 65, a)"_ 1bn

int 3 . . 3
ersects E:l. If ak-lbk-l intersects El' then ak-zbk- 1

must intersect E,. (Figure 66) 1If, for each i such that

2 <i<k -1, the segment a;b. intersects ﬁl, then we

have Figure 67, Notice that since ﬁl intersects azbz,

it must be that c, lies in L. We now have a contradic-
tion in that it appears that ﬁl must intersect both

b b, and ¢ Cyo whilch lie in the same nondegenerate

n2 n
element., Now if, for some i, the segment bi—lbi




]

'\‘fh

\
bt
i

[} ]
N
¢t
i

L.
b I! I bz
\ ||b:.. \\"
i
1 !
' ] 'A\\
‘ T
1‘!‘;. el

Figure 66

144

O Point or set n

unbounded
camlooheh‘f'

' )
v ) Point oF set

m K

Cx

.~

Figure 67



OFOM" or set ln uhAOkhJad COI”,DDI‘!G),’)"
/ﬁmn# ot set+ in L --"-E

Ayt

bu-t

Figure 68 Figure 69

ak'l A4

L CEYERSTRTIITY TRRTPRRY YL CRTLEE L) . o .




O Point or set in unbounded <o,n/aonenf
. A
‘I..". Point or set in L —_— E‘

Figure 71




intersects , then we have Figure 68, Since bi- 1bi

E1
intersects ﬁl. the segment €iC4-1 cannot. (Figure 69)
b

i-1%i-1

Figure 70. Continuing across, for j < i-1, the nonde-

Therefore, must intersect ﬁl. as shown in

generate element Aj intersects él in bjcj and, hence,

cannot intersect E_ in any other segment. We have now

1
Figure 71, Since b,c, intersects él' the segment c,c
must not intersect ﬁl. This contradicts the assumption
that f: lies in L, and proves Lemma 4.8, 0

lemma 4,9. In each quadrant ol there is an arc al,
as defined in lemma 4.7.

Proof. If there is no such arc in a quadrant Oi.
then near g in Qi the disk E lies entirely above the
half space W, in 01 or Q3. or entirely below the half
space H.‘; in Qz or Q4. But this then implies that there
is a face of a frustum in a bounded component of
83 = (€ U ). This contradiction proves the lemma. 0

We can now complete the proof of our knit example.
The set g, v i§1 ‘ai separates B into four sets whose
Closures are disks. Each has the segment 4,9 of 9,
in its boundary. Four such disks can not be subdisks

of a disk. This contradiction proves that there can

be no disk D, in our example,
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Remarks concerning vronerties of t+he decomposition,

At the beginning of this chapter we stated five
pProperties of the decomposition. We now comment about
each,

(1) E3/b'is:homeomorphic to 83.

Theorem (Bing [10]). Suppose G is a monotone upper

semi-cont inuous decomposition of E3. and H is the sum
of the non-degenerate elements of G. Then the decompo-
sition space of G is topologically E3 if each component
of H is an element of G, and for each open set U
containing H and each € > 0, there 1s a homeomorphism h
of 33 onto itself which is fixed on E3 = U and takes _
each component of H onto an € set.

We will apply this to our degomposition. Let
an open set U containing H* and an € > 0 be given.
By the argument on p. 53 of this thesis, there is an
element Mi of the defining sequence such that Mi c U,
There is a homeomorphism h1 that takes the nontoroidal
component of M; to diameter < e, This, of course,
mgy.stretch other components of Mi' Each other
Component is a torus and in each of tﬁeée tori the
decomposition is (2,1) toroidal. 1In [6] Bing proves
that there exists a homeomorphism h that takes each
nondegenerate element of a (2,1) toro;dal decomposition

to diameter less than € and is fixed off the tofus.
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Hehce. there is a homeomorphism hz that is fixed
off ﬁhe S§retched toroidal components ,of ¥; and takes
each nondegenerate element in them to diameter less
than €. Therefore, hzhl is our desired homeomorphism.
This proves that 23/C is homeomorphic to E3 in our
example. A

(2) Each ¢ € H is a tame arc.

This is obviously true for 9or Rec?ll Fort's
work [13] refered to earlier. If we assume that
defining manifolds for a (2,1) toroidal decombositiop
are specifieé in a similariy nice manner, then each
nondegenerate element of that decomposition is poly=-
hedral. 1In thé knit decomposition of our example
consider each toroidal component T that is linked to
a nontoroidal component. The nicely sp?cified
manifolds for the above (2,1) decomposition can be
piecewise linearly mapped into T. Hence, each
nondegenerate element can be polyhedral. This implies
that it is a tame arc.

(3) H is continuous and closed.

This follows from the fact that each element of H
spans the pair of planes R and S. ‘Hence, H* is equal
to C1l H*, which is closed. Also, the spanning>implies
that no nondegenerate element pfoperly contains the

limiting set of other nondegenerate elements. This



implies that H is continuous.

(4) P(H) is a Cantor set.

This follows because more than one component of
the defining sequence is imbedded in each one at the
previous stage, and H* is equal to Cl H¥,

(5) H is not countable and is not definable by

3-cells.

This follows from Theorems 3.1, 3.2, and 4.1.

Concerning a Question asked by Armentrout. In

(2] Armentrout asks (Question 8)s Suppose G is a point-
likxe decomposition of 83. If S is a 2-sphere in E3/C.
does there exist a 2-sphere S' in E° such that P[s'] is

a 2-sphere homeomorphically close to S? I conjecture

that the answer is negative, and that the following

example is a counterexample.

Analogous to the example we have defined and proven
for the similar statement concerning a disk, we will
define an upper semicontinuous decomposition of E3. a
2-complex that'is not a sphere in 33 but projects onto
a sphere S in the decomposition space, and an ¢ > O,

We claim that there is no 2-sphere S*' c E3 such that its

image P(S) is e-homeomorphic to S.
Notice first that it is not possible in B> to take

two copies of thé disk counterexample, connect the




boundaries of the two copies of the 2-complex C, and
have a counterexample for this sphere question. The
knitting of the nondegenerate elements prevents this.
The exahple that we are about to construct changes the
knitting so that we can do something similar to adding
two copies of C,

We first define a 2-complex K, whose image will
be the 2-sphere. Start with the 2-coﬁp1ex C that we
defined for the disk example. Its center-line is the
segment of the z-axis from O to 1. Let C° be the
reflection of C in the horizontal plane at z = =2,
These 2-complexes C and C' are shown in Figure 75
The points py and p; in C’® are reflections of P, and
Py, respectively. In Figure 76 four vertical T-shaped
surfaces are added to C U C°. The resulting 2-complex
is K. Notice that K is not a manifold on the z-axis,
but K - (z-axis) is homeomorphic to a 2-sphere minus

two points.

We now define a decomposition of E? into points
and four knit Cantor sets. Each of the four knit

Cantor sets is a copy of the set H that was defined in

1 3
the disk example, Each of the quadrants Q , QZ. Q,

and 04 of 33 (as quadrants were defined in the disk
example) contains a copy of H knit from a point in C

or C* to a point in the other. Figure 74 shows an
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element of the defining segment of H and its orien-
tation with respect to K. One limiting element of
each knit Cantor set is the segment 9, defined by
1<z 5 2 and the other limiting element is gJ
defined by =6 <z < -3, 1In Q1 and 03 the knitting

is from p:l to P43 and in Qz and 04 it is from P, to
P,. Recall the pairs of pyramids m and , that were
used in the disk example proof (Figure 57). For this

example analogous pairs of pyramids are shown in

Figure 78. Figure 79 shows some of the nondegenerate

3
elements that lie in 01. In Q the knit Cantor set

from Py to p3 is the reflection through the z-axis of
the construction in @'. 1In @2 and Q4 we orient H in
such a way that the knitting is from p, € c® to p, €C.
For the latter two quadrants notice that the knitting
_li.es in the bounded component of E3 - K, whereas in
Ql and 03 the knitting lies in the unbounded component
of 83 = K. Though the knitting lies in these components,
every nondegénora.te element exceot g, and g; pierces K.
The definigion of € for this example is analogous
to the definition of ¢ in the disk 'exaﬁple.
I conjecf.ure that there is a proof of this example

analogous to -the' proof of the disk_example.
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A related example., The following definition

is made by Armentrout, Lininger, and Meyer (5]
Definition. If G is any monotone decomposition of
R3, let HG denote the union of the nondegenerate elements

3 onto the

of G, and let PG denote the projection map from R
decomposition space R3/G associated with G. Suppose
that F and G are monotone decompositions of R3 such
that each of C1 (P_[H_.]) and C1 (PG[HG]) is compact
and O-dimensional. Then F and G are eggivalent
decompositions of R3 if and only if there is a
homeomorphism h from R3/F onto R3/G such. that

n[c1 (PF[HF])] = C1 (PG[HG]). '

For our knit decomposition G of Theorem 4.1, there
is an equivalent decomposition F that haé only a count-
able number of nondegenerate elements: The method of
broducir;q this countable decomposition is due to Bing
[9]. Let Mi'. M5, Mg,-.. be the defining sequénce for
F. We will require that each Mf be homeomorphic ,to Mi
of the decomposition G. Furthermore, the imbedding of
4 in MF is the same as the imbedding of M in M, i-1°

i-1
Recall the definition of '1‘J on p.l121., The symbol na

M

denotes a positive integer consisting of n digits, each

of which is a one or a two. Let (T ):l correspond for

F to Ti for G. ‘We now require that d:.am (Tp)gm < 1/2%,

whére X is the number of digits two in na. Suppose now
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that the disks in C N Tia are required to lie in a sct

of diameter less than 1/2% It is then possible in £ to
require that (TF)ia necs= Tia N C. That F has only a
countable number of nondegenerate elements follows from
analogy with Bing's exampie [9]. Essentially, this argu=-
ment is that a nondegenerate component of Ci H must lie
in the intersection of a sequence of defining sequence

components with at most a finite number of twos in any

subscript. There are a countable number of such sequences.

Theorem (Armentrout, Lininger, and Meyer [5]).

Suppose that F and G are monotone decompositions of

3

R” such that C1 P,EHF3 ana Ci are compact

g "
PG LHG |
O-dimensional sets. Suppose that F has a defining
sequence Ml. Mz. M3.--- and there exists a sequence

fl. fz. f3."° of homecmorpnisms fron R3 onto R3

such that (1) for each i, f [ (R - Int .V..) =
l(‘a = Int M), and (2) £ L,. 'l £ [.. ], £ L.A3']
is a defining sequence for G. Then F and G are
equivalent, -
This theorem is satisfied by the F and G that we

have defined. Hence, they are equivalent, and we have the

homeomorphism h of the definition.

With the condition we put on ('I‘F)J‘l N C, the disk
n

D = P (C) = h(P.(C)). Of course, C is not a disk, but
PF(C) is a disk.
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The decomposition F satisfies Theorem 3.2, Hence,
there must be a P-liftable disk near PF(C).

We have shown by this pair of decompositions that
equivalent decompositions may differ in the property
of the existence of a P-liftable disks near any given
disk,

Concluding remarks. The following definition is
from Michael [25].

Definition. A collection G of closed point sets
filling a metric spéce is said to be ecui—LCm provided
tﬁat'it is true that, if y is a point of an element Sg
of G and € is a positive number, there is a positive J
number & such that if g is an element of G, then any
mapping of a k-sphere (k < m) onto a subset of
g N s(y,8) is homotopic to a constant on a subset of
g N s(y,e).

-Observe that a knit Cantor set is equi-LCo. we
now make new definitions, which are not satisfied by a
knit Cantor set at a point p, to which the set is knit.

Definition. A collection G of closed point sects
in E3 is said to be equi-locally connected provided i
that, if y is a point of an element go ©f G and € is a
positive number, there is a tOpologiéal 3-cell B

contained in the e-neighborhood of y such that if g is

an element of G, then g N Int B is conneéted.
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Definition. A collection G of closed point sets

in 83 is said to be stronglv equi-locally. connected

provided that, if y is a point of an element g, of G
and € is a positive number, there is a topological
3-cell B contained in the €-neighborhood of y such that

if g is an element of G, then g N Int B and g N B are

connected,

Definition. A collection G of closed point sets in

33 is said to be equi-locally connected a2nd equi-

semi-connected provided that, if y is a point of an
element gy of G and € i# a positive number, there is a
topological 3-cell B contained in the €-neighborhood of
Y such that if g is an elerment of G, then g N Int B is
connected and g N Ext B has no more than two components,

Question. 1Is the following true?

Let G be an upper semicontinuous decomposition of
33 with nondegenerate elements H. Furthermore, suppose
that H is a continuous, strongly equi-loéally connected
collection and that P(H) is O-dimensional in E3/G.
Then, given a disk D < EB/C and a positive nunber e,
there is a disk DZ that is e-homeomorphic to D and is
thé image of a disk under the projection mapping P.

Questions. 1Is the above true if we substitute one
of the other three definitions of equi-local connected-

ness? Can the condition that P(H) be O—dimensional be




dropped from the hypothesis?

Notice that Bing's dogbove space [8] is an example

that satisfies the hypotheses of the above statement.
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ADDENDUM

Statement (made on p. 129). If there are two
components of A; = D¢, then they lie in different
‘components of i (6_ U 6. ).

bl a b
Proof. We will prove the analogous statement

A for any g € H contained in Tj: If there are two
comobonents of g - Dé, then they lie in different
components of T§ - Dl. Note that g - Dé can have at
most two components.

Suppose that the statement is not true; :i.e.,
suppose that there exists a nondegenerate eiemen
g c T§ such that two components of g - D! lie in a
component K.

J1 .
for any toroidal component T

bt

of Tt - Dé. We first will show that

components of g - Dé lie in the same comzonent of

T; - Dz.implies that both components of g - D; lie in
the same compbnent of ?ﬁ - Dé. The disx D; can be
approximated by a disk A that agrees with Dé in T§ ard

on Bd D!, and is polyhedral off T;. Note thrat

Bd A.= Bd b; is trivial in E3 - T;. The disk X can be

.

completed to a 2-sphere S that intersects T; only in
D n T%. Each component of T§ = D¢ or T; - Dé lies in
either the interior or the exterior of S. Hence, if
i
;-
Int S or Ext S, and this implies that it lies in cne

g - D lies in one component of T D¢ it lies in




component of ’I‘l - DY,
m €
Let a and b denote the endpoints of g. They both

in the component K.. of 7 - D'. Iet

J1 3 €
min {d(Dé, a U b), d(as,db)}. Since H is a continu-
collection, there is a distance y2 such that for

9 § H such that g =TI 0 NYz(g), the endpoints
v {a U b). NY (g) there is a toroical
. be 2
component T; of the defini sequence. All endpoints

of I lie in N

. »
of nondegenerate elemerncts in TK iie in AY (a U b).
1 i

This implies that ali nondegenerzte elements in o
. T, |
in the closure of one component of 'I‘k - Dé.

. - B 8 .
Consider the two tori a1l and Tkaz imbedded in

T;. As the center of Tiqy We €an take a polynedral
simple closed curve Jl that is the union of the

following four arcs: a nondegenerate element g, < Tka"l'
-

a4 nondegenerate element g, = T 27 and polvhedral arcs

3) and 3, lying in Tie11 XYl and T ., N NYl(b).

respectively, and each joining an endpoint of g, with
an endpoint of 9pe There is an analogous simple closed

curve J, in T . Both J, and J, lie in the closure
2 K12 X 2

i .
- - .
of a coqponent Kkl of 'I‘k De' Let Jo be a simple
Closed curve linking T;. I kkl were known to be tame,
then we could state that Jq is shrinkable in

B - (J1 V] JZ)' There is a polyhedral aporoximation

D of Dé that aqrees with DN T; and misses Jl V] J2.




Now the closure of each component of T; - D is a tane

2-cell, Both J1 and J2 are containad in the closure

of one component of T; - D. This implies that the

. R i =
simple closed curve Jo linking Tk can be shrunk to a

point in 53 - (J1 U J2). This contradicts Lemma B,

P. 99, and proves our statement. J

. Prof. Harry Rerkowitz suggested that it may not
be easy to prove the existence of the disk s (p. 128,
line 16). He suggested that instead of the method
implied on pp. 129-130 I do the following: In the
boundary of a regular neighborhocd of 6, N A
disk 6 that intersects 6, only in Bd 6 and contains
one point of a, v A§ U 2. Replace the subdisk of 6a
bounded by Bd & by the disk 6. Then, push a subdisk
of 6 in a tubular neighborhood of a, u A§ U a, to make

the intersection with 2; v al U a, lie in &_ n al.
b 2 a J

Details of a method to find the disk § follow.

~

The 3-cell B is a regular neighborhood cf AT i1 6

W e

al
but it may not contain the desired disk & in its
boundary. We will alter B in such a way that it will
still be a polyhedral regular neighborhood of A; in 6a

and will also contain a disk satisfying the require-

ments on §.

i
j

let a denote the arc a) U AL U a,. Denote the




finite set of simple closed curves in Bd B n 6a by

}: {Jl. Jye o0, Jn}. These simple closed curves lie
in the annulus 6, - @ and also lie in the annulus

(Bd B) - g. Note that if J Et% is trivial in one oF
these annuli, then it is trivial in 3 - «, and, hence,
it is trivial in the other anrulus. We will first
remove these trivial simple closes curves

intersection by altering 34 3.

Let J, € § be trivial in the annuli and souncd a

l .
disk g4, < éa - a such that contains no otner element

2 S

of 9. This simple closad c J. also bounds a cisk
.

e; in (Ba B) - a, (see Figure €0.) In B2 B replace

e by dl. This gives us an altered 3-cell, which we
continue to call B. 1In (the collar oF B) - « and in
the neighborhood of dl' push &, slightly off é; in such
a direction that the number of elements ih{} is n -1

or fewer, H
3
L

Figqure 80




Repeat this construction until all simple
closed curves in }'are removed. The statement proved
above (p, 163) implies that there are an ccd number
of elements remaining in j. Suppose that :2 ané J
bound a subannulus in (2d &) - a that ccncains no
other element of }. Replace tihis annulus oy the annulus
" that they bound in 6, = a. ?Push the replacezent
slightly off éa in (the collar of 3) - ¢ in such a
direction as to decrease tre rumber
3. This will remove an evea rumker
3. Repeating this construction, we
with only one element J in ;. Tither ¢i
bounded by J now satisfies the requirements on 6.

Concernina the vroo® c7 Ierma 4.7 (pp. 130-135),

It is also possible for an endsoint of A; to not 1lie

in the closure of the unbcunded component of

3 & . .
ET=-(Eutfu r,) because the meridional disks D, and
Db ertend as shown in Figure 81, or farther. It is

then possible tc replace Da and Db by the meridional

disks indicated in Figure 82.

If this situation occurs in a particular torus T;,

then Da U Dy has points above R and below S. Eence,
as on pp. 133-134, if this occurs in an infinite number

of tori in the quadrant QY, then al exists.







Pige 54, line 3 snould roads

eee (A C)NCLPH) =4 ...
Page 56, line 20-23.

is also a ccmpact manifoid

}possible that D -

that each intersec

distance betw

of these components

yy 2=

the union of C and those componen:z
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